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Preface

This book originally was intended to be a modest revision of my earlier
work, Dynamics of Flight—Stability and Control, published in 1959. As the
task progressed, however, I found that the developments of the intervening
decade, and the shift in my own approach to the subject, made a “modest
revision” impossible. Thus this volume is virtually a new book, with organi-
zation and content substantially different from its predecessor. Two principal
factors caused this change: (I) the proliferation of vehicle types and flight
regimes, particalarly hypersonic and space flight, and (2) the explosive
growth of machine computation.

The first factor compelled me to abandon the long-standing simplifying
assumption that the Earth’s surface could be represented by a plane fixed
in inertial space, and to include in the mathematical model all the com-
plications that arise from the curvature and rotation of the Earth.

The second factor had two profound effects. One was that since we are
no longer confined to primitive computation methods, it is commonplace
nowadays in industry to construct highly sophisticated mathematical
“simulations’ of systems for the purpose of carrying out research and design
studies. The emphasis on simple approximations is thereby reduced, and the
need to set up accurate (even though complicated) mathematical models
increased. The other effect of the computing revolution (on me at any rate)
has been to produce a shift to modern algebra (vector/matrix analysis) as the
basic tool for analysis. This is ideally suited to digital computation. A
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vi  Dynamics of atmospheric flight

tertiary effect has derived from the ready availability to me of sophisticated
computing machinery, which I have used for the computation of many
numerical examples, to illustrate both typical results and how to apply the
theory.

I Lave continued as in the previous book, to emphasize fundamentals
since, as I stated in the preface to Dynamics of Flight—Stability and Control,
“The art of airplane and missile design is progressing so rapidly, and the
configurations and flight regimes of interest are so varied that one is scarcely
justified in speaking of typieal configurations and typical results. Each new
departure brings with it its own special problems. Engineers in this field must
always be alert to discover these, and be adequately prepared to tackle
them—they must be ready to discard long-accepted methods and assump-
tions, and to venture in new directions with confidence. The proper back-
ground for such ventures [and for such confidence] is a thorough understanding
of the underlying principles and the essential techniques.”” To which T.
Hacker (ref. 1.11) appropriately adds that some doubt should leaven the
confidence and that ‘“‘the effort for a thorough understanding of principles
and techniques should be completed by the desire to further . .. the former
and improve the latter.”

Chapters 2 and 3 review the foundation in mathematics and system theory
for the material that follows. Readers who are familiar with this material
will find it useful for review and reference. For readers whose baclkground
has not included these topies, a study of these two chapters is essential
to understanding the rest of the book. Chapters 4 and 5 continue
with the building of a general mathematical model for flight
vehicles and contain many explicit variations of such models. The
acrodynamic side of the subject is explored next in Chapters 6 to 8, and
specific applications, with many fully worked numerical illustrations, are
given in Chapters 9 to 13. The example vehicles range from STOL to
hypersonic. I have omitted the rather extensive appendices of data that were
contained in the previous book, simply in the interests of economy. These
data are now available in the USAF Handbook of Stability and Control
Methods and the Data Sheets of The Royal Aeronautical Society. I also
omitted, on the grounds of time and economy, a planned chapter on the
dynamies of spacecraft entry into the atmosphere. However, the general
equations of Chapter 5 embrace this application.

This book is written for both students and practicing engineers. Chapters
2 to 5 are not especially suited for an introductory course, but are appro-
priate for the more serious student who wishes to qualify as a practitioner
in this field. The remaining chapters provide ample useful material for an
introductory course when used in conjunction with a less rigorous develop-
ment of the small-perturbation equations for the “flat-Earth’ case.
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Introduction

CHAPTER |

This book is about the motion of vehicles that fly in the atmosphere. As
such it belongs to the branch of engineering science called applied mechanics.
The three italicized words above warrant further discussion. To begin with
fly—the dictionary definition is not very restrictive, although it implies
motion through the air, the earliest application being of course to birds.
However, we also say ‘“‘a stone flies” or “an arrow flies,” so the notion of
sustention (lift) is not necessarily implied. Even the atmospheric medium
is lost in “the flight of angels.” We propose as a logical scientific def-
inition that flying be defined as motion through a fluid medium or empty
space. Thus a satellite “‘flies” through space and a submarine “flies” through
the water. Note that a dirigible in the air and a submarine in the water are
the same from a mechanical standpoint—the weight in each instance is
balanced by buoyancy. They are simply separated by three orders of
magnitude in density. By vekicle is meant any flying object that is made up
of an arbitrary system of deformable bodies that are somehow joined together.
To illustrate with some examples: (1) A rifle bullet is the simplest kind, which
can be thought of as a single ideally-rigid body. (2) A jet transport is a more
complicated vehicle, comprising a main elastic body (the airframe and all
the parts attached to it), rotating subsystems (the jet engines), articulated
subsystems (the aerodynamic controls) and fluid subsystems (fuel in tanks).
(3) An astronaut attached to his orbiting spacecraft by a long flexible cable
is a further complex example of the general kind of system we are concerned
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with. Note that by the above definition a vehicle does not necessarily have
to carry goods or passengers, although it usually does. The logic of the def-
initions is simply that the underlying engineering science is common to all
these examples, and the methods of formulating and solving problems
concerning the motion are fundamentally the same.

As is usual with definitions, we can find examples that don’t fit very well.
There are special cases of motion at an interface which we may or may not
include in flying—for example, surface ships, hydrofoil craft and air-cushion
vehicles. In this connection it is worth noting that developments of hydrofoils
and ACV’s are frequently associated with the Aerospace industry. The main
difference between these cases, and those of “true” flight, is that the latter
is essentially three-dimensional, whereas the interface vehicles mentioned
(as well as cars, trains, etc.) move approximately in a two-dimensional
field. The underlying principles and methods are still the same however,
with certain modifications in detail being needed to treat these “surface”
vehicles.

Now having defined vehicles and flying, we go on to look more carefully
at what we mean by motion. It is convenient to subdivide it into several parts:

Gross Motion:
(i) Trajectory of the vehicle mass center.
(ii) *“Attitude” motion, or rotations of the vehicle “as a whole.”

Fine Motion:
(i) Relative motion of rotating or articulated sub-systems, such as
engines, gyroscopes, or acrodynamic control surfaces.
(ii) Distortional motion of deformable structures, such as wing bending
and twisting.
(iii) Liquid sloshing.

This subdivision is helpful both from the standpoint of the technical
problems associated with the different motions, and of the formulation of
their analysis. It is surely self-evident that studies of these motions must
be central to the design and operation of aircraft, spacecraft, rockets,
missiles, etc. To be able to formulate and solve the relevant problems, we
must draw on several basic disciplines from engineering sciencc. The re-
lationships are shown on Fig. 1.1. It is quite evident from this figure that
the practicing flight dynamicist requires intensive training in several
branches of engineering science, and a broad outlook insofar as the practical
ramifications of his work are concerned.

In the classes of vehicles, in the types of motions, and in the medium of
flight, this book treats a restricted set of all possible cases. Its emphasis is
on the flight of airplanes in the atmosphere. The general equations derived,
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l Aerodynamics %
Mechanics of rigid Vehicle
bodies . design

Mechanics of efastic FLIGHT Vehicle
structures +>—) DYNAMICS operation
Human pilot Pi}o_(
dynamics training

Applied mathematics,
machine computation

I l

Performance | Stability and control Aeroelasticity
(trajectory) (flying qualities, (control,
airloads) structural integrity)

Fi1a. 1.1 Block diagram of disciplines.

and the methods of solution presented, are however readily modified and
extended to treat the other situations that are embraced by the general
problem.

All the fundamental science and mathematics needed to develop this
subject existed in the literature by the time the Wright brothers flew.
Newton, and other giants of the 18th and 19th centuries, such as Bernoulli,
Euler, Lagrange, and Laplace, provided the building blocks in solid me-
chanics, fluid mechanics, and mathematics. The needed applications to aero-
nautics were made mostly after 1900 by workers in many countries, of whom
special reference should be made to the Wright brothers, G. H. Bryan,
F. W. Lanchester, J. C. Hunsaker, H. B. Glauert, B. M. Jones, and S. B.
Gates. These pioneers introduced and extended the basis for analysis and
experiment that underlies all modern practice.f This body of knowledge is
well documented in several texts of that period, e.g. ref. 1.4. Concurrently,
principally in the USA and Britain, a large body of aerodynamic data was
accumulated, serving as a basis for practical design.

Newton’s laws of motion provide the connection between environmental
forces and resulting motion for all but relativistic and quantum-dynamical
processes, including all of “ordinary’” and much of celestial mechanics. What
then distinguishes flight dynamics from other branches of applied mechanies?

1 An excellent account of the early history is given in the 1970 von Kérmén Lecture
by C. D. Perkins (ref. 1.13).
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Primarily it is the special nature of the force fields with which we have
to be concerned, the absence of the kinematical constraints central to
machines and mechanisms, and thc nature of the control systems used
in flight. The external force fields may be identified as follows:

“Strong”’ fields:

(i) Gravity

(ii) Aerodynamic
(ili) Buoyancy
“Weak” fields:
(iv) Magnetic

(v) Solar radiation

We should observe that two of these ficlds, aerodynamic and solar radiation,
produce important heat transfer to the vehicle in addition to momentum
transfer (force). Sometimes we cannot separate the thermal and mechanical
problems (ref. 1.5). Of these fields only the strong ones are of interest for
atmospheric and oceanic flight, the weak fields being important only in
space. It should be remarked that even in atmospheric flight the gravity
force can not always be approximated as a constant vector in an inertial
frame. Rotations associated with Earth curvature, and the inverse square
law, become important in certain cases of high-speed and high-altitude
flight (Chapters 5 and 9).

The prediction and measurement of aerodynamic forces is the principal
distinguishing feature of flight dynamics. The size of this task is illustrated
by Fig. 1.2, which shows the cnormous range of variables that need to be
considered in connection with wings alone. To be added, of course, are the
complications of propulsion systems (propellers, jets, rockets) and of com-
pound geometries (wing + body + tail).

As remarked above, Newton’s laws state the connection between force
and motion. The commonest problem consists of finding the motion when
the laws for the forces are given (all the numerical examples given in this
book are of this kind). However we must be aware of certain important
variations:

1. Inverse problems of first kind—the system and the motion are given
and the forces have to be calculated.

2. Inverse problem of the second kind—the forces and the motion are
given and the system constants have to be found.

3. Mixed problems—the unknowns are a mixture of variables from the
force, system, and motion.

Examples of these inverse and mixed problems often turn up in research,
when one is trying to deduce aerodynamic forces from the observed motion
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Parameters of wing aerodynamics
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0 1.0 5.0
SPEED: } } ! M
Subsonic Supersonic Hypersonic
Incompressible Transonic
MOTION: Steady Unsteady

[u, v, w, p, q, r} = const

lu(®), v(t), w(t), p(t), q(t), r(t)]

ATMOSPHERE: T |
Continuum Slip Free-molecule
f T T 1
Uniform and Nonuniform and Uniform and Nonuniform and
at rest at rest in motion in motion
(reentry) (gusts)

Fro. 1.2 Spectrum of aerodynamic probloms for wings.

of a vehicle in flight or of a model in a wind tunnel. Another example is the
deduction of harmonics of the Earth’s gravity field from observed pertur-
bations of satellite orbits. These problems are closely related to the “plant
identification” or “parameter identification” problem that is of great eurrent
interest in system theory. (Inverse problens were treated in Chapter 11 of
Dynamics of Flight—Stability and Control, but are omitted here.)

TYPES OF PROBLEMS

The main types of flight dynamics problem that occur in engincering
practice are:

1. Calculation of “performance™ quantitics, such as specd, height, range,
and fuel consumption.

. Calculation of trajectories, such as launch, reentry, orbital and landing.
. Stability of motion.

Response of vehicle to control actuation and to propulsive changes.

. Response to atmospheric turbulence, and how to control it.

. Aeroelastic oscillations (flutter).

. Assessment of human-pilot/machine combination (handling qualities).
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1t takes little imagination to appreciate that, in view of the many vehicle
types that have to be dealt with, a number of subspecialties exist within
the ranks of flight dynamicists, related to some extent to the above problem
categories. In the context of the modern aerospace industry these problenis
are seldom simple or routine. On the contrary they present great challenges
in analysis, computation, and experiment.

THE TOOLS OF FLIGHT DYNAMICISTS

The tools used by flight dynamicists to solve the design and operational
problems of vehicles may be grouped under three headings:

Analytical
Computational
Experimental

The analytical tools are essentially the same as those used in other branches
of mechanics. Applied mathematics is the analyst’s handmaiden (and some-
times proves to be such a charmer that she seduces him away from flight
dynamics). One important branch of applied mathematies is what is now
known as system theory, including stochastic processes and optimization.
1t has become a central tool for analysts. Another aspect of this subject that
has received a great deal of attention in recent years is stability theory,
sparked by the rediscovery in the English-speaking world of the 19th
century work of Lyapunov. At least insofar as manned flight vehicles are
concerned, vehicle stability per se is not as important as one might suppose.
1t is neither a necessary nor a sufficient condition for successful controlled
flight. Good airplanes have had slightly unstable modes in some part of their
flight regime, and on the other hand, a completely stable vehicle may have
quite unacceptable handling qualities. It is performance criteria that really
matter, so to expend a great deal of analytical and computational effort
on finding stability boundaries of nonlinear and time-varying systems may
not be really worthwhile. On the other hand, the computation of stability
of small disturbances from a steady state, i.e. the linear eigenvalue problem
that is normally part of the system study, is very useful indeed, and may well
provide enough information about stability from a practical standpoint.

On the computation side, the most important fact is that the availability
of machine computation has revolutionized practice in this subject over
the past ten years. Problems of system performance, system design, and op-
timization that could not have been tackled at all a dozen years ago are
now handled on a more or less routine basis.

The experimental tools of the flight dynamicist are generally unique to
this field. First, there are those that are used to find the aerodynamic inputs.
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Wind tunnels and shock tubes that cover mnost of the spectrum of atmospheric
flight are now available in the major aerodynamic laboratories of the world.
In addition to fixed laboratory equipment, there are aeroballistic ranges for
dynamic investigations, as well as rocket-boosted and gun-launched free-
flight model techniques. Hand in hand with the development of these general
facilities has gone that of a myriad of sensors and instruments, mainly
electronic, for measuring forces, pressures, temperatures, acceleration
angular velocity, etec. ’
Second, we must mention the flight simulator as an experimental tool
used directly by the flight dynamicist. In it he studies mainly the matching
o.f the man to the machine. This is an essential step for radically new flight
situations, e.g. space capsule reentry, or transition of a tilt-wing VTOL
airplane from hovering to forward speed. The ability of the pilot to control
the vehicle must be assured long before the prototype stage. This cannot yet
be done without test, although limited progress in this direction is being
made through studies of mathematical models of human pilots. The prewar
Link trainer, a rudimentary device, has evolved today into a highly complex
highly sophisticated apparatus. Special simulators, built for most new major’
aircraft types, provide both efficient means for pilot training, and a research
tool for studying flying qualities of vehicles and dynamics of human pilots.




Analytical tools

CHAPTER 2

2.1 INTRODUCTION

This chapter contains a summary of the principal analytical tools that
are used in the formulation and solution of problems of flight mechanics.
Much of the content will be familiar to readers with a strong mathematical
background, and they should make short work of it.

The topics treated are vector/matrix algebra, Laplace and Fourier trans-
forms, random process theory, and machine computation. This selection is a
reflection of current needs in research and industry. The vector/matrix
formalism has been adopted as a principal mathematical tool because it
provides a single powerful framework that serves for all of kinematics,
dynamics, and system thcory, and because it is at the same time a most
suitable way of organizing analysis for digital computation.} The treatment
is intended to be of an expository and summary nature, rather than rigorous,
although some derivations are included. The student who wishes to pursue
any of the topics in greater detail should consult the bibliography.

t Most computation centers have library programs for the manipulation of matrices.
These are routine operations.
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2.2 VECTOR/MATRIX ALGEBRA

As has already been remarked, this book is written largely in the language
of matrix algebra. Since this subject is now so well covered in undergraduate
mathematics courses and in numerous text books, (2.1, 2.11) we make only
a few observations here.

In this treatment no formal distinction is made between vectors and
matrices, the former being simply column matrices. In particular the
familiar vectors of mechanics, such as force and velocity, are simply three-
element column matrices. For the most part we use boldface capital letters
for matrices, e.g. A = {a;;), and boldface lower case for vectors, e.g. v =[v].
The transpose and inverse are denoted by superscripts, e.g. AT, A-1. Tho
scalar product then appears as

and the vector product as
uXv=uv

where @ is a skew-symmetric 3 x 3 matrix derived from the vector u,ie.

0 —U3 U,
u=| u 0 —u
—Uy U 0

As usual the identity matrix is denoted by
I= [(5“-]

in which §;; is the Kronecker delta.

2.3 LAPLACE AND FOURIER TRANSFORMS

The quantities with which we have to deal in physical situations usually
turn up naturally as functions of space and time. For example, the state or
motion of a flight vehicle is a function of time, and the velocity of the atmos-
phere is a function of three space coordinates and time. It has been found
to be very advantageous in many problems of analysis to abandon this
“natural” form of the functions, and to work instead with certain “integral
transforms” of them.
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which the domain is altered and ¢ is imaginary.
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DEFINITIONS

Table 2.1 presents the common one-dimensional transforms of a function
x(t) and the companion “inversion formulae” or “reciprocal relations’ that
give the “natural” function in terms of its transform.

Multidimensional transforms are formed by successive application of these
operations. (An example of this is given in Chapter 13.)

Before proceeding further with the discussion of Table 2.1, it is expedient

to introduce here the step and impulse functions, which occur in the following
tables of transforms.

The unit step function is (see Fig. 2.1)

o) = 1(¢t — T) (2.3,9)

1(t-T)

10f~————=— —

Fia. 2.1 Unit step function.
It has the values
z(¢) =0, T
at) =1, ¢>T
The impulse function or delta function (more properly, the Dirac “dis-

tribution”) (see Fig. 2.2) is defined to bet

ot — T) = lim f(e, t, T (2.3,10)

€->0
where f(e, t, T') is for € > 0 a continuous function having the value zero
except in the interval 7' <t < T + ¢ and such that its integral is unity, i.e.

T+e
Sfle,t, Thdt =1
T

t The limit in (2.3,10) has a rigorous meaning in the sense of distributions, despite the
fact that it does not exist in the classical sense.
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fle t, T)

o T T+e

F1a. 2.2 The impulso function.

It follows that
¢
f ot —T)dt =10t —T) (2.3,11)
0

and hence that

w—ﬂ=%m—ﬂ

When the 7' is omitted from (2.3,9) and (2.3,10) it is assumed to be zero
(as in Table 2.2, item 2).

Table 2.2

Some Fourier Transform Pairs

x(t) X(w)

1 8t — ) ool
2 () 1
3 eiﬂt 2 d(w — Q)
4 1 2 8(w)
5 cos U md(w + Q) + §(w — Q)]
6 sin Q¢ tnld(w + Q) — §(w — Q)]
7 Ysgnt 1

iw

1

8 1() =t olw)
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In the first column of Table 2.1 is given the complex form of the Fourier
series for describing a function in the finite range — 7' to T, in terms of
fundamental circular frequency wy, = /7. The coefficients C, are related
to those of the real Fourier series

z(t) = 3 (4, cos nwyt + B, sin nw,t) (a)
n=0 (2.3,12)

by Co=H4,—iB) n=0

C,=H4,+iB) n <0 ®)

and the coefficients 4, and B, are given by

1 (T
4, =~ f z(t) cos nwgt dt (c)
T)-7
1 T
B, =— f z(¢) sin nowyt dt (d)
T )7

The amplitude of the spectral component of frequency now, is
(4. + By4=2]C,| (e)

When T' — oo, the Fourier series representation of a function z(t) passes
over formally to the Fourier integral representation, as given in the second
column. In this limiting process

— w, and Clw) = lim Gy (2.3,13)

wo~0 (Vg

nw,
The Fourier transform that follows in the third column is cssentially the
same as the Fourier integral, with trivial differences in notation and the
factor 1/27. In some definitions, both the transform and its inverse have

the factor 1/\/21r. Some useful Fourier transforms are presented in Table 2.2.

From one mathematical viewpoint, C(w) and X{(w) do not exist as point
functions of w for functions z(t) that do not vanish at co. This is evidently
the case for items 3 to 8 of Table 2.2. However, from the theory of distri-
butions, these transform pairs, some of which contain the singular é function,
are valid ones (see ref. 2.3). Items 1 and 2 are easily verified by substituting
z(t) into (2.3,5) and items 3 to 6 by substituting X(w) into (2.3,6). Formal
integration of z(t) in item 7 produces the X(w) shown plus a periodic term
of infinite frequency. The latter has no cffect on the integral of X(w), which
over any range dw > 0 is (1/iw) dw. Item 8 is obtained by adding item 7 to
1 of item 4. The one-sided Laplace transform, in the fourth column of Table
2.1, is seen to differ from the Fourier transform in the domain of t and in
the fact that the complex number s replaces thc imaginary number iow.
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The two notations shown in (2.3,7) are used interchangeably. The curve ¢ on
which the line integral is taken in the inverse Laplace transform (2.3,8) is an
infinite line parallel to the imaginary axis and lying to the right of all the
poles of Z(s). If its poles all lie in the left half-plane then ¢ may be the imagi-
nary axis and (2.3,8) reduces exactly to (2.3,6).

ONE-SIDED LAPLACE TRANSFORM{

The Laplace transform is a major conceptual and analytical tool of system
theory, and hence we cxplore its properties in more detail below. Table 2.3
lists the Laplace transforms of a number of commonly occurring functions.
It should be noted that (i) the value of the function for ¢ < 0 is not relevant
to #(s) and (ii) that the integral (2.3,7) may diverge for some z(t) in combi-
nation with some values of s, in which case Z(s) does not exist. This re-
striction is weak, and excludes few cases of interest to engineers. (iii) When
the function is zero for ¢ < 0, the Tourier transform is obtained from the

Laplace transform by replacing s by iw.

TRANSFORMS OF DERIVATIVES

Given the function z(t), the transforms of its derivatives can be found

from (2.3,7).
f[d—x =j e o
dt 0 dt

=j e ttdr = xe‘”‘ + sj ze*'dil
t=0 =0 1}
When ze~* — 0 as ¢ — oo (only this case is considercd), then
.?[Z—::] = —z(0) + sZ(s) (2.3,14)

when ¢ = 0. The process may be re eated
¥ P Yy P

where z(0) is the value of x(¢
and so on.

to find the higher derivatives by replacing x(f) in (2.3,14) by Z(t),
The result is

n n—1 n—2
g[d x] g s e~ (2315)

ar | de? it

dt”

1 In the two-sided Laplace transform, the lower limit of the integral is —co instead

of zero.

1 To avoid ambiguity when dealing with step functions, ¢ = 0 should always be

interpreted as ¢ = Ot

Table 2.3

Laplace Transforms

=(t) #(s)
1 o(e) 1
2 it — 1) T
3 1 or 1(¢) 1
8
—aT
4 l(t _ T) e~?
8
5o fe-Te-1 T L f0)
6 ) 1
s
7 1 1
(n — 1) e
8 eat 1
s —a
9 sin al a
st + a?
10 cos at s
st + q?
11 teat 1
(8 — a)?
t"—l
12 — eat 1
(n — 1y (o —a)
13 % gin bt _b___
(¢ —af + 58
14 e cos bt &~
(s —a) + b2
15 sinh at @
s — ag?
16 | cosh at s
3% — a?
17 %! ginh bt __ b
(6 —a)® —b?
18 et cosh bt e
(s —a)® — b2
" #0 52(6) — (0)
20 etz (L) Es — a)
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TRANSFORM OF AN INTEGRAL

The transform of an integral can readily be found from that derived above
for a derivative. Let the integral be

yzfx(t)dt

and let it be required to find F(s). By differentiating with respect to ¢, we get |

gl:-l = z(t)
whence 7(s) = x[‘f;-’t’-] — sls) — y(0)
and 7o) = Eo‘c(s) + %yw) (2.3,16)

EXTREME VALUE THEOREMS

Equation (2.3,14) may be rewritten as
o«

—xz(0) + s%(3) =j i (L) di

0

T
=limj evE(t) dt |
0

T—w

We now take the limit s — 0 while 7' is held constant, i.e.

T
—2(0) + lim sz(s) = lim f lim e™*%(¢) di

80 T—wJ0 350

lim [ () dt = lim [#(T) — (0)]

T—-oJo T—w
Hence lal:]: SE(S) =11|I_.II(11)1(T) (23’17)

This result, known as the final value theorem, provides a ready means f:or
determining the asymptotic value of x(¢) for large times from the value of its
Laplace transform. .
In a similar way, by taking the limit s — co at constant T, the integral
vanishes for all finite Z(t) and we get the initial value theorem.
lim sz(s) = x(0) (2.3,18)

R i
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2.4 APPLICATION TO DIFFERENTIAL EQUATIONS

The Laplace transform finds one of its most important uses in the theory
of linear differential equations. The commonest application in airplane
dynamics is to ordinary equations with constant coefficients. The technique
for the general case is given in Sec. 3.2. Here we illustrate it with the simple
but important example of a spring-mass.-damper system acted on by an
external force (Fig. 2.3). The differential equation of the system is

£ + 2lw,3 + 0,2 = f(t) (2.4,1)

2{w, is the viscous resistance per unit mass, ¢/m, w,? is the spring rate per
unit mass, kfm, and f(¢) is the external force per unit mass. The Laplace

r&/Equilibrium position

%\/\/{7\/\/{/\} m %Fm —Viscous damper, ¢
I h '}F

ek

Fi16. 2.3 Linear second-order system: mi = F — kx — ci.

transform of (2.4,1) is formed by multiplying through by e~** and integrating
term by term from zero to infinity. This gives

L15] + 20, LlH + 0,220 = L170)] (2.4,2)
Upon using the results of Sec. 2.3, this equation may be written

$"E + 2w, 5T + 0,'F = [+ £(0) + 52(0) 4 2{w,z(0)  (2.4,3)

or v [+ %0) + (s + 2{w,)=(0)
-C(S) - 82 + 2{(1)"8 + wnz

(2.4,4)

The original differential equation (2.4,1) has been converted by the trans-
formation into the algebraic equation (2.4,3) which is easily solved (2.4,4)
to find the transform of the unknown function. In the numerator of the
right-hand side of (2.4,4) we find a term dependent on the excitation (f),
and terms dependent on the initial conditions [#(0) and z(0)]. The denomi-
nator is the characleristic polynominal of the system. As exemplified here,
finding the Laplace transform of the desired solution x(t) is usually a very
simple process. The heart of the problem is the passage from the transform
Z(s) to the function z(t). Methods for carrying out the inverse transformation
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are described in Sec. 2.5. Before proceeding to these, however, some general
comments on the method are in order.

One of the advantages of solving differential equations by the Laplace
transform is that the initial conditions are automatically taken into account.
When the inverse transformation of (2.4,4) is carried out, the solution
applies for the given forcing function f(t) and the given initial conditions.
By contrast, when other methods are used, a general solution is usually
obtained which has in it a number of arbitrary constants. These must sub-
sequently be fitted to the initial conditions. This process, although simple in
principle, becomes extremely tedious for systems of order higher than the
third. A second convenience made possible by the transform method is
that in systems of many degrees of freedom, represented by simultaneous
differential equations, the solution for any one variable may be found
independently of the others.

2.5 METHODS FOR THE INVERSE TRANSFORMATION

THE USE OF TABLES OF TRANSFORMS

Extensive tables of transforms (like Table 2.3) have been published (see
Bibliography) which are useful in carrying out the inverse process. When the
transform involved can be found in the tables, the function x(¢) is obtained
directly.

THE METHOD OF PARTIAL FRACTIONS

In some cases it is convenient to expand the transform Z(s) in partial
fractions, so that the elements are all simple ones like those in Table 2.3.
The function xz(t) can then be obtained simply from the table. We shall
demonstrate this procedure with an example. Let the second-order system
of Sec. 2.4 be initially quiescent, i.e. (0) = 0, and £(0) = 0, and let it be
acted upon by a constant unit force applied at time ¢ = 0. Then f(¢) = 1(¢),
and f(s) = 1/s (see Table 2.3). From (2.4,4), we find that

1

= 2.5,1
5(s® + 2w,s + wy2) ®5:1)

Z(s)

Let us assume that the system is aperiodic: i.e. that { > 1. Then the roots
of the characteristic equation are real and equal to

Ap=n4 (2.5,2)
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where n=—lo,
o = w,({*— 1)%
The denominator of (2.5,1) can be written in factored form so that

z(s) = —ﬁ———l (2.5,3)
s(s — A)(s — 4,) '
Now let (2.5,3) be expanded in partial fractions,
=4y L4 O
s (s—=4) (s—2y
By the usual method of equating (2.5,3) and (2.5,4), we find

(2.5,4)

A=
A,
B—__ 1
ARy — Ay)
01
ARy — A)

Therefore

Bo) — LAk | Uhih = 20) | 1dldy — 4y)
s s — A s — A,

By. comparing these three terms with items 3 and 8 of Table 2.3, we may
write down the solution immediately as

1 1 1
2(t) = —— + — et i
hy o Ay — 2y) A — )¢
1 n— o . n+ o’
= —i1 —_— — plntoit (n—w'}
e Rt | ess

HEAVISIDE EXPANSION THEOREM

When the transform is a ratio of two polynomials in s, the method of
partial fractions can be generalized. Let

N(s)

5(8) = ————

D(s)
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where N(s) and D(s) are polynomials, and the degree of D(s) is higher than
that of N(s). Let the roots of the characteristic equation D(s) = 0 be a,, so
that

Dis) = (s — ay)(s — ag) -+ (s — ay)

Then the inverse of the transform is

_ e fls—a)N() e
(t) f;{ 50 }Hve (2.5,6)
The effect of the factor (s — a,) in the numerator is to cancel out the same
factor of the denominator. The substitution s = a, is then made in the reduced
expression.

In applying this theorem to (2.53), we have the three roots a; = 0,
ay = A, a3 = Ay, and N(s) = 1. With these roots, (2.5,5) follows immediately
from (2.5,6).

REPEATED ROOTS

When two or more of the roots are the same, then the expansion theorem
given above fails. For then, after canceling one of the repeated factors from
D(s) by the factor (s — a,) of the numerator, still another remains and
becomes zero when s is set equal to a,. Some particular cases of equal roots
are shown in Table 2.3, items 6, 7, 11, and 12. The method of partial fractions,
coupled with these entries in the table, suffices to deal conveniently with
most cases encountered in stability and control work. However, for cases
not conveniently handled in this way, a general formula is available for
dealing with repeated roots. Equation (2.5,6) is used to find that part of
the solution which corresponds to single roots. To this is added the solution
corresponding to each multiple factor (s — a,)™ of D(s). This is given by

[(s—a,)w(s)] et [(s—a,VN(s)]} o o me2
D(S) s=a, ds D(S) s=a,

(2.5,7)
and by
m—1 n m m-—-n—1
d" (s — a)"N(s) ] t ot for  m>2
n=0 |ds" D(s) sea, l(m — n — 1)!

2.6 RANDOM PROCESS THEORY

There are important problems in flight dynamics that involve the response
of systems to random inputs. Examples are the motion of an airplane in
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a.t':mosplleric turbulence, aeroclastic buffeting of the tail when it is in the
wing v{ake, and the response of an automatically controlled vehicle to random
noise in the command signal. The method of describing these random
functions is the heart of the engineering problem, and determines which
features of the input and the response are singled out for attention. The
treatment of such functions is the subject matter of generalized han.nonic
qnalysis. It is not our intention to present a rigorous treatment of this
m‘volved subject here. However, a few of the more important aspects are
discussed, with emphasis on the physical interpretation.

STATIONARY RANDOM VARIABLE

Consider a r.a.ndom variable u(t), as shown in Fig. 2.4. The average value of
u(t) over the interval (¢, — T') to (¢, + T’} depends on the mid-time {,, and

u(t)
v(t)
N '
J\Y 1
!
: | i
! | ty, T) !
| | | i
oH 7 ' t
[ th l
] I 1
] I |
T T >T< T >
Fic. 2.4 Random variable.
the interval width,
i,y = L [
i, T') = — u(t) de 2
1 o Jux (¢) (2.6,1)

The funetion is said to have a stationary mean value 4 if the limit of (t,, T)
as T' — oo is independent of i,: i.c.

_ i 1 L+T
w == lm -— w(l) dt
Bty ) 0 (2.6,2)

If, in. afidition, all other statistical properties of u(t) are independent of ¢,
then it is a stationary random variable. We shall be concerned here only with

such f.unctions, and, moreover, only with the deviation v»(t) from the mean
(see Fig. 2.4). The average value of v(t) is zero.
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ENSEMBLE AVERAGE

In the above discussion, the time average of a single function was used.
Another important kind of average is the ensemble average. Imagine that
the physical situation that produced the random variable of Fig. 2.4 has
been repeated many times, so that a large number of records are available
as in Fig. 2.5.

Sample 1
uy(t)

J\ AAJ\UU/“\WAW/\\VJ/\V/\A Aur\

2
uz(t)

N N
(VA \

ug(t)

v/ vAA S i B W AR A

t
0 M

Fi1a. 2.5 Ensemble of random variables.
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The ensemble average corresponding to the particular time ¢, is expressed
in terms of the samples u,(¢,) as

(u(ty)) =lim (u(t;, n)) =lim :: [ua(t) + wa(t)) - - - u, ()] (2.6,3)
If the process is stationary, (u(t,)) = (u), independent of ¢,. The process is
said to be ergodic if the ensemble and time averages are the same, i.e. (u) = 4.
This will be the case, for example, if the records are obtained from a single
physical system with random starting conditions. In this book we are con-
cerned only with stationary ergodic processes.

HARMONIC ANALYSIS OF v(t)

The deviation v(f) may be represented over the interval —7 to T (¢,
having been set equal to zero) by the real Fourier series (2.3,12), or by its
complex counterpart (2.3,2). Since v(t) has a zero mean, then from (2.3,12¢)
4, = 0. Since (2.3,12d) shows that B, also is zero, it follows from (2.3,12b)
that Cy = 0 too. The Fourier series representation consists of replacing the
actual function over the specified interval by the sum of an infinite set of
sine and cosine waves—i.e. we have a speciral representation of x(t). The
amplitudes and frequencies of the individual components can be portrayed
by a line spectrum, as in Fig. 2.6. The lines are uniformly spaced at the interval
wy = 7T, the fundamental frequency corresponding to the interval 27.

The function described by the Fourier series is periodic, with period 27,
while the random function we wish to represent is not periodic. Neverthelcss,
a good approximation to it is obtained by taking a very large interval 27.
This makes the interval w, very small, and the spectrum lines become more
densely packed.

If this procedure is carried to the limit T — oo, the coefficients 4,, B,, C,
all tend to zero, and this method of spectral representation of z(¢) fails. This
limiting process is just that which leads to the Fourier integral (see
23,4 to 2.3,6) with the limiting value of C, leading to C(w) as shown by
(2.3,13). A random variable over the range —co < ¢ < o0 does not satisfy
the condition for C(w) to exist as a point function of w. Nevertheless, over
any infinitesimal dw there is a well-defined average value, which allows a
proper representation in the form of the Fourier-Stieltjes integral

v(t) =f eetdc (2.6,4)
It may be regarded simply as the limit of the sum (2.3,2) with nwy, —
and C, — dc. Equation (2.6,4) states that we may conceive of the function
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A,
- - \
/ - N
/ Ay
N\
/1 1 l T/ T T\l\ w
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Fia. 2.6 Line spectra of a function.

v(t} as being made up of an infinite sum of elementary spectral components,
each of bandwidth dw, of the form ei*, i.e. sinusoidal and of amplitude dc.
If the derivative dc/dw existed, it would be the C(w) of (2.3,4).

CORRELATION FUNCTION

The correlation function (or covariance) of two functions v,(t) and v,(t) is
defined as

Ryg(1) = (ni(thvalt + 7)) (2.6,5)

i.e. as the average (ensemble or time) of the product of the two variables
with time separation . If v,(f) = v,(¢) it is called the autocorrelation, otherwise
it is the cross-correlation. If + = 0 (2.6,5) reduces to

R 5(0) = (v,v2) (2.6,6)
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and the autocorrelation to
R (0) = (v®) = v, (2.6,7)

A nondimensional form of R(r) is the correlation coefficient

P — Rm(‘r)

R ,(7) (2.6,8)

VY,

where ¥ indicates the root-mean-square (rms) value, \/v_z It is obviously
true from symmetry considerations that, for stationary processes, R,(7) =
R,,(—7), i.e. the autocorrelation is an even function of 7. It is also generally
true that for random variables, R 4(7) = 0 as 7 — c0.

It is clear from the definition (2.6,5) that interchanging the order of »;
and v, is equivalent to changing the sign of . That is

Ry5(7) = By (—7) (2.6,8a)
If R,, is an even function of 7, then R,,(7) = Ryy(—7) and R ,(7) = R, (7).
If it is an odd function of 7, then R,,(7) = — R ,(—7).
The most general case is a sum of the form
Ryo(7) = Bya(t)even + B1a()oaa (2.6,8b)
whence RZI(T) = Rlz(T)even - RIZ(T)odd

SPECTRUM FUNCTION

The spectrum function is by definition the Fourier integral of R,(7), i.e.

1 (= .

D y(w) = ——f Ry (r)e " dr (2.6,9)
277 —o0

and exists for all random variables in view of the vanishing of R as T — co.

It follows from the inversion formula (2.3,4) that

Ryy(7) =fw O,p(w)ee" do (2.6,10)

—-@

To obtain the physical interpretation of the spcectrum function, consider a
special case of (2.6,10), i.e.

R,(0) = f "0 () do

—@

or by virtue of (2.6,7)

v,? =f B,y (@) dw (2.6,11)
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P11(w)

&)1 (w)dw

'l\

dw

w

Fie. 2.7 Spectrum function.

Thus the area under the curve of the spectrum function gives the mean-
square value of the random variable, and the area ®(w) dw gives the con-
tribution of the elemental bandwidth dw (see Fig. 2.7).

In order to see the connection between the spectrum function and the
harmonic analysis, consider the mean square of a function represented by a
Fourier series, i.e.

AT) = L J-Tvz(t)dt
T ap _r

T /o
= ZLT J- ( > A, cos nwyt + B, sin nwot)
T

n=0

X ( > A, cos mwyt + B, sin mwot) at
m=0

Because of the orthogonality property of the trigonometric functions, all
the integrals vanish except those containing 4,2 and B,?, so that

v* =Y }(4,2 + B2 (2.6,12)
n=0
From (2.3,12b), 4,% + B,? = 4 |C,|*, whence
=23 |C15= 3 |CIF= Y C*C, (2.6,13)
n=0 n=—a0 n=—ao

where the * denotes, as usual, the conjugate complex number.

The physical significance of |C,|2 is clear. It is the contribution to %
that comes from the spectral component having the frequency nw,. We may
rewrite this contribution as

2 CiC,

é

w, (2.6,14)

n
Wy
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Now writing w, = dw and interpreting 6v? as the contribution from the
band width (n — })wy, < w < (n + })w,, we have
- O
8,0t =—""4%w (2.6,15)
Wo
The summation of these contributions for all » is v%, and by comparison
with (2.6,11) we may identify the spectral density as

*

O, (w) =lim GuCa (2.6,16)

wy=0 Wy
More generally, for the cross spectrum of »; and v;;

*
®,,(w) = lim il (2.6,17)
we—0 Wy
Now in many physical processes v can be identified with instantaneous
power, as when v is the current in a resistive wire or the pressure in a plane
acoustic wave. Generalizing from such examples, v*(t) is often called the
instantaneous power, v? the average power, and @, (w) the power spectral
density. By analogy ®,,(w) is often termed the cross-power spectral density.
From (2.6,9), and the symmetry properties of R,, given by (2.6,85), and
by noting that the real and imaginary parts of e~#“" are also respectively
even and.odd in 7 it follows easily that

Dpa(w) = bgy(w) (2.6,17a)

The result given in (2.6,17) is sometimes expressed in terms of Fourier trans-
forms of truncated functions as follows. Let v,(t; T') denote the truncated
function

v,(£,;T) = v,(t) for |l| <T
v(;T) =0 for |¢t| > T (2.6,18)

«© T
and let V(w;T) =f w(t; Tye™@tdt =J- v ()e~ dt (2.6,19)
© ~-T

be the associated Fourier transform. Comparing (2.6,19) with (2.3,1) in
Table 2.1 (w = nw,) we see that

C; =22V (nwy; T) (2.6,20)
29

Hence from (2.6,17) we get

D,,(w) =lim % Vnwe; T) - V,(nw,; T) (2.6,21)

Wy 03T
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On substitution of wy = /T and w = nw,, this becomes finally,

®, () = lim L Viw; TWiw;T) (2.6,22)
T—-w 4T

The special case of power spectral density is given by

—lim 2
0, (w) = lim 4"TW‘(“”T” (2.6,22a)

T~

CORRELATION AND SPECTRUM OF A SINUSOID

The autocorrelation of a sine wave of amplitude a and frequency (2 is
given by
& [T
R(r) =lim — | sin Qtsin (Qt 4 Q7)dt
T-w 2T J-1

After integrating and taking the limit, the result is the cosine wave
. -
R(T) = E cos QT (26,23)

It follows that the spectrum function is 1/27 times the Fourier transform of
(2.6,23), which from Table 2.2 is

O(w) = a{ [blw + Q) + d(w — Q)] (2.6,23q)

i.e. a pair of spikes at frequencies +Q.

PROBABILITY PROPERTIES OF RANDOM VARIABLES

An important goal in the study of random processes is to predict the
probability of a given event—for example, in flight through turbulence, the
occurrence of a given bank angle, or vertical acceleration. In order to achieve
this aim, more information is needed than has been provided above in the
spectral representation of the process and we must go to a probabilistic
description.

Consider an infinite set of values of (t,) sampled over an infinite ensemble
of the function. The amplitude distribution or probability density of this set
is then expressed by the function f(v), Fig. 2.8a, defined such that the

lim f(v) Av is the fraction of all the samples that fall in the range Av.
Av—0 .
This fraction is then given by the area of the strip shown. It follows that

fwf (v)dv=1 (2.6,24)
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ftv)
(a) Av v
F(v)
1.0 -
P
0 vl v
(b)

F'IG. 2.8 Distribution functions. (a) Probability density function. (b) Cumulative
distribution.

The cumulative distribution is given by

F(v) =£ f(v) dv (2.6,24a)

and is illustrated in Fig. 2.8b. The ordinate at P gives the fraction of all
the samples that have values v < v;. The distribution that we usually have

to deal with in turbulence and noise is the normal or Gaussian distribution
given by - - ’

¥ f(v) ! v’ SRS
~ = ex — LT
o'\/211 P ( 20':)/-’~ (2.6,25)

where o is the standard deviation or variance of v, and is exactly the rms
value used in (2.6,8)

o=79 (2.6,26)

Note that o can be computed from either the autocorrelation (2.6,7) or the
spectrum function (2.6,11).

MEAN VALUE OF A FUNCTION OF v

.Let g(v) be any function of ». Then if we calculate all the values g, associated
with all the samples v, (¢,) referred to above we can obtain the ensemble
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mean (g). Now it is clear that of all the samples the fraction that falls in the
infinitesimal range g, <g¢ <g, + Ag corresponding to the range of »
v; < v <v; + Av is f(v;) Av. If now we divide the whole range of ¢ into
such equal intervals Ag the mean of g is clearly

(g) = lim igif(v{) Av

Av—0i=1

or 1)) =f g(v)f(v)dv (2.6,27)
Equation (2.6,27) is of fundamental importance in the theory of probability.
From it there follow at once the formulae for the moments of the distri-
butions:

(v) =vaf(v) dv == 1st moment of f (2.6,28a)
or ) =Imv2f(v) dv = 2nd moment of f (2.6,28b)
™) =Iw v"f(v) dv = nth moment of f (2.6,28c¢)

For the particular case we have been discussing, (v) = 0 and (¥?) = o2

JOINT PROBABILITY

Let v,(¢) and v,(¢) be two random variables, with probability distributions
Ji(v,) and f,(v,). The joint probability distribution is denoted f(v,, v,), and is
defined like f(v). Thus f(v,, v,) AS is the fraction of an infinite ensemble
of pairs (v, v,) that fall in the area AS of the v, v; plane (see Fig. 2.9).
If v, and v, are independent variables, i.e. if the probability f(v,) is not
dependent in any way on v,, and vice versa, the joint probability is simply
the product of the separate probabilities

S(vy, v3) = f1(v)) fi(ve) (2.6,29)
From the theorem for the mean, (2.6,27) the correlation of two variables can
be related to the joint probability. Thus

Ry, = (vyvy) = f f 0,05 (v, v,) dv, dv, (2.6,30)

For independent variables, we may use (2.6,29) in (2.6,30) to get
-] @
R, ZI v f (vy) dv, XI vyf () dv,

= (V)(V2)

T O P
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Contours of
constant f

AS 45°

% .

N\

F1a. 2.9  Bivariate distribution.

and is zero if either variable has a zero mean. Thus statistical independence
implies zero correlation, although the reverse in not generally true.

The general form for the joint probability of variables that are separately
normally distributed, and that are not necessarily independent is

S0 00, xp (—in;v0,) (2.6,31)

1
 mr s
where [M] is the determinant of the matrix of second moments:

M= {m,]
My = (v2y)
N = [n;,] =M™
For two variables this yields the bivariate normal distribution for which

2
o, Ry,

(2.6,32)
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and  f(v,, v;) = 9 0.20,) — R’

If v, and v, are the values of v(t) at two times, e.g.
v, = v(f)
v, =+ 7)

Then 0,2 = 0, = ¢?, R, = R(7) [see (2.6,5)] and the joint probability is a
function of the parameter 7, viz.

1 1 o¥(v? + v%) — 2v1v2R(r))
i) = s (2 R
(2.6,33)
The inverse relation, from the theorein for the mean value is
R(7) =valv2f(vl, vy; 7) dv, dv, (2.6,34)
—m

As shown in Fig. 2.9, the principal axes of the figure formed by the contours
of constant f for given R(r) are inclined at 45°. The contours themselves

are ellipses.

JOINT DISTRIBUTION OF A FUNCTION AND ITS SLOPE

We shall require the joint distribution function f(v, v; 0) .f(?r a function
v(¢) that has a normal distribution. The correlation of v and ¥ is

T
R,(7) = lim 51,} Tv(t)'t)(t—i—'r) dt

T -
In particular, when 7 =0
1 (T d
(0) =lim — v—adt
RW(O) T—ow 27 )7 dt
T ) m
= lim L 1dv? = lim Ll[vz(T) — (=1  (2.6,35)
Tw 2T J-1" T-w 41
which is zero for a finite stationary variable. It follows thel:efore i:rom (2.6,33)
that f(v, 9; 0) reduces to the product form of two statistically independent

funetions, i.e.

J(v,9;0) = f,(v) - f2(9)

L (2.6,36)
oxp (— é;li 2022)

270,0,
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To evaluate f we need only the two variances. g, = T we have pointed out

previously can be found from either R,,(7) or ®,,(w). To find g, =0 we
have recourse to the spectral representation (2.6,4), from which it follows that

-]
B(¢) :f twe“de (2.6,37)

w=—00

From this we deduce that the complex amplitude of a spectral component
of % is tw times the amplitude of the same component of ». From (2.6,15) it
then follows that the spectrum function for ¢ is related to that for v by

(Dt)i'(w) = wzq)vv(w) (26,38)
and finally that

a,” = (%) =f O (w) dw :f 0", (w) dw (2.6,39)

Thus it appears that the basie information required in order to ealculate
f(v, 9) is the power speetral density of v, ®,,(w). From it we can get both
(v*) and (9?) and hence f(v, v; 0).

The autocorrelation of v can be related simply to that of v as follows.
Consider the derivative of R(r)

d d
& R, (r) = = @t + 7))

Since the differential and averaging operations arc commutative their order
may be interchanged to give
d

D=0 Lo+ 1)
dr va( ) = \’U(t) 3 ’U(t + ‘r)/

= @yt + 1)
Now let (¢ + 7) = u, so that

4 R (1) = (v(u — 7)v(w))
dr

We now differentiate again at constant «, to get

d? P ]

(;sz(‘r) = <a—_r v(u — -r)v(u>
= —(B(u — 7)b(u))
= _R,',[-(T)

. d2

ie. _

o

R,(7) (2.6,40)
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ORDINATE-CROSSING RETURN PERIOD

With reference to Fig. 2.10, let us define an “‘event” as a crossing of the
random curve through the strip Av at v. The time Af associated with a single
event that has a slope in the range A9 is

b

19l

At

During a total time T' — oo, the portion spent in the domain Av, Av of the
(v, ¥) space is

AT = Tf(v, ) Av Av

Hence, the total number of events with slopes in the range A9 in the time 7'

Av
A 4\,\/\'

v

Fia. 2.10 Upward crossing at lovel v.
must be AT/At, and the average number per unit time is

dN(v, v} = %’éA_qt' = 4| f(v, v) Av

On passing to the limit Av — 0 and integrating we get
N(v) =J S (v, 9) |9] dv (2.6,41)
When (2.6,36) is substituted into (2.6,41) the result of integration is:

N(v) = L oy otrea?
m o,
_lo

and N(0) = (2.6,42)

™o,

whence N(v) = N(O)e""lz"l'
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Fig. 2.11 Return period.

Since N(v) includes both upward and downward crossings, the average
number of upward crossings, or ‘““positive events’’ is

N, (v) = §N(v) = 1 9 putraet (2.6,43)
27 o,

The average interval between positive cvents is called the return period.

= 27 Ot ¥z (2.6,44)

r(v) = ,0) o

which is plotted in Fig. 2.11.

DISTRIBUTION OF PEAKS

It is observed that for the larger values of v most, but not all, local maxima
are immediately preceded by a positive event as defined above. This is
illustrated in Fig. 2.4 where the events are defined by the line I. Thus (2.6,43)
can also be interpreted as a good approximation to the number of peaks per
unit time that are greater than v. It follows that the distribution of peaks
per unit time is given approximately by

. dN (v 1l o /2
Jolv) = — —ﬁ) = Ea—;—’ve *2ayt (2.6,45)

and has the form shown on Fig. 2.12.
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Fig. 2.12 Distribution of peaks per unit time.

PROBABILITY OF A POSITIVE EVENT DURING TIME t,

We now wish to find the probability that a positive event, as defined above,
will occur in a given time ¢,. Let t; be divided into a sequence of equal intervals
At such that the following two conditions are met

(1) At <r(v)

(ii) The probability of an event during any particular interval At is in-
dependent of whether an event has occurred in any previous interval.
(See below for discussion of this condition.)

Since N, (v) gives the average time density of events, then the probability
of an event in At is (for At — 0)
At

p(v, At) = AIN  (v) = % (2.6,46)

and the probability that there will be no event in Atis

At
A =1—p=1—— (2.6,47)
q(v, At) P o)
Hence the probability that there is no event in n successive intervals is, by
virtue of condition (ii) above,

.&l
N = (1 — —
q\t. =Ai) r(v))
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If a positive event is identified with ‘“failure” of a system, then clearly
q(v, n At) is the probability of “survival”t for a'time ¢, = n At i.c.

(v, 1)) = (1 - —‘L))" (2.6,48)
v

nr(

Hence the probability of failure is

p(v,t)) =1 —qlv,ty)) =1 — (1 _h )ﬂ (2.6,49)
nr(v)

For large times ¢, (the usual practical case) n may be very large and the term
in parenthcses may be represented by its limit

lim (1 — 9) = (2.6,50)
n- o n
so that the survival probability is
q{v, 1)) = e~b/rtv) (2.6,51a)
and the failure probability is
v, ) =1 — e t/r (2.6,510)

This result is general, and can be applied for any stationary random process.

If the process is the Gaussian one previously discussed, then r(v) is given
by (2.6,44), and (2.6,51b) becomes

po, 1) = 1 — exp | — 1 gmtize? (2.6,52)
7(0)

Equations (2.6,51b) and (2.6,52) are plotted in Fig. 2.13. It should be noted

that the probability of failure associated with ¢, = r is (1 — 1/e) or 0.63,

and that the curves in (b) fall rather steeply over a fairly narrow range of v.

Equation (2.6,51a) is a particular case of the Poisson distribution, for zero
events in a time ¢,.

1 A more rigorous treatment of survival probability covering nonstationary and
Dodrassias crocesses = ogven by Bies apd Beer (ref. 2.3 and is applied to launch

vehicles by Beer and Lennox (ref. 2.9;.
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Fia. 2.13 Failure probability.

DISCUSSION OF CONDITION (ii)

We return now to the condition of statistical independence of adjacent
intervals. This implies that the joint probability f(v,, v,) = f(v,)f(vy) where
v, and v, are values of the variable during two adjacent intervals Ay and
Ay, as illustrated in Fig. 2.14. We saw [following (2.6,30)] that statistical
independence implies zero correlation. In the present context we may infer
statistical independence from zero correlation. Thus we require that

R,, =07 =0 (2.6,53)"

the average being taken over the range 0 < ¢ < At. Now if we define a
characteristic correlation time by

= _1- meH d- (2.6.54)
[ |
t t
~ N /A\A A LN AN en ¢
A YJV ' VAA W VAN G4 L~
w(e) " ™ ua(t)
Ajt Aot

Fia. 2.14
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R(7)
<v?>
1.0

Equal areas

T . .
T* Fia. 2.15 Characteristie correlation time.

as illustrated in Fig. 2.15, and require that At > r*, then it is evident that
condition (2.6,53) will be satisfied. Since the present results will normally
be of interest only for large r and large ¢, this condition can be met while
still keeping n very large.t

2.7 MACHINE COMPUTATION

This section deals with a topic that does not belong to the theory of flight
dynamics, but is of transcendent importance, overshadowing all else, when
it comes to application of the theory. That topic is the use of computing
machines for the solution of equations and the simulation of systems.
Without them modern aerospace vehicles and missions could probably not
be designed and analyzed at all within practical limitations; with them there
is virtually no practical problem in flight dynamics that cannot be solved.

Except when the most extreme simplifications are employed, the equations
of flight dynamics are quite complicated, and considerable labor must be
expended in their solution. The labor is especially heavy during the design
and development of a new vehicle, for then the solutions must be repeated
many times, with different values of the parameters that define the vehicle
and the flight condition. The process is more or less continuous, in that, as
the design progresses, changes are constantly made, improved estimates of
the aerodynamic parameters become available from wind-tunnel testing,
aeroelastic calculations are refined, and testing of control-system and guidance
components provides accurate data on their performance. Recalculation is
required at many stages to include these improvements in the data. The
number of computing man-hours involved in this procedure for a modern

t For example, when applied to flight through turbulence, ¢, corresponds to the total
distance flown, and t* corresponds to the “scale” of the turbulence.
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aerospace vehicle would be astronomical if all the computations had to be
performed by hand (i.e. with slide rule or desk computer).

In addition to merely making it possible to carry out the minimum amount
of analysis that is essential to the achievement of a successful design, the
great speed and flexibility of computing machines have led to other important
advantages. With them it is feasible to conduct elaborate design studies in
which many parameters are varied in order to optimize the design, i.e. to
find the best compromise between various conflicting requirements. Another
advantage is that the analysis can be much more accurate, in that fewer
simplifications and approximations need be made (e.g. more degrees of
freedom can be retained).

Among the most important points in this connection is the possibility of
retaining nonlinearities in the equations. Adequate analytical methods of
dealing with nonlinear systems either do not exist or are too cumbersome
for routine application. By contrast, computing machines permit the intro-
duction of squares and products of variables, transcendental functions,
backlash (dead space), dry friction (stick-slip), experimental curves, and
other nonlinear features with comparative ease. They go even further, in
making possible the introduction into the computer setup of actual physical
components, such as hydraulic or electric servos, control surfaces, human
pilots, and. autopilots. This technique is, of course, superior in accuracy
to any analytical representation of the dynamic characteristics of these
elements. The ultimate in this type of “computing” involves the use of the
whole airplane in a ground test, with only the airframe aerodynamics
simulated by the computer. A human pilot can be incorporated in such
tests for maximum realism. A related development is the flight simulator
as used for pilot training and research on handling qualities (see Chapter 12).
It is basically a computer simulation of a given airplane, incorporating a
replica of the cockpit and all the controls and instruments. The pilot “flying”’
the simulator experiences in a more or less realistic fashion the characteristic
responses of the simulated vehicle. Such simulators or trainers have been
used to great advantage in reducing the flight time required for pilot training
on new vehicle types.

Digital machine computation is, of course, part of the training of all
engineering students, and we assume the necessary background in that sub-
ject. Analog computation however is not so universally taught, and many
students who come to the study of flight dynamies have had no prior ex-
perience with it. These we refer to refs. 2.6, 2.7, and 2.12. As a further aid,
one examnple of analog computation is presented rather fully in Sec. 10.2.



System Theory

CHAPTER 3

3.1 CONCEPTS AND TERMINOLOGY

The branch of modern cngineering analysis known as system theory is
highly relevant to the study of the flight of vellicles. in the atmoflph(?re and
in space. The word system has long been current in Sl.lch appllcitlons as
“control system,” “navigation system,” and “hydraulic system. .In our
present context we identify the vehicle itself as a system, of which the
above examples are subsidiary systems, or associated systems.

We do not attempt to offer here a precise definitiont of a system—sufﬁc-e
S o SET ARSI 5 38 AT Hemery or an Tierwrmested set of elerenss that is
Aclearly identifiable and that has a state defined by the values of a set of vari-
ables that characterize its instantaneous condition. The elements.may ‘be
physical objects or devices, or they may be pl'xrcly mathematical, i.e.
equations expressing rclationships among the variables. In the case of Z
physical system, the governing equations may or may not be' known.
set of equations that constitutes a mathematical model .of a physical syst(.am,
is a mathematical system that is a more or less faithful image of .t.he physu‘:a.l
system, depending on the assumptions and approximation c.ontamed therein.
The set of n variables that defines the state of the system is the state vector,

t See for example ref. 3.1, Sec. 1.10.
42
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and the corresponding n-dimensional space is the state space. Some or all
of the state variables, or quantities derived from them, are arbitrarily termed,
according to the circumstances of the experiment or analysis, as outputs.
The exact specification of a system is usually arbitrary, as will be seen in
the following example; the “boundary” of the system under consideration
in any given circumstance is chosen by the analyst or experimenter to suit
his purpose.

In addition to the state variables, there is usually associated with a system
a second set of variables called inputs. These are actions upon the system
the physical origins of which are outside the system. Some of these are
independent of the state of the system, being determined by processes
entirely external to it; these are the nonautonomous inputs. Others, the
autonomous inputs, have values fixed by those of the state variables them-
selves, owing to internal interconnections or feedbacks, or a as result of
environmental fields {(e.g. gravity, aerodynamic, or electromagnetic) that
produce reactions that are functions of the state variables. An output of one
system may be an input to another, or to itself if there is a simple feedback.
The state variables are unique functions of the nonautonomous inputs and
of the initial conditions of the system. A system with only autonomous
inputs is an autonomous system.

Every system has, as well as its state variables and inputs, a set of system
paramelers that characterize the properties of its elements—e.g. areas
masses, and inductances. When these are constant, or nearly so, it is con-
venient to consider them as a separate set. On the other hand, if some of
them vary substantially in a manner that depends on the state variables,
they may usefully be transferred to the lattcr set. The problem of system
design, after the general configuration has been established, is primarily one
of optimization in the system parameter space. Still another set of parameters
is that associated with the environment—e.g. atmospheric density, gravi-
tational field, and radiation field. In adaptive systems, some system parameters
ars made to be functiors of the state variables and'or environmental param-
eters in order 10 achieve accepiable periormance over a wider range of
operating conditions than would otherwise be possible.

The following example will serve to illustrate some of the above concepts.

EXAMPLE

Figure 3.1 shows a system S comprising a planar arrangement of rigid
bodies m,, massless springs k,, viscous damper ¢, and an inductive displace-
ment transducer T'. (Its voltage is e(t) = const. x;.) The midpoint g of m,,
and mass m,, are constrained to move vertically. The system, bounded by
the dashed line, is made up of all these separate elements. The nonautonomous
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fi(t) \

Fia. 3.1 An example of a system.

inpuls are the arbitrary external forces f, and f, acting on the masses and
the state variables are the coordinates of the joints, x,(t), their velocities
v,(t) = %;, and the voltage e(f) of the transducer. Any of this set might be
taken as outputs. Here, however, the output happens to be e(t). If f, and f,
were zero, the system would be autonomous and capable only of free vibration
associated with nonequilibrium initial conditions. The external reactions
at the points of connection to the fixed base, a, b, d, k, and ¢ are functions
of the state variables x; and v,, and hence are autonomous inputs. The
paramelers of the system are the masses of m,, the stiffnesses of k;, the
damping constant of ¢, the transducer constant, and the geometrical di-
mensions. It should be pointed out that although there is a minimum number
of coordinates (state variables z, and v;) required to specify the state of the
system, eight in this example, this number may be arbitrarily increased by
redundant variables if it is convenient to do so. For example, we might
add the transducer output, the four accelerations a; = ¢, and the forces in
the springs, even though they are, by virtue of the physical laws governing
the system, not independent of the z; and v;. (Indeed the mathematical
statement of this dependence is the main ingredient in the formulation of
the system equations.) The minimum number of state variables required is
the order of the system.

The arbitrariness of the choice of system, and its dependence on the aim
of the investigation is illustrated by the fact that we might choose as a
system for study any of the individual elements of 8, or any of the subsystems
obtained by combinations of them. Furthermore, the set of state variables
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miglhlt be still further augmented by adding such items as the stresses and
strains in m,; and m,.
Finally, the release of simplifying approximations such as rigidity of the

bodies, and masslessness of the spri i
les, prings, would require further elab
additions to the state variables. ! hommte

BLOCK DIAGRAM

The inputfoutput system relations are conveniently illustrated by the
use of’ blo;ck diagrams, as in Fig. 3.2. Figure 3.2a is the overall system diagram
s}}omng inputs f; and f, and output e and Fig. 3.2b is the combined block
diagram of the subsystems, showing the sort of interconnections and feed
backs that are typically encountered in real systems. )
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Fra. 3.2 Block diagram. (a) Complete system.
forces. d = damper force. r; = reaction forces.
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LINEARITY AND TIME INVARIANCE

A system is linear if its governing equations are linear in the statc? variables.
In that case the time functions giving the state variabl?s are 31.mply pro-
portional to the magnitude of nonautonomous input functions of given shape
when the initial conditions are zero, and to the initial conditions if there
are no nonautonomous inputs. If the parameters of the system and' of the
environment are constants, then the system is fime invarifmt. ’%‘he s1mp}est,
class of systems is that which has both these properties—llnea'a,rlty and time
invariance—and these can be completely analyzed by the available methods
of linear mathematics. We shall denote these as linear/invariant systems.

Departure from either of these conditions leads to mathematical problems °

for which there may be no general methods of solution apart from numerical

computation.

EQUILIBRIUM, CONTROL, AND STABILITY

Equilibrium denotes a steady state of the system, one in .which a.ll.t.he
state variables are constant in time. The “motion” corresponding to equilib-
rium is represented by a point in the state space. The nonautonomous
inputs associated with equilibrium must be zero or constanf:, 'the Zero cas.ei
preferably corresponding to the equilibrium point at '1;}‘1e origin. The usu}f:,
way of changing the equilibrium state, i.e..of exercising conlro.l overbt i
gystem is by means of the nonautonomous inputs, the appr.oprlate subse
of which can hence be termed the control vector, and the assocla',t.ed space tthe
control space. The result of applying control is to cause the equlllb.rlum p91nt
to move away from the origin in state space, and the. locus of all its possible
positions defines a region that is a map of the domfnn 01." the cont‘rol vector
in control space. The control is adequate only' if thl's. region contains all thc;
desired operating states of the system (e.g. orientation angles and specds o

i vehicle). .

) ‘Elga};;lily em{)races a class of concepts that, while readily appreciated
intuitively, are not easily defined in a universal way. In the past, a common
view of system stability has been that it is a property of the equ.lhbrlum
state, as follows. Let a system be in equilibrium, and for convenience let
the equilibrium point be chosen as the origin of. state space. Now l(?t the
initial state for the autonomous system be at a point P (see Fig. 3.3a) in the
immediate neighborhood of O. Three possibilities ex1st: for the subsequent
motion, illustrated by the threc trajectories a, b, and ¢ in the figure.

(a) The state point moves back to the origin. .
(b) It remains finite but >0 for all subsequent time
(¢) It goes off to infinity.
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The trajectory will of course, for a given system, depend on the direction
of OP in state space. For example, Fig. 3.3b shows the equilibrium of a ball
on a saddle surface. It is evident that displacement in the x direction leads
to a type (c) trajectory and displacement in the y direction (in the presence
of damping) to one of type (a). In this view of stability, the equilibrium
point would be said to be stable if only type (a) trajectories could occur
regardless of the direction of OP, and unstable if type (c) trajectories could
occur. The saddle point is therefore an unstable equilibrium. The question
of the magnitude of OP must be considered as well. If the system is linear,
the conclusion about stability is independent of the magnitude of OP, but
if it is not the size of the initial disturbance (i.e. of OP) does matter. It may
well be that the system is stable for small disturbances, but unstable for
large ones, as illustrated in Fig. 3.3¢c. The initial states for which the origin is
stable in such a case lie within some region 2 of the state space as illustrated
in Fig. 3.3a, and this is the ‘“region of stability of 0.”

More recently, the rediscovery of the work on stability by Lyapunov
(ref. 3.2) (see also Sec. 3.5) has had a great influence on this subject. In the
Lyapunov viewpoint, we speak not of the stability of a system, but of the
stability of a particular solution of a system of equations. The solution may
be quite general, for example the forced motion of a nonlinear time-varying
system with particular initial conditions. Equilibrium is a special case of
such a solution. In this special case the Lyapunov definition is as follows.
Let & and € be the radii of two hyperspheres in state space with centers at
the equilibrium point, symbolically represented in two dimensions in Fig.
3.3d. These surfaces are such that for all initial states lying inside 8, the
subsequent solution lies for all time inside S,. Then the origin is a stable point
if there exists a § > 0 for all € > 0, no matter how small ¢ becomes. That is,
the solution can be made arbitrarily small by choosing the initial conditions
small enough. If the solutions tends ultimately to zero, then the origin is
asymptotically stable. If, when 0 is asymptotically stable, there exists a
region & such that all trajectories that originate within it decay to the
origin, then & is a finite region of stability. This notion is identical with that
previously described. If £ is an infinite sphere then the origin is globally
stable. Note that if a linear system is asymptotically stable it is also globally
stable. This fact is somewhat academic since in nature “linear” systems
always become nonlinear for “very large’ state vectors.

The Lyapunov condition for a region of stability 2 will be met whenever
the solution is a “‘well-behaved” function of the initial conditions—that is,
if 0x,(T')/0x,(0) is finite in & for all 1, j and T’ where x is the state vector.
In particular this must hold in the limit as 7' — co.

A striking illustration of this point of view is afforded by the unstable
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Region of no solutions

x2

/ (a) (b)

"

Fra. 3.3 Stability of equilibrium. (a) Trajectorios in state space. (b) Saddle point.
{c) Finite region of stability. (d) Lyapunov definition of stability. (e) Tllustrating
discontinuity in solutions. (f) Limit cycle.

system of Fig. 3.3e, in which a particle is frec to slide without friction along
a horizontal pointed ridge. The sides are infinite in the z and y directions.
One solution, of course, is uniform rectilinear motion at speed U on the
ridge (trajectory a). If a small initial tangential velocity v in the downhill
direction be added, the motion isa trajectory such as b. In the limit as v — 0,
the limiting trajectory is one like ¢, tangent to Oz at the origin. Thus there
is a gap between a and ¢ that contains no solutions at all for the given U
even for finite times. If the top of the ridge were rounded off instead of
pointed the solutions for all finite ¢ would be continuous in ». However

even in that case, ast — oo the lim yfv — oo, s0 that y( o) is not a eontinuous
v—0

function of », and hence the basic solution ¢ is unstable.
When the solution to be investigated is not the simple one discussed above,
Le. equilibrium, the stability criterion is still that of continuity, as above,
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Alternatively, the general case can be reduced to the particular case as
follows. Let the system equation be

x = f(x, 1) (3.1.1)

and let the particular solution be x,(t). Now let the variation from x, asso-
ciated with a change in the initial condition only be

y = x(t) — x{0) (3.1,2)
Hence y = x() — X,(t) ’
= f(x,t) — f(Xq, 1)
or ¥ = f(y + x,(t), t) — £(x,(t), ) (3.1,3)
Since x,(t) is presumed known, then (3.1,3) is an equation of the form
y = g(y: %) (3.1,4)

for which y = 0 is the solution corresponding to x(f) = x4(t). Thus (3.1,4)
defines a system that has an equilibrium point at the origin, and the discussion
of its stability has already been given. In this way the stability of any tran-
sient solution is reduced to that of stability of equilibrium.

A particular kind of solution that is of interest is the limit cyecle, illustrated
again in two dimensions, in Fig. 3.3f by the closed curve C. It may be
orbitally stable, in which case neighboring trajectories such as (b) are
asymptotic to it, or unstable, in which case neighboring trajectories such as
(a) starting arbitrarily close to C, never come back to it.

Finally, we should remark that Lyapunov’s definition is concerned only
with variations in the initial conditions of a solution. Clearly there are two
other important practical cases: (1) stability with respect to perturbations
in the input, and (2) stability with respect to system or environmental
parameters. Stability with respect to perturbations in the input or the system
parameters can be defined in a manner quite analogous to that with respect
to the initial conditions.

3.2 TRANSFER FUNCTIONS

System analysis frequently reduces to the calculation of system outputs
for given inputs. A convenient and powerful tool in such analysis is the
transfer function, a function G(s) of the Laplace transform variable s that
relates a particular input z(¢) and output y(t) as follows,

G(s) = g% (3.2,1)

System theory 51|

where (~) denotes the Laplace transform (see Sec. 2.3). So long as z(t) and
ﬂt) are La.?la.c(.a tr.ansformable the transfer function defined by (3.2,1) exists
owever, it will in general be a function of the initial values ’ .

dem'ratlves, and moreover, for nonlinear and time-varying sys
particular input z(

of ¥ and its

t) as well. Such a transfer fi tems, of the
el ransfer function is of relatively li
use. We can however obtain a unique function G(s) if ( y listle

and time invariant, and (ii) it is initially quiescent, i.e
state space with no inputs. We shall therefore’ r.es;
follo“"mg to this special situation. (A companion concept, the describi

function, useful for nonlinear systems is described in Se; 3.5 )e;chltlini

unique transfer function, the out i i
' s put y(t) for an: i
the inverse Laplace transform of “ yinpubell) s found by teking

i) the system is linear
at rest at the origin in
trict ourselves in the

7(s) = G(s)Z(s) (3.2,2)

The transfer function is thus seen to be the mathematical embodi t of
all th.e syst:em characteristics relevant to the particular input/out m: s
For !mea.r/mva.riant systems, we shall see below that the com ll;) ut P“"}
G(s) is always possible in principle, and usually in practice pemen 0\
When, a8 required above, z(t) and y(¢) are zero for ¢ < 0, the Lapl
and Fourier transforms are simply related, i.e. F(iw) = X (w). ft followsptlt::i

. Y(w)

Gliw) = 27 p
X() (3.2,2a)

Somt?times it is. G(iw) that is called the transfer function.

. \:’}ith & multivariable system, there is more than one inputfoutput pair

I;n ha.t:, case, let (;,(s) be the transfer function that relates the output y.(tj

o the input z,(t). All the input/output relations are then given by ‘

N 7is) =’§10.-,(S) Z(s) (3.2,3a)
here y(8) = Gx(s) (3.2,3b)
G = [G(s)] (3.2,3¢)

18an n X m matrix associated with n outputs and m inputs. It need not be

square since one output can be influenced b i
) any nu
vice versa. Note from (3.2,3a) that Y eny mumber of inputs and

o,
q,, =7
i} oz, (3.2,3d)
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STATIC GAIN

Consider the output y(f) that results from the unit-step input x(t) = 1(¢).
From Table 2.3, item 3, the transform of the input is

T(s) = 1
8
and hence
_ G(s
g(s) = 2
]

The final value theorem (2.3,17) therefore gives

lim y(t) = lim sg(s) = lim G(s)

i+ 30 0
This limit is the static gain, K, so that
K =lim G(s) (3.2,4)
50
EXAMPLE

Let us find the transfer function of the second-order system of Fig. 23
The governing differential equation is (2.4,1), in which f(t) is the input and
z(t) is the output. The Laplace transform is (2.4,3). Since the initial con-
ditions z(0) and %(0) are specified to be zero, then

E(s)(s? + 2Lw,s + w,?) = f(9)
or from (3.2,1)
O D S 3.2,5
o) f6) 8" 2w + w,f (322

The static gain K is found to be

K = 1im G(s) =

s—=0 w,”

(3.2,6)

SYSTEMS IN SERIES

When two subsystems are in series, as in Fig. 3.4, the overall transfer
function is

whence G(s) = Gy(s) - Gy(s)
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¥ y
Fia. 3.4 Systems in series.

Similarly, for n subsystems in series, the result is
Q(s) = GQy(s) - G,y(s) - - - G (s) (3.2,7)
SYSTEM WITH FEEDBACK A
Figure 3.5 shows a general JSeedback arrangement, containing two sub-

systems. When used as a feedback controller, € is called the actuating signal,t

G(s) .the for\‘vard-path transfer function and H(s) the feedback transfer
function. As indicated e is the difference between

z and z, so
€=7%—3
§=G0(Z—3)
Z=Hy

whence it follows easily that the overall transfer function is

y__G@

Z 14 GH (328)
and the actuating-signal transfer function is

i1

14 GH (329

Fia. 3.5 General feedback system.

t The designation error is reserved for the differ

. ence r — y, th i
system being to force y to be equal to zx. ¥ the aim of such a control
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TRANSFER FUNCTIONS OF GENERAL LINEAR/INVARIANT SYSTEM

The transfer functions of a physical system that exists and is available
for testing can be found from experiment, by making suitable measurements
of its inputs and outputs. Here we are concerned with obtaining the transfer
function by analysis. The experimental method is based in any case on the
analytical formalism that we develop in the following. The procedure begins,
of course, with the application of the appropriate physical laws that govern
the behavior of the system. When the complete set of equations that express
these laws has been formulated, it will, for linear/invariant systems, usually
appear as a set of coupled differential equations of mixed order. A partic-
ularly simple example (the second-order system) was given above, and it
demonstrates what may be called the direct method of finding transfer
functions. That is, form the Laplace transform of the system equations, just
as they naturally occur, and solve for the appropriate ratios. We give a
further illustration below for a pair of coupled second-order equations (a
fourth-order system), such as might arise in the analysis of a double pendulum,
or two massive particles on a stretched string, or two coupled L-R-C circuits,
etc. The example equations are

:i:'—i—aly—}—az:é—l—aax—}—a‘y:fl

N . . (3.2,10)
&+ by + by + byx + by = /o
On forming the Laplace transforms, with
2(0) = y(0) = £(0) = §(0) =0 (3.:2,11)
the result is Z(s? 4 ays + ay) + (a8 4 ay) =f,
(3.2,12)

E(s? + by) + F(bys® + bys + by) =f2

which can readily be solved for the four required transfer functions.

We rewrite (3.2,12) as
HRH
B =1 (3.2,13)
y Ja

(als2 + a,) ]
(blsz + bys 4 by)

where B =

{(s’ + ays + ay)
(32 + ba)

z h
AR I

and the solution is

A g
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(&) a
where _p-r_ | £
G=1" = [ } (3.2,15)

Gﬂ/l G

. vy
is t;ht:i ma?rlx of the four transfer functions that relate z and y outputs to
1 and f, inputs. There are however two other state variables, making the

:eqtl)nrfd total of four,.and consequently there are four more transfer functions
0 be found. The additional variables are the two rates

T=u
J=v (3.2,16)
The transforms of (3.2,16) with zero initial values are
ST =14
Y =1v
whence the four additional transfer functions are [see (3.2,3d))
oq 0z
= 571 =s 5ﬁ = sG,,, (3.2,17)
and similarly
Gu/, = SG.,/,; Gu/, = SG:/,Q Gu/, = SGw,

Ar} alternative procedure for finding the matrix of system transfer functi
consists of putting the equations in the standard first-order form. An OtES
order 'system of linear equations can be expressed as a set of n‘ﬁrst;y :d -
equations. Consider (3.2,10) for example. By using (3.2,16) they becon;: "

Ut e = —au — ayx — ay + f,

% + bl’l) = -—bzv — bax . b43/ +fz (32,18)

which together with (3.2,16) are the required four first-order equation

They are not yet in the standard form, however. For that, one ﬁrqst sol .
(3.2,18) for @ and 9, which are linear functions ofu,v,z,y,f u.’ndf Combi Yc:
the result with (3.2.16) yields a matrix equation of theyf(;’rm : e

z z
y N
—A
ul T C[ 2:, (3.2,19)
v v

where A is a 4 X 4 matrix, and C i i
) R s a 4 X 2 matrix. (The determinati
A and C is left as an exercise for the reader.) wtion of
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Equation (3.2,19) is an example of the canonical form, which for the

general linear system is

y=Ay + Cx (3.2,20)
where y is the state n-vector and x the nonautonomous input r-vector.
A (ann X n matrix) and C (ann X r matrix) may in general be time depend-
ent. Here however, we are confining the discussion to invariant systems, and

hence the Laplace transform of (3.2,20) is simply, for y(0) = 0

sy = Ay + Cx
' (3.2,21)
or (sI — A)y = Cx
where 1 is the identity matrix. It follows that
y = (sI — A)1Cx (3.2,22)
From (3.2,3b) we can therefore identify G as
G = (sl —A)IC (3.2,23)

1t can in principle be cvaluated whenever A and C are known.

3.3 AUTONOMOUS LINEAR/INVARIANT SYSTEMS

The general equation for lincar/invariant systems is (3.2,20). When the
system is autonomous and hence has zero input it reduces to

y = Ay (3:3,1)
When the initial state vector is y(0), the Laplace transform of (3.3,1) is
sy = Ay + y(0)
or (sI — A)y = y(0) (3.3.2)
Define
B(s) =sl— A
s —ay st —a1, |

—@y S — Qg

(3.3,3)

a—

L &,
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in which a,; are the elements of A. B i
: . B is called the characteristi ;
system. Equation (3.3,2) then becomes e mairiz of the

B(s)y = y(0)
whence ¥y = B Y(s)y(0) (3.3,4)
where B! = adj B
8] (3.3,5)

By virtue of the definition of the adjoint matrix (ref. 2.1) it is evident that

the elements of adj B
ler j B and of |B| are polynomials in s. |B] i
acteristic determinant, and its expansion (P called the char-

1B} = f(s) (3.3,6)
is the characteristic polynomial. It i i
wth deoren oo ynonmual. 1t is evident from (3.3,3) that f(s) is of the
J6) = 8"+ ey g,

= =A)E—4) - (s—1,) (3:3,7)

where 4, - - - 1, are the roots of = st
rewrite (3.5.4) s of f(s) = 0, the characteristic equation. We now
- adj B(s)

y(S) = —— 0
o) y(0)

The inversion theorem (2.5,6) i
T -5,6) can be applied to (3.3,8) for cach el
Y, and the column of these inverses is the inverse of 37()3) i : oh cloment of

(3.3,8)

- — A,)adjB
y(®) —'gl {(S—fl(;’h(s)} . y(0)etrt (3.3,9)
We now define the vector o
_{(s = 4,) odj B(s)
Yr {“f(s) }h ry(O) (3.3,9a)

and henee can write the general i
e onoo o8 general solution of (3.3,1) that satisfies the initial

— a,t
y(&) ';y,e (3.3,10)

It follows that y(0) = ¥ y,. Note also that by setting ¢ = 0 in (3.3,9) the

. . . r=1
summation therein is shown to be equal to the identity matrix I
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COMPACT FORM OF SOLUTION

A more compact form of the solution is available. Define the exponenti’a.l
function of a matrix M by an infinite series (like the ordinary exponential

of a scalar), i.e.f

1
M= —M (3.3,11)
e =1+M+ Y M +
It is evident then that
ieM:_‘i +At+lA2t2+---)
dt di 2!
1
=A+A’t+5A“t2+---
= AeAt (3.3,12)
Thus it can be verified by substitution that
y(t) = e*y(0) (3.3,13)

is a solution of (3.3,1) that has the initial value y(0).

EIGENVALUES AND EIGENVECTORS

The roots 4, of the characteristic equations are known as t.aigenvalu.es., or
characteristic values. Corresponding to each of them is a special set of mlt,m.lf
conditions that lead to a specially simple solution in which only one term o
(3.3,10) remains, i.e.

¥(6) = vt (a)

(3.3,14)
where y(0) =u, (b)

Since the solution of the autonomous system correspond‘ing to a given se;
of initial conditions is unique, then if (3.3,14a) is a 'possnble sol‘utjl('m (an
we shall show that it is), then (3.3,14}) gives the unlgue set of initial con-
ditions that produce it. The general solution .(3.3,10) is seen to be' a S:pf;r-
position of these special solutions. u, is the ezgenvect.or c.orrespondmlg4 0 t,,
and (3.3,14a) is the associated eigenfunction. Substitution of (3.3,14) into

(3.3,1) gives
(ALI—Au, =0 (a) (3.3,15)
or B(;-r)ur = 0 (b)

i i ix D- f. 3.1.
t For a discussion of the practical computation of eM see Appendix D-8 of re

Wi e i
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Since the expansion of (3.3,15) is a set of homogeneous algebraic equations

in the unknowns ;. a nontrivial solution exists only if the determinant
equals zero, i.e. if

B(A) =0 (3.3,16)
However, the 1, are the roots of the characteristic equation IB(s)| = 0, and
hence the condition (3.3,16) is automatically met. The vectors u, are then
any that satisfy (3.3,15). It should be noted that since the r.h.s. of (3.3,15)
is zero, the multiplication of any eigenvector by a scalar produces another

eigenvector that has the same “direction” but different magnitude. To find
-4, we observe that, from the definition of an inverse (3.3,5),

adjB = B1|B| (3.3,17)
Premultiplying by B yiclds
BadjB = |BII = f(s)1 (3.3,18)
For any eigenvalue 1_, we have J(4,) =0, and hence
B(4,)adjB(1,) = ¢ (3.3,19)

Since the null matrix has all its columns zero, then it follows that each
column of adj B(A,) is a vector that satisfies (3.3,155). Hence any nonzero
column of adj B(4,) (if there are more than one, they differ only by constant
factors) is an eigenvector corresponding to A.. The eigenvalues and eigen-
vectors are the most important properties of autonomous systems. From
them one ean deduce everything required about its performance and stability.
This is illustrated in detail for flight vehicles in Chapter 9.
The n eigenvectors form the eigenmalriz

U=luu,--- u,] = [uy;]

in which u;, is the ith component of the jth vector.

ORTHOGONAL EIGENVECTORS

When the matrix A is symmetric (not, unfortunately, a common oceurrence
in the equations of flight vehicles) the system is called self-adjoint, and
the eigenvectors have the convenient special property of being orthogonal,

or normal. That is, the scalar product of any vector with any other is zero,
ie.,

Ty, =u;-u; =0 e (3.3,20)

In more general cases, when the system is not self-adjoint, and A is an
arbitrary n X n matrix, the eigenvectors are neither real nor orthogonal.
However, there still exists a reciprocal basis of the eigenvectors, i.e. a
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set of n vectors v; orthonormal to the set u,, i.e. such that
viTui = [6;]
Thus the matrix V of the vectors v; evidently satisfies the condition
Vg =1

and clearly Vi =1u"

i.e. the columns of V are the rows of U-L. The question now naturally arises
as to what system (the adjoint system) has v, as its eigenvectors, and
whether its matrix, B say, has any relation to A. It can be shown that
(ref. 3.1) B = AT, i.e. that the matrix of the system adjoint to A is AT
and its eigenvectors are orthogonal to those of A.

COMPUTATION OF EIGENVALUES AND EIGENYVECTORS

For low-order systems, the characteristic determinant can be directly
expanded and the characteristic equation (3.3,7) written out. If n < 4,
analytical solutions exist for the roots. For large-order systems the eigen-
values and eigenvectors are computed from the system matrix A by digital
machine methods (refs. 3.3, 3.4). A discussion of these methods and of their
recommended spheres of application is beyond the scope of this volume.
Suffice it to say that practical methods and computing routines are available
in most computation centers for extracting the eigenvalues and eigenvectors
for systems of very large order, even for 2 > 100.

It is worthwhile describing one fairly direct approach to computation of
eigenvectors. Consider (3.3,15b) as a homogeneous set of scalar equations
with 4, known and the » components of u, as the unknowns. Now divide
through all the equations by any one of the unknowns, say u,,,, so that there
results n equations for (n — 1) ratios u,/u,,,. By dropping any one of the
equations and transposing the coeflicients of u,,, to the r.h.s., a complete set of
(n — 1) equations is obtained for the (= — 1) ratios. These can be solved by
any conventional method to yield the ratios of all the components of «, to u,y,,.
The equations will of course have complex coefficients for complex eigen-
values, and real coefficients for real eigenvalues. This process for a third-
order system would go as follows:

ll(lr)ulr + bl2(1r)u2r + bla(lr)“ar =0
alAuy, + bzz(lr)uzf + bza(lf)uar =0
byy(A,)uy, + byy(A,)ug, + byy(R)us, = 0

b
b

A e
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After dividing by u,, and dropping the third equation we get

u u
1r 2
b11 — 4+ blz -+ = “bla
u3r uar
U u
1r 2
b21 — + bzz = = “bza
3r uar

The S(?]ution of ‘this set of equations gives the two required ratios in terms
of w}.uch thf: eigenvector is [y, fus,, 4y fu,,, 1]. There are two difficulties
assocfla.ted with this method. The first is that if u3, turns out to be very small
rela‘tlve to u,, and u,, the equations will be ill-conditioned, and a diyfferent
choice f(?r the component to divide by has to be made. Tll,e second is that
when 1 is complex, there are really two sets of equations to be solved f
the real and imaginary parts of the ratios. o

Clearly the eigenvector corres

. ponding to the conjugate ei * o
be itself the conjugate of u & jugate eigenvalue A7} will

+» 80 only one of the pair need be calculated.
REPEATED ROOTS

When the procedure given in the fore
vectors for cases of multiple roots of th
possibilities occur. (
s=12,

going is applied to calculate eigen-
e characteristic equation, additional
See refs. 3.3 and 2.2.) Let the multiple root occur at

(i) I.f adj l?(lp) is not a null matrix, then its honzero columns case a
tc,mgle eigenvector, just as for distinct eigenvalues. In that case there
s only one eigenvector for the multiple root.
(ii) If adj B(A,) is null, and its first derivative d/ds adj B
t]llen there are two linearly independent columns of &
_give two independent eigenvectors.
(iii) If the first derivative is also null, then higher derivatives will yield
successively larger numbers of eigenvectors.

(S)L=,z, is not,
lie latter that

EQUATIONS IN NONSTANDARD FORM

It is not necessary, nor alwa i
: ‘ ) Y8 more couvenient, to work with the system
equat¥ons In standard first-order form, as was done above. The charathristic
Equatllon (ci:an be found directly from the equations as they are initially
ormulated, the “natural” form. Consider 3.2,10) f
ot eumatins o (3.2,10) for example. The autono.
:i5+alg]+aza§+a3x+a4y=0
&+ b+ by + byz + by = 0 (3:3.21)
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Assume there is an eigenfunction solution like (3.3,14), i.e.

[x] = E(O)] e (3.3,22)
y (0) .

When (3.3,22) is substituted into (3.3,21) the result'is

[(12 + aA 4 ay) (a,A* + ay) ][x(O)] -0 (3.3,23)
(B +b;) (04 + by + b)) ] y(0)

The square matrix of (3.3,23) is exactly the same as B in (3.2,13), 1 replacing
s. Since (3.3,23) are homogeneous equations the determinant of B must be
zero. Expanding it leads exactly to the correct characteristic equation, just
as would be obtained from the standard first-order form. Equation (3.3,23)
is of the same form as (3.3,150) and the same argument for finding an
eigenvector applies—i.e. a column (z(0), y(0)) that satisfies (3.3,23) is any
nonvanishing column of adj B. To complete the eigenvector we need (0)
and y(0). These are simply, from (3.3,22),

(0) (0)
=1 (3.3,24)
Y(0) y(0)
where A is the appropriate eigenvalue.

CHARACTERISTIC OR NATURAL MODES

Solutions of the kind given by (3.3,14) describe special simple motions
called natural modes or simply modes of the system. If the eigenvectors are
orthogonal, the modes are normal or orthogonal modes. When A is real,
the modes are exponential in form, as in Fig. 3.6a and b—increasing in magni-
tude for A positive, and diminishing for 1 negative. Thus 1 < 0 corresponds
to stability, usually termed static stability in the aerospace vehicle context,
and A > 0 corresponds static instability, or divergence. The times to double or
half of the starting value illustrated in the figure are given by

693
double 1’ A>0
(33,2.5)
.693
halt — 7’ A<0

When one A, is complex, for real matrices A, there is always a second that
is its conjugate, and the conjugate pair, denoted (letting r = 1, 2)

Mas=n+iw
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F1a. 3.6 Types of natural mode.

define an oscillatory mode of period T' = 2x/w as we shall now show. The

sum of the two particular solutions (3.3,14) corresponding to the complex
pair of roots is

y = ule('l'Hw)t + uze(n—iw)t

where u, and u, are tle eigenvectors for the two A’s. On factoring out et
we get

Y = e"(we™ 4 ueiot) (3.3,26)

If the elements of the system matrix A are real, then the corresponding
elements of u, and u, always turn out to be conjugate complex pairs, i.e.

— u*
u, = uy



64 Dynamics of atmospheric flight

and (3.3,26) becomes

y = e™(a cos wi + b sin wt) (3.3,27)

where a = u, + u} and b = i(u;, — uf) are real vectors. Equation (3.3,:7)
_ ! 3 . .
describes, for any particular state variable y;, an oscl']lat(.)ry variation that
increases if n > 0 (dynamic tnsiability, or divergent osczllatwfz)'a.nd decx(‘i(?a.ses
(damped oscillation) if n < 0—see Fig. 3.6c and d. The initial condition

corresponding to (3.3,27) is

y(0) = a = u; + uf (3.3,28)

With reference to Fig. 3.6c and d, some useful measures of the rate of
growth or decay of the oscillation are:
Time to double or half:

693 .693
tdoublc OF bppyy = —l;LT - ‘C'wn

(@)  (3.3,29)

Cycles to double or half:

w \/1 — {?
= — = 110 ——
Ndoub]c or N, ., =.110 ™ T

Logarithmic decrement (log of ratio of successive peaks):
nit)

{
— e — —aT =2n
9 = log, T " J1 - 2

= .691/N or  691/N., (c)

doubie

In the above equations,
w, = (w? 4+ n2)%, the “undamped” circular frequency
{ = —nf/w,, the damping ratio

One significance of the eigenvectors is seen to l?e t)},lat they determine t}'le
relative values of the state variables (the “directlo.n of the. stfxte ;rectf)r in
state space) in a characteristic mode. If the mode is nonperiodic, the elifm-
vector defines a fixed line through the origin in state space, and the x.nol'lon
in the mode is given by that of a point moving exponently along t,hlsl ine.
If the mode is oscillatory, the state vector is given by (3.3,27),. andfthi (())cu:
of y is clearly a plane figure in the (a, b).plane through.the origin. I n T -I:hIe
is an ellipse, otherwise it is an increasing or decreasing elllptlc.sp;ra. .f e
vectors a and b are twice the real and imaginary parts respective yho . 1d
complex eigenvector associated with the mode. It should be emp asnze.f
that these modes are special simple motions of the system that can occur i
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the initial conditions are correctly chosen. In them all the variables change
together in the same manner, i.e. have the same frequency and rate of growth
or decay. It is instructive to consider the Argand diagram corresponding to
(3.3,26). For any component y, we have

yi _ ent(uileiwl + u::e—iwt) (33’30)

which is depicted graphically in Fig. 3.6e, where ;= |u,| €. The two
vectors are conjugate, i.e. symmetric w.r.t. the real axis, and rotate in opposite
directions with angular speed w. The real value y,(t) is given by their sum,
the vector OP. As they rotate, the two vectors shrink or grow in length,
according to the sign of n.

Once again it is necessary to consider separately the case of repeated
roots. Let us treat specifically the double root, ie. m = 2 in (2.5,7). Then
(3.3,14) is no longer the appropriate particular solution. Instead, we get from
(2.6,7) a particular solution of the form

y(¢) = urel't + v,te"' (3.3,31)

where u, and v, are constant vectors, u, being the initial state u, = y(0).
On substituting (3.3,31) into (3.3,1), and dividing out e*’, we find

(A, 4+ v,) + A vt = Au, + Av (3.3,32)
Since this must hold for ali {, we may set t = 0, obtaining
(Au, +v,) = Au, (a)
(3.3,33)
or v, = (A — A D)u,
= ——B(A’r)ur (b)
where B is given by (3.3,3), and (3.3,31) becomes
¥(t) = (I — B(4,)t)u, e (3.3,34)

After substituting (3.3,33a) in (3.3,32) a second relation is obtained, i.e.

Avi=Avi
valid for all ¢, and hence

(AI— Ay, =0 (3.3,35)

Equation (3.3,31) will be a solution of (3.3,1) as assumed, if there exist a
4, and a v, that satisfy (3.3,35), and if u, given by (3-3,33b) is not infinite.
The first of these conditions requires that the original characteristic equation
be satisfied, i.e.

A1 — Al =0
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It will now, because of the double root, be of the form
SA)=@A—2)%)=0 g(A,) #0 (3.3,36)

and this condition is of course satisfied. The second condition is met by any
eigenvalues found as described previously for repeated roots. Finally, the
value of u, can be shown to be given by

d
— 3.3,37
u, = (dl v(l))hl' ( )

where v(4) is the column of adj B that gives the eigenvector v,.

CHARACTERISTIC COORDINATES

In this section we show how the given system of simultaneous, or coupled,
real differential equations can be transformed into a new set of separate or
uncoupled equations, one for each of the new variables. This decoupling is
produced by in effect selecting the eigenvectors as the coordinate system
for the state space instead of the original coordinates, the y,.

Let the n X n matrix formed of the n eigenvectors be

U=[uu,---u,] (3.3,38)

Now let us define a new set of system variables (state space coordinates) g,
by the transformation

y=Uq; q=Uly (3.3,39)
(Recall that for self-adjoint systems, U is an orthogonal matrix and U7 =
U-1; the above transformation is then orthogonal. In general, however,
this is not the case.) It follows from (3.3,39) that

y(t) = g ugit) (3.3,40)

i.e. that the state vector is a superposition of n vectors parallel to the eigen-
vectors. The g,(t) are the characteristic coordinates. Comparison with (3.3,10)
shows that they must be of the form a,e*# where «, are arbitrary constants.
Substitution of (3.3,39) into the differential equation of the system, (3.3,1)
then yields

Uq = AUq
or, premultiplying by U-1,

q = U-AUq (3.3,41)
We must now examine the matrix U-tAU. Using (3.3,38) we have

AU = Aluju, -+ -u,]
= [Au,Auy - - - Au,] (3.3,42)

ik s asirima
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But the defining condition on the eigenvectors is

All.- = liu‘,
whence AU = [udyu,d, - - - w2 ]
=uA (3.3,43)
’—ll o 0 --. 0_
0 2,
0
where A= . . (3.3,44)
_0 .. <2,
is a diagonal matrix of the eigenvalues. It follows from (3.3,43) that
U-IAU = A 33
and that (3.3,41) becomes (3.3,45)
1=Aq (3.3,46)

Th'is iz.; the desired transformed system of differential equations, and since
A is diagonal, each contains only one of the ¢’s. The ith member is

) §: = Ag; 3.3,47
from which we get at once that G240

q: = ¢(0)e™t
and hence (3.3,40) becomes
Y() = 3 u,q,(0)e*! (3.3,48)
i=1

Since q(0) = U“1¥(0) from (3.3,39), then (3.3,48) is seen to be a practical
form for the solution of autonomous linear/invariant systems. An alternative
form for (3.3,48) is

et 0 0 --.7
0 e,l,t

yt)=10; 0 . q(0)

o

= Ue™U~1y(0) (3.3,49)
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where, as can be verified by direct expansion, exp At gives th'e digg;xllgl
matri;( of the exponential coefficients. Comparison of (3.3,49) with (3.3,13)

shows that

e/\[ — Uel\lU-—l (33,50)

The usual situation in vehicle dynamics is th?.t some of the elgenbvaluzétl‘
and eigenvectors occur in conjugate comp}ex pairs. Thus some I;ler;e(elrizto
(3.3,46) will correspondingly be complex pairs. These may be'tra.x;s orThus o
a set of second-order equations, one for each c?mplex pair of g;.

g; and ¢,,, = ¢} be such a pair. The corresponding equations are

4; = A4, (3.3,51)
45 = A7q}

Let .
7; =a; + 1B,

and A =mn,; + to; (3.3,52)

i binations of the original variables y,
The «; and f; are now real linear com . i :
that c;n be fa’lculated by expanding (3.3,39). The pair of conjugate equations
are now expanded by means of (3.3,52) to give

& + if; = (n; + iw)(e; + if,)
&; — ifly = (1 — iw;)(@; — 1f;)
Taking real and iinaginary parts ?f either of the above leads to the alternative
pair of first-order coupled equations
& = n0; — w,f,
B; = wso; + n;f;
Finally, by elimninating «; or fi; wec get a pair of uncoupled real second-order
equations

(3.3,53)

&y — 2oy + (0* + wo; =0
By — 2nf; + (0 + w?)B; =0

These cquations for the «, f§ replace the original pa..ir of complex ﬁrsfj-oril;:r
equations (3.3,51). However, the number of arbitrary cqnstants 15r:13 ﬁe
sc()llutions of (3.3,54) is still only two, ie. a;(0) and §,(0), since (3.3,63) fix
the inital values of &; and B

(3.3,54)

STABILITY CRITERIA

As noted in the foregoing, the stability of a linearfinvariant .sy.stem dls
determined by the roots of the characteristic equation. A characteristic mode
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will be divergent if its real part is
negative, the latter denoting as
however, actually to solve the char

positive, and convergent if the real part is
ymptotic stability. It is not necessary,
acteristic equation in order to find whether

stated by Routh (ref, 3.5), who deri
the characteristic equation be

Ca8" 8™l 4 =0 (c, > 0) (3.3,55)
The coefficient ¢, can always be made positive by changing signs throughout,
so the requirement ¢, > 0 is not restrictive. The necessary and sufficient
condition for asymptotic stability (i.e. that no root of the equation shall be
zero or have a positive real

be positive. The test functions are constructed by the simple sche

below. Write the coefficients of (3.3,55) in two rows as follows:

cn cn—z cn—d e

cn—l Ca-3 Cps * "

Now construct additional rows by cross-multiplication :

P31P32P33"'
P41P42P43"'
P,
etc.
where
Py =c, 16,5 — Cnlny Pay=c, 1, 4 — Cala-s, €tC.
and

Py = Pye, 5 — Pyycy, Pyy = Pye, 5 — a1 Py, ete.

Py = Py Py — Py Py, ete.

The required test functions Fy--- F, are then the elements of the first
column, ¢, ¢, | P, - P11 I they are all positive, then there are no
unstable roots. The number of test functionsis n - 1, and the last one, F
always contains the product ¢, ¥, ;. Duncan (ref. 3.6, Sec. 4.10) has shown
that the vanishing of ¢ and of F__, represent significant critical cases.
If the system is stable, and some design parameter is then varied in such a
way as to lead to instability, then the following conditions hold :

(a) Ifonly ¢, changes from + to —, then onc real root changes from negative
to positive; i.e. one divergence appears in the solution (Fig. 3.6).

(b) If only F__; changes from + to —, then the real
pair of roots changes from negative to
appears in the solution (Fig. 3.6).

part of one complex
positive; i.e. one divergent oscillation
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Thus the conditions ¢, =0 and F, =0 define boundaries between
stability and instability. The former is the boundary between stability and
static instability, and the latter is the boundary between stability and a
divergent oscillation.

TEST FUNCTIONS FOR A CUBIC
Let the cubic equation be

As* + B2 4 Cs + D=0 (4 >0)

Then

F,=A, F, =B,  F,=BC—AD, F,= DBC— AD)

The necessary and sufficient conditions for all the test functions to be positive
are that 4, B, D, and (BC — AD) be positive. It follows that C also must
be positive.

TEST FUNCTIONS FOR A QUARTIC
Let the quartic equation be

As* + Bs* + Cs* + Ds + E=0 (4>0)

Then the test functionsare ¥y = A, ¥, = B, F, = BC — AD, Fy = F,D —
B2E, F,== F,BE. The necessary and sufficient conditions for these test
functions to be positive are

A, B, D, E>0
and D(BC — AD) — B2E >0 (3.3,50)

It follows that C also must be positive. The quantity on the left-hand side
of (3.3,50) is commonly known as Routh’s discriminant.

TEST FUNCTIONS FOR A QUINTIC
Let the quintic equation be
A5+ Bs* 4+ Cs* + Ds* + Es + F =0 (4>0)

Then the test functions are Fy=Ad4, F,=B, F,=BC — AD, F;=
F,D — B(BE — AF), F;= Fy(BE — AF) — F,*F, Fy = F,F,F. These
test functions will all be positive provided that

A, B, D,F,F, F, >0

It follows that C and E also are necessarily positive.
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COMPLEX CHARACTERISTIC EQUATION

There may arise certain situations in which some of the coefficients of the

differential equations of the s i
ystem are complex instead of real and -
quently some of the coefficients of the chara ro comolo,

ne cteristic equation ar
too. The criteria for stability in that case are ¥ e s

discussed by Morris (ref. 3.7).

3.4 RESPONSE OF LINEAR/INVARIANT SYSTEMS

tlhAts r?marked %n Sec. 3.2, one of the basic problems of system analysis is
T]a' 0 calculating the system output for a given input, ie. its response
his is the problem of nonautonomous performance, in contrast with the

A

x

AW s s

0 trl G(s) l &
(1)

0 g Rl 0 —>t

2)

YR owe
0 10 | T
\/ @

A
V’AVAWA@—*—AV/“\

@)
F1a. 3.7 The four basic response problems. (1) Im
(3) Frequency response. (4) Response to random inp

pulse response. (2) Step response.
ut.
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autonomous behavior treated in the preceding section. The former is associ-
ated with rionzero inputs and zero initial conditions, whereas the reverse
holds for the latter.

It is evident that the transfer function defined in Sec. 3.2 supplies all that
is required for such response calculations—and provided that the input and
transfer function are not too complicated, the whole procedure can be
carried out analytically, leading to closed-form results. The method, of
course, is to calculate the Laplace transform of the input, and then carry
out the inverse transformation of (s) = @(s)Z(s). When this is not practical,
it is necessary to resort to machine computation to get answers.

The major response properties of linearfinvariant systems can be displayed
by considering four basic kinds of input, as illustrated in Fig. 3.7. These
are treated individually in the sections that follow. Before proceeding to
them, however, we shall first digress to consider a useful interpretation of
the transfer functions of high-order systems.

INTERPRETATION OF HIGH-ORDER SYSTEM AS A CHAIN

The transfer function for any selected input/output pair can be found as
an element of G given by (3.2,23), i.e.

G = B-IC
where B = sl — A, as in Sec. 3.3 and A and C are the constant matrices
that define the system. In view of the definition of the inverse matrix we
see that G is given by
_adjB
f(s)
where f(3) i3 the characteristic polynomial (3.3,7). As already pointed out

i1y Her. 3.9 the elamems of adj B are also polynomials in 2. Tt follows from
(3.4,1) and (3.3,7) that cach clement of G is of the form

G C (3.4,1)

o, - N(s)
(s — A)(s — Ag) (s — An)

(3.4,2)

where N(s) is some polynomial. Now some of the eigenvalues A, are real,
but others occur in complex pairs, so to obtain a product of factors containing
only real numbers we rewrite the denominator thus

m 14(n4m)
fls) = Hl (s—24) 11 ) (s*+ a,s +b,) (3.4,3)
r= r=m+

Here A, are the m real roots of f(s) and the quadratic factors with real co-
efficients a, and b, produce the (n — m) complex roots. It is then clearly
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evident that the transfer function (3.4,2) is also the overall transfer function
of the fictitious system made up of the series of elements shown in Fig. 3.8.
The leading component N(s) is of course particular to the system, but all
the remaining ones are of one or other of two simple kinds. These two
first-order components and second-order components, may therefore be:
rega.rded as the basic building blocks of linear/invariant systems. It is for
this reason that it is important to understand their characteristics well—the

. 1 1 1 —_—
Xt N(s) > > T i
J =X s—A, e '2+“m+l’+bm+l = s’+n__,+ms+b_,+". %i
H 2
L [ i
m first-order 1/2 (n — m) second-ord
-order compone
components ponents

Fia. 3.8 High-order system as a “chain.”

properties of all higher-order systems can be inferred directly from those of
these two basic elements.

IMPULSE RESPONSE

. The system is specified to be initially quiescent and at time zero is sub-
jected to a single impulsive input

z,(t) = o(t) (3.4,4)
The Laplace transform of the ¢th component of the output is then
§:(s) = Gy;(9) 5(3)
which, from Table 2.3, item 1, becomes
§:(s) = Gy5(9)

This response to the unit impulse is called the impulsive admittance and is
denoted & (t). It follows that

h,»,(s) = @) (2)
i.e. G(s) is the Laplace transform of A(t)

G,yls) = f hyettdt (b) (3.4,5)
(1]

From the inversion theorem, (2.3,8) k;(t) is then given by

hyi(t) = i:; IG“(S)E“ ds (3.4,6)
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Now if the system is stable, all the poles of @;(s) lie in the left half of the
s plane, and this is the usual case of interest. The line integral of (3.4,6)
can then be taken on the imaginary axis, s = iw, so that (3.4,6) leads to

hyy(t) = 1 f ', (o) dw (3.4,7)
27 J_w
i.e. it is the inverse Fourier transform of G,;({w). The significance of G;(iw)

will be seen later.
For a first-order component with eigenvalue 2 the differential equation is

y—Ay==z (3.4,8)
for which we easily get
1
G(s) = h(s) = — (3.4,9)
s—2
The inverse is found directly from item 8 of Table 2.3 as
h(t) = et
For convenience in interpretation, A is frequently written as A = —1/7,
where T is termed the time constant of the system. Then
h(t) = YT (3.4,10)

A graph of h(t) is presented in Fig. 3.9a, and shows clearly the significance

of the time constant T'.
For a second-order system the differential equation is (2.4,1) from which it

easily follows that

1
Gs) = h(s) = —m8m ———— 34,11
0= ko) = g (3.4,11)
Let the eigenvalues be A = n + iw, (cf. 2.5,2) where
n=—low,
w = wn(l - cz)%
then k(s) becomes
hs) = _ :
(8 —n —iw)s —n + w)
1 (3.4,11a)
T ) + o
and the inverse is found from item 13, Table 3.3 to be
1 ..
h(t) = — e™sin wi (3.4,12)
w
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h(t)

—>¢
A(t)
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(b)
F1a. 3.9 Admittances of & first-ordor system.

For a stable system » is negative and (3.4,12) describes a damped sinusoid
of fre‘quency w. This is plotted for various { in Fig. 3.10. Note that the
coordinates are 8o chosen as to lead to a one-parameter family of curves
Actut.a,lly the above result only applies for { < 1. The corresponding e :
pression for { > 1 is easily found by the same method and is ’ £

1
h(t) =— e™ sinh w't (34 13)
w bl
where

o = w,({* - 1)%

Graphs of (3.4,13) are also included in Fig. 3.10, although in this case the

second-order representation could be repla.
ced by t ) .
series. p Y two first-order elements in
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Fia. 3.10 Impulsive admittance of second-order systems.

RELATION BETWEEN IMPULSE RESPONSE AND AUTONOMOUS
SOLUTION

It follows from (3.4,5¢) that the matrix of impulse response functions
H = [h,;] is related to that of the transfer functions by

H(s) = G(s) (3.4,14)
Furthermore, from (3.2,23) we have that G(s) = B~1(s)C, so that

H(s) = B(s)C (3.4,15)
or B-1(s) = H(s)C! (3.4,16)

Now in the autonomous case we have (3.3,4)

(s) = B-1(s)y(0) (3.3.4)
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Substitution of (3.4,16) into (3.3,4) yields the result for the autonomous
solution with initial condition #(0), i.e.

(s) = H(s)C-1y(0)
or y{t) = H(t)C-1y(0) (34,17)

STEP-FUNCTION RESPONSE

This is like the impulse response treated above except that the input is the
unit step function 1(¢), with transform 1fs. The response in this case is
called the tndicial admittance, and is denoted o ,(t). Tt follows then that

A (8) = Goy(s)T(s) — G";“"

(a) (3.4,18)
or A (s) = h'l’(—s) ®
s

Since the initial values (at ¢ = 0-) of hy(t) and o7 ;(t) are both zero, the
theorem (2.3,16) shows that

t

,(¢) =f h(r) dr (@)
0
(3.4,19)

or heylt) = ‘i‘%ﬁ) )

Thus &7 ;(¢) can be found either by direct inversion of (3.4,18b) (see examples
in Sec. 2.5) or by integration of h;(t). By either method the results for first-
and second-order systems are readily obtained, and are as follows (for a
single inputfoutput pair the indicial subscript is dropped):

First-order system:

H(t) =T — VT (3.4,20)

Second-order system :
) = = [1 — e™(cos wt — ™ sin wt)], {<1  (3421)
Wy w

and for { > 1, &/(t) is given by the r.h.s. of (2.5,5).
Graphs of the indicial responses are given in Figs. 3.95 and 3.11.



78 Dynamics of atmospheric flight

20

18

16

— /””AT
N

§
N
A\

|
/

0.2

0 02 04 06 08 10 12 14 16 18 20
wptf2w

Fia. 3.11 Indicial admittance of second-order systems.

FREQUENCY RESPONSE

When a stable linearfinvariant system has a sinusoidal input, then after
some time the transients associated with the starting conditions die out,
and there remains only a steady-state sinusoidal response at the same
frequency as that of the input. Its amplitude and phase are generally different
from those of the input, however, and the expression of these differences is
embodied in the frequency-response function.

Consider a single inputfoutput pair, and let the input be the sinusoid
a, cos wt. We find it convenient to replace this by the complex expression
x = A,et, of which a; cos wt is the real part. A, is known as the complex
amplitude of the wave. The output sinusoid can be respresented by a similar
expression, y = A,e'*, the real part of which is the physical output. As
usual, z and y are interpreted as rotating vectors whose projections on the
real axis give the relevant physical variables (see Fig. 3.12a).

Re

Zero

(¢]

(b)

Fig. 3.12 (a) Complex input and output. (b) Effect of singularity olose to axis.

Re

79
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From Table 2.3, item 8, the transform of x is
4,

§ — tw

i

Therefore
G(s)

= 4, ;
s — 1w

-
|

The function G{s) is given by (3.4,2) so that
N(s)
H(s — iw)/(5)
The roots of the denominator of the r.h.s. are
A -2

so that the application of the expansion theorem (2.5,6) yields the complex
output

g=4 (3.4,22)

tw

n

t)y=4 - e
¥ ‘Zl (s — tw)f(8)]s=2,
— AI[N(iw) eimt + cle),‘i_l_ 02612‘ + R + c"elntjl (3’423)
f(iw)
Since we have stipulated that the system is stable, all the roots /111-‘- <A,
of the characteristic equation have negative real parts. Therefore e’r* — 0
as t — oo, and the steady-state periodic solution is

"“[(8 — AN (8)] At

uit) = 4, 0D oty
Jliw)
or .
y(t) = A,Q(iw)e™
— Azeimt
Thus
A, = A,G(iw) (3.4,24)

is the complex amplitude of the output, or

Gliw) = % (3.4,25)

1

the frequency response funciion, is the ratio of the complex amplitudes. In
general, G(iw) is a complex number, varying with the circular frequency .
Let it be given in polar form by

Gliw) = KMeie (3.4,26)
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where K is the static gain (3.2,4). Then
As _ poageie (3.4,27)

1

From (3.4,27) we see that the amplitude ratio of the steady-state output
to the input is |4,/A,| = KM: i.e. that the output amplitude is a, = K Ma,,
and that the phase relation is as shown on Fig. 3.12. The output leads the
input by the angle . The quantity M, which is the modulus of G{iw) divided
by K, we call the magnification factor, or dynamic gain, and the product

KM we call the total gain. It is important to note that M and @ are frequeney-
dependent.

Re

wl'=0

Locus of Meiv
(semicircle)

wl =1

F1a. 3.13 Vector plot of Me® for first-ordor systems.

Graphical representations of the frequency response commonly take
the form of either vector plots of Me*® (Nyquist diagram) or plots of M and
@ as functions of frequency (Bode diagram). Examples of these are shown in
Figs. 3.13 to 3.17.

EFFECT OF POLES AND ZEROS ON FREQUENCY RESPONSE

We have seen (3.4,2) that the transfer function of a linearfinvariant
system is a ratio of two polynomials in s, the denominator being the char-
acteristic polynomial. The roots of the characteristie equation are the poles
of the transfer function, and the roots of the numerator polynomial are its
zeros. Whenever a pair of complex poles or zeros lies close to the imaginary
axis, a characteristic peal or valley oceurs in the amplitude of the frequency-
response curve together with a rapid ehange of phase angle at.the corre-
sponding value of w. Several examples of this phenomenon are to be seen in
the frequency response curves in Figs. 10.3, 10.11, and 10.12. The reason for
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this behavior is readily appreciated by putting (3.4,2) in the following form:
(s—z) (s—2) - (s—2zn)
(s—A) (5 — ) (s —2)

where the A, are the characteristic roots (poles) and the z; are the zeros of
G(s). Let

G(s) =

(3 — 2z) = ppe™

(s — ) = Tkem"
where p, 7, «, § are the distances and angles shown in Fig. 3.12b for a point
s = iw on the imaginary axis. Then

|G| :HPk/HTk
k=1 k=1
‘P=}1:°‘k_§ﬂk

When the singularity is close to the axis, with imaginary coordinate w’ as
illustrated for point S on Fig. 3.12b, we see that as w passes through ', a
sharp minimum oceurs in p or 7, as the case may be, and the angle o or f
increases rapidly through approximately 180°. Thus we have the following
cases:

1. For a polc, in the left half-plane, there results a peak in |G| and a re-

duction in ¢ of about 180°,
2. TFor a zero in the left half-plane, there is a valley in || and an increase

in @ of about 180°.
3. For a zero in the right half-plane, there is a valley in |G| and a decrease

in @ of about 180°.

FREQUENCY RESPONSE OF FIRST-ORDER SYSTEM

The first-order transfer fupction, written in terms of the time constant T
18
(3.4,28)

G(s) = 1
s+ 1T
whence
K =1limQs)=1T

-0

The frequency response is determined by the vector G(iw)

T

Qliv) = KMe*® = ———
1 + iwT

1.0
100
\ 90
08
\M == 80
]
/ 70
0.6 A 60
" X
50 &
AWRVIBN w0
\ 0
P~ 30
02 // ™~
— 20
——
|
10
0
0 0.2 04 0.6 0.8 10 1.2 14 1.60
T
(a)
0 db/decade
L0 ys /decade
o = \\
S -10 \\ - ~ 20 db/decade
o
¥-20
o
N _39 \\
~
N 0
Sy
2-30 N
5 N
g 60
2
& _90
001 002 004 01 02 04 1 2 4 10 20 40 100
wT
)

Fig. 3.14 Frequency-response ourves—/ﬁrst-order system./
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whence
Me'® = -11_:—:;’;; (3.4,29)
From (3.4,29), M and ¢ are found to be
1
= (T?}-—w—zTT)"‘ (3.4,30)
— ¢ = tan! 7'

A vector plot of Me® is shown in Fig. 3.13. This kind of diagram is sometimes
called the transfer-function locus. Plots of M and ¢ are given in Figs. 3.14a
and b. The abscissa is f7' or log wT where f = w/2w, the input frequency.
This is the only parameter of the equations, and so the curves are applicable
to all first-order systems. It should be noted that at w =0, M =1 and
@ = 0. This is always true because of the definitions of K and G(s)—it can
be seen from (3.2,4) that G(0) = K.

FREQUENCY RESPONSE OF A SECOND-ORDER SYSTEM

The transfer function of a second-order system is given in (3.4,11). The
frequency-response vector is therefore

.}

Mei® = 34,31
From the modulus and argument of (3.4,31), we find that
1
M =
{1 — (@fw, ') + 4l (wfw,)*}*
(3.4,32)
Q= —ta,n_l M_z
11— (w/wn)

A representative vector plot of Me™, for damping ratio { = 0.4, is shown in
TFig. 3.15, and families of M and ¢ are shown in Figs. 3.16 and 3.17. Whereas
a single pair of curves serves to define the frequency response of all first-
order systems (Fig. 3.14), it takes two families of curves, with the damping
ratio as parameter, to display the characteristics of all second-order systems.
The importance of the damping as a parameter should be noted. It is especially
powerful in controlling the magnitude of the resonance peak which occurs
near unity frequency ratio. At this frequency the phase lag is by contrast
independent of {, as all the curves pass through ¢ = —90° there. For all
values of {, M — 1 and ¢ — 0 as w/w, — 0. This shows that, whenever a
gystem is driven by an oscillatory input whose frequency is low compared to

Im
1.0
0 | Re
]
2 [
20
1.5 M
05 = w/wy,
07
1.0

F1a. 3.16 Vector plot of Me'® for second-order system. Damping ratio { = 0.4.
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F1e. 3.16 Frequency-response curves—second-order system.

85



87

‘wes4s 10pI0-pUodes—seAlno asuodser-Louenbex AL LIS *OLf

(9)
“mjm
S AR N S A ¢ 0T 80 90 §0 +0 €0 zo 10
081~
S===——=_"_ s\ .
/” ////// 091
NN
ozt~
3
00T~ 2
or=1 ]
WA\w.o . 08~ m.
NS .
\ SN 70
2l ///y// > £0=4 o
Z0Y = -
ST0TY NS .
_”ol‘m‘y?/.“M#/lW /ONI
0
—— MRS
(®
onfm .
or 8 9 § ¥ £ z 0T 80 90 §0 0 €0 20 o _
R
|- apessp/ap ov—
N
// 0g—~
AN
N\
N .
3
3
/ or- n..W
Q1 =1 &
/w 90 ”HH/ .
50 mr
€0
GTONNNLZ 0
///uJ\ —ot
ﬂ@\
500 =13
02 3




88 Dynamics of atmospheric flight

the undamped natural frequency, the response will be quasistatic. That is,
at each instant, the output will be the same as though the instantaneous
value of the input were applied statically.

The behavior of the output when  is near 0.7 is interesting. For this value
of [, it is seen that @ is very nearly linear with @/w, up to 1.0. Now the phase
lag can be interpreted as a time lag, T = (p/27)T = plw where T is the
period. The output wave form will have its peaks retarded by 7 sec relative
to the input. For the value of [ under consideration, ¢f(wfw,)== w[2 or
plo = 20, = }T,, where T, = 277/w,, the undamped natural period.
Hence we find that, for { == 7, there is a nearly constant time lag 7 = 17',,
independent of the input frequency, for frequencies below resonance.

The “‘chain” concept of higher-order systems is especially helpful in re-
lation to frequency response. It is evident that the phase changes through
the individual elements are simply additive, so that higher-order systems
tend to be characterized by greater phase lags than low-order ones. Also
the individual amplitude ratios of the elements are multiplied to form the
overall ratio. More explicitly, let

G(s) = Gy(s) Gy(8) " - G,(9)
be the overall transfer function of n elements. Then
Qliw) = G(iw) G, (iw) - -+ G (iw)
= (KM, - K,M,- - KnMn)ei(v.+¢,+...¢..)

= KMe'™®
so that kM =11KM, ()
= (3.4,33)
¢=20 (b)
On logarithmic plots (Bode diagrams) we note that
log KM = 3 log KM, (3.4,34)

r=1
Thus the log of the overall gain is obtained as a sum of the logs of the com-
ponent gains, and this fact, together with the companion result for phase
angle (3.4,33) greatly facilitates graphical methods of analysis and system
design.

RELATION BETWEEN IMPULSE RESPONSE AND FREQUENCY
RESPONSE

We saw earlier (3.4,7), that A(f) is the inverse Fourier transform of G(iw),
which we can now identify as the frequency response vector. The reciprocal
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Fourier transform relation then gives

G(iw) =f ht)e—*tdt (3.4,35)
i.e. the frequenc ) ; ; .
oy Jregq y response and impulsive admiltance are a Fourier transform

An alternative to (3.4,7) that involves the integration of a real variable
over only positive  can be derived from the properties of (f) and G(iw)
Smce. o is always preceded by the factor ¢ in G(iw), it follows that G*(iw) -
G(—iw) where ( )* denotes the complex conjugate. Hence B

1 (= ©
h(t) = — f “‘"G y _— L i . i .
or ) U0 =50 ], [GR) + G ) do
— £ ° iwlM ip{w) —iwt 1
2n o € (w)e + e M(w)e“'“"“”} dw
— L(. J‘“’M{ei(m+w) + e—i(wt+¢)} dw
27 Jo

K[
==\ M
J; cos (wt + ¢) dw

K o0 «©
.Y Y _K . .
ﬂJ; cos wt cos ¢ dw ﬂJ; M sin wt sin ¢ dw (3.4,36)

Since h(t) = 0 for ¢t < 0, then the second term on the r.h.s. of (3.4,36) is
equal to the first term for ¢ << 0. But the second term is an odd funct;ion of

t whereas the first is even. Hence th
. e two terms are 1 :
¢ < 0 and equal for ¢ > 0. Thus equal and opposite for

2 «©
h(t) = —
(t) - KJ; M(w) cos gp(w) - cos wt dw (3.4,37)

which is the desired result.

SUPERPOSITION THEOREM (CONVOLUT
INTEGRAL) ( ION INTEGRAL, DUHAMEL'S

le?e theorem of this section facilitates the calculation of transient responses
ol linear systems to complicated forcing functions. The general response

appears as the superposition of res
pears. ponses to a sequence of st i
which simulate the actual forcing function. ! °pe or impuises

Let

and

Zy(s) be the transform of z,(¢)

Ey(s) be the transform of z,(¢)
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Then the function z4(t) whose transform is the product T = Z;%; 18
¢
z(t) = | z(r)malt — 7) dr (3.4,38)

=0

Proof: .
Z3 =J e~z (u) du X J € xy(v) dv
o

0
where u and v are dummy variables of integration. This is equivalent to the

double integral
Fyl8) = Jje-""+"’zl(u)x,(v) du dv
S

where S is the area of integration shown in Fig. 3.18a. Now let the region of

t
v
S
S
t=T
oru=0
u o T
° (a) (%)

Fig. 3.18 (a) The (u, v) plane. (b) The (¢, 7) plane.

i

integration be transformed into the ¢, 7 plane by the substitution

ufv=1I
v=r
Then Zy(s) = J Ie-"xl(t — T)ay(r) dS’
'
where S’ is the region shown in Fig. 3.18b. Integration first with respect to
ives o .
ne Zq(s) =J e“‘dtJ. z(t — T)T(7) dT
=0 r=0

Therefore, by definition (2.3,7)

zy(t) =J‘ z(t — 7)%(7) dr Q.ED.
r=0
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We now apply this result when the system ({s) is subjected to an arbitrary
input z(¢). The response is given by

#(s) = G(s)Z(s)

Now we saw earlier that G(s) = k(s) (3.4,6a), so

g(s) = h(s)Z(s) (3.4,39)
whence (3.4,38) yields
t
y(t) = f Mt —ma(r)dr  (a)
" (3.4,40)
or y(t) ==f hr)z(t — 1) dr 1))
r=0

The preceding equation applies to a single input/output pair. For a multi-
variable system we would obviously have as the extension of (3.4,40a)
(and similarly for 3.4,40b)

¢
yi(t) =f OZ hi(t — T)z(r)dr (a)
. ’ (3.4,41)
* ¥ =| Bt —n)x(r)dr (b)

r=Q

where H is the rectangular matrix of impulse response functions.
By considering a slightly modified form of (3.4,39) we can obtain a com-
panion result involving &/(¢) instead of A(¢). We may write (see 3.4,18b)

k(s)

§(s) = — - s%(s)
S

= ) 212] + 2(0))
= F6) L1 + A (5)=0)
Again applying (3.4,38) we get
¢
v = L) + [ A4t (@

t (3.4,42)
or y(t) = Z(1)=(0) + f LDl — e ()
r=0
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As with the impulse response, the matrix form of (3.4,42a) for example,
for a multivariable system, is

y(t) = Z(£)x(0) +J‘ oLt — T)x(7)dT (3.4,43)
r=0

SOLUTION INCLUDING INITIAL CONDITIONS

The general solution of (3.2,21) for arbitrary y(0) a.nd arbitrary xd(t)t }i:
obtained by superposition of the complementary function (3.4,17) an
“particular integral”’ (3.4,41 or 43). Thus in general

t
y(¢) = H(t)C'y(0) +J:=0H(t — 7)x(7) dr (3.4,44)

The physical significance of (3.4,40a) and (3.4,42a) for examplt? ig brofu%::3
out by considering them in the one-dimensional case as the limits o

following sums
y(t) = 2 h(t — 7)x(7) A7 (@)
y(t) = L ()x(0) + X H(t — 7)%(7) Ar (d) (3.4,45)

Typical terms of the summations are illustrated on F.igs. 3.19 ‘and 3i120.
TKE summation forms are quite convenicnt for computation, especially when
the interval A7 is kept constant.

x(t)

x(1) AT = impuise applied at time 7

Ay

Fia. 3.19 Duhamel’s integral—impulse form.

. v
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T Ak

“Staircase” representation of x(¢)

L :

t—=171

t

Fio. 3.20 Duhamel’s integral—indicial form.

RESPONSE TO A SET OF STATIONARY RANDOM INPUTS

We now consider the case when the system response is a sum of responses
to a set of random inputs. An example of this situation is the roll response
of an airplane flying through a turbulent atmosphere, when there is a multiple
input associated with the three components of the atmospheric motion, each
contributing to the output via a different transfer function. Figure 3.21
shows an example in which a number of inputs combine. to form a single out-
put. More generally, for # inputs and m outputs related by an (m x z)

' ®
M(U Gi(s) 2 N
x2(t) ya(t)
U Ny Gafs) |22

¥ >_—).YU)

o G Y A N\p—

F1a. 3.21 Response to & set of random inputs.
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transfer function matrix G(s) B _
y(s) = G(s)x(s)

By virtue of (3.2,2a) the transfer function matrix likewise connects the
Fourier transforms of the inputs and outputs,
Y(w) = G(iw)X(w) (a) (3.4,46)
or with reference to truncated functions, see (2.6,19),
Y(w; T) = G(tw)X(w; T) (b)
Now the cross-spectral density of two components (y, and y,) of y is given by
(2.6,22)

im L ¥¥w, . (3.4,47)
(Duiy, =Il‘l_l;l':° ZE; Y.' (w’ T) Yi(“’» )
The matrix of (Dv.-v; is therefore
. 1 T, .
=lim — Y¥w; 7)Y (w; T)
o, Tl-Iolalo 4T (
— lim = [G(iw)X(w; T)P[G(iw)X(w; T)IT
T 4T
= lim 1 G*iw)X*(w; T)XT(w; T)GT (iw)
T~ 4T
= G*(iw)| lim lX"(w;T)XT(w;T)](}T(iw)
T 4T
or ® = G*P GT (3.4,48)
v x

From (3.4,48) it follows that the power spectral density of y, (a diagonal
element of ®,) is

D, (w) = 33 Glio)d,,, (0)G;(io) (3.4,49)
: k=11=1
and that if the input cross spectra are zero
Dy, (@) = 3 |Guliw)|* O, (@) (3.4,50)
k=1

This is a very important result for application to flight dynam.ics .}mce it
provides a way of calculating the output power spectral density rom a
knowlcdge of all the input cross spectra and the relevant trun.sfer functlon.‘:i.
An important special case is that in which there is only one input, z(¢) an
one output, y(¢). Then (3.4,50) reduces to

D,,(0) = |Fiw)]* O (w) (3.4,51)
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This is the most commonly used input/output relation for random processes.
It will be recalled (see Sec. 2.6) that most of the interesting probability
properties of y(t) can be deduced from D, (w).

A USEFUL THEOREM CONCERNING MEAN-SQUARE RESPONSE

In some calculations, it is not required to have the speetrum of the output,
its mean-square value being all the information wanted. In such cases the
desired result may be obtained more simply than by first calculating @,
and then integrating it. The method is given in ref. 3.12 for single and dual
inputs. We present below only the theorem for a single input.

Let the system, with transfer function @Q(s), be subjected to a transient
input 2(t), with corresponding transient output y(t). The integral square of
the output is given by Parseval’s theorem (see ref. 2.4, Sec. 120).

k= f wy’(t) dt = 2i f ? Y*w)Y(w) dw (3.4,52)
(] T J—w

where Y(w) is the Fourier transform of ¥(t). Now the Fourier transform of
the output is given by (3.2,2a) as

Y(w) = Qiw)X(w)
and hence

E= 51_ f N Giw)G*(iw) X(0) X¥(w) do

- 2if°° |Giw)|? | X ()] doo (3.4,53)

Now we also have from (3.4,51) that if the input is a random function, the
mean-square output is

Y= f "0, () do

- f N 1GGw)2 D, (w) dw (3.4,54)

By comparing (3.4,53) and (3.4,54), we see that 42 = g if

2r0,(0) = | X(w)[?

That is, if one can find a transicnt z(t) whose Fourier t

(3.4,55)

ransform is related by
{3.4,55) to the power spectrum of the given random function, then y? can
be calculated from the output of the transient. This may prove to be a much
easier and more economical computation, whether an analog or digital com-
puter is used. In particular, for spectrum functions like those of atmospheric



96 Dynamvics of atmospleric Jlight

turbulence (the “Dryden” spectra) the following are suitable transients:
Spectrum Function @,(w)
1 A
;r P+ w?
42 b 4 o
% (a® + w?)?
The advantages for analog computation are that no random function

generator is needed, and that the computation using a single transient input
takes much less time.

Equivalent transient z(t)

Ae "t (3.4,56)

A[l — (@ — b (3:457)

3.5 TIME-VARYING AND NONLINEAR SYSTEMS

In the preceding sections we have presented the methods for analysis
of linear/invariant systems. These systems are the simplest kind and the
methods of analysis are in effect omnipotent, in that in principle they provide
complete exact solutions for all such systems. Only sheer size provides
limits to practical computation.

On the other hand, linear time-varying systems (linear systems with non-
constant coefficients) and nonlinear systems present no such comfortable
picture. Their characteristics are not simply classified and there are no
general methods comparable in power to those of linear analysis. In the
aerospace field, nonlinearities and time variation occur in several ways.
The fundamental dynamical equations (see Chapter 5) are nonlinear in the
inertia terms and in the kinematical variables. The external forces, especially
the aerodynamic ones, may contain inherent nonlinearities. When the flight
path is & transient, as in reentry, rocket launch, or a landing flare, the aero-
dynamic coeflicients are time-varying as well. In the automatic and powered
control systems so widely used in aerospace vehicles, there commonly occur
nonlinear control elements such as limiters, switches, dead-bands, and others.
Finally, the human pilot, actively present in most flight-control situations,
is the ultimate in time-varying nonlinear systems (see Chapter 12).

Although completely general methods, apart from machine computation
of course, are not available for analyzing the performance and stability of
time-varying and nonlinear systems, there are nevertheless many important
particular methods suitable for particular classes of problems. This subject is
much too large for a comprehensive treatment here. The reader is referred
to refs. 3.8-3.10 for treatises devoted to the subject.

It should be pointed out that even when a flight vehicle system is essentially
nonlinear, much may be learned about it by first carrying out a linear analysis
of small disturbances from a reference steady state or reference transient.
This normally provides o good base from which to extend the analysis to
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Lr;(r:rllu(ii ;cimlmea; effects: ag well as a limiting check “point’’ for subsequent

nonlli)nea[. :n :: analysis. Qf the particular methods available for studyin
ystems, we consider two sufficiently relevant to flight dynamici

to present brief introductions to them below

DESCRIBING FUNCTION

In thesi o .
that lin‘zzlrllnpleSt terms, & t.iescnbmg Junction of a system is a transfer function
a linear & ¥ con nec.ts an inputfoutput pair approximately—i.e. it provides
pproximation to the actual system that is best in a certain sense

r(t)
x(t) o n® l+
1 N(s) +QL ¥t

Nonlinear system

F16. 3.22 Model of nonlinear system.

Fi i
gure 3.22 shows a nonlinear system with a particular input z(t) and output

y(2). The output is presumed to b
ied o 1 oy e made up of the sum of a part y,(¢) lineary

#i(s) = N(s)x(s) (3.5,1)

ae.:;iuzhr?:;azi rétl that makes up the difference. Clearly, if r(t) is “small”

performancel.) V(:lhe(:l ygl)l’ t::;rzggaﬁ;ovrii?szr:sef?l e"al‘}atio? (')f t"he S

ls)l(:ictc;r;lle: nt;};:s s:;rfvsi)}:lcigdli):gj (:;azctril}ing t’fur:ict,io:. ]?‘E)? :iarr:xli::tnfz(}i)’utls\,,(?
: ; for steady-state i iodi

:}l:::t;c d(itf}fl:r :::a(,ilescca;si;ilt;ree;ted),‘ ] .is the 'qua.ntity lﬁ?:;;izzg.oil: i(;r sit;aor;

system—i.e. the describini f:;:z:ilz:, 1zn(;ili{t: ltl;f(:i tfg.;:f:irf);;:gl;i tcl)of : l%:::;

system, is a function of the input.
STEADY-STATE DESCRIBING FUNCTION

The relations implied by Fi
; y Fig. 3.22 can be reinterpreted as in Fi
Now applying (3.4,50) we get the spectral density ofl:-(t) e 343

D, (w) = D, (w) — Niw)®,,(w) — N*(tw)P, (@) + N*(iw)N(io)D,, (o)
(3.5,2)
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¥(t) >
+
r(t)
+
x(t) I_N(S)I )

Fia. 3.23 Alternative model of nonlinear system.

Since ®@,, = @3, by (2.6,150), then

D, (@) = Oyy(@) — [Py (@)N(i0) + (D, (@)N(iw))*] + V*(Ew)V (iw)P ()
rr W vz (3.5’3)

. . e '—2' —
We now wish to find the particular function N(iw) that minimizes r 1
{20 ®, () dw. This can be done by the classical method of variationa
20 D, .
lIculus, as follows. . R .

caIcJ:tuus assume that N(iw) is not exactly that which minimizes 2 but differs
from it slightly, i.e. . '

r° ’ N(iw) = N(iw) + f(iw) (3.5,4)
where N(iw) is the optimal function sought, f (.iw) .is an arbitrary coxllt:luoz.}
function, and ¢ is a small parameter. Then N(iw) is given by the solution

9 [, () do

€ J—o

-0 (3.5,5)

€=0

When (3.5,4) is substituted into (3.5,3) and the Lh.s. of (3.5,5) is evaluated,
the result is
[ -nro) + oo
- + O (@F*(iw)f (i) + ()T ()]} do =0
or
[ i@ G) 0o
- + [*(i0)[ Do)V (iw) — P} (w)]} dw =0 (3.5,6)

Since f (iw) is an arbitrary function, the integral can (.)nly be zero if the tw;(;
expressions in square brackets are both zero. Since one is §1mply th(.a conjuga
of I'r),he other they are simultaneously zero, and the required condition is

)
N(iw) = N(iw) = q?i'::—z;' (3.5,7)

-
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SINUSOIDAL DESCRIBING FUNCTION

When a stable linear systemn has a sinusoidal input 2 = A,e"" the steady-
state output y(f) after the initial transients have decayed is a sinusoid of
the same frequency, and the inputfoutput relation is given by (3.4,20). A
“well-behaved’’ nonlinear system with such an i}lput will have a steady-state
output that is also periodic, but not sinusoidal, other harmonics being present.
Whereas the input spectrum is a “spike,” the output spectrum is a “comb.”
Other behavior is conceivable, but the above describes the usual situation;
we assume it to be the case here. Since the mean product of sinusoids of

different frequency is zero, the only Fourier component of the output that

has a nonvanishing correlation R,, with the input is the fundamental, i.e.
the component that has the same

: frequency Q as the input.
Since @, is the Fourier integral of R,,, it follows that only the funda-
mental component y, of y contributes to ®,,. From (2.6,22) we have

., = lim -171 X*iw; TYY (iw; T)

T- 4
(3.5,8)
D, = lim 1 X*iw; TVX(Gw; T)
T 47T
The ratio (3.5,7) then leads simply to
N(iw) = M (3.5,9)
X(iw)

where Y, (iw) and X(iw) are the Fourier transforms of the sinusoids, given
in Table 2.2. Now if these sinusoids are described by

z = Aleiﬂt; Yy = Azeiﬂt

where 4, and 4, are the complex amplitudes of tle input and output
fundamental, respectively, we get, using item 3, Table 2.2,
N(iw) = A2 (3.5,10)
4,
which is identical with the frequency-response function given by (3.5,20)
provided that we regard the fundamental as the total output.
Evidently the sinusoidal describing function lead

8 to a remnant made up
of all the lower and higher harmonics of the output

TWO-INPUT DESCRIBING FUNCTIONS

If two inputs to a nonlinear system contribute to the output y,

as in Fig.
3.24 we may define two describing functions by the same principl

e as used
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r(t)
+

¥(t)
(t) Ni(s)

) Y

xg(t) No(s)

Nonlinear system

Fic. 3.24 Nonlinear system with two inputs.

above for onc input. The method is basically the same, but the details are a
little more involved. The result for N, is

N (o) = DE1YPTZy — Py Oayz, (3.5,11)
1(160) - (I)xlxlq)xzxz _ |(D$1x2|z

and that for Ny(iw) is obtained by permuting the subscripts 1' a.n((Il) 2. ltI_ot(;)e

that if z, and z, are uncorrelated, so that the cross-spectral density @, ,, = 0,
1 . .

then (3.5,11) reduces to (3.5,7), the formula for a single input.

LYAPUNOYV STABILITY THEORY

The second general method for treating nonlinear systems is Lyapunov’s
theory. ' -
Thz stability of linear/invariant systems was sh9\vn in S.ec. 3.3 tobe cotmd
letely determined by the eigenvalues, and certain criteria were presq;r}lltte’
fhat could be applied to the characteristic equation to pr(;ldlct t.,he St:-' i :eg
a
i ts. In that case we may say that we have inves ig
properties of the roo . ' have investigatec
ili i ties of the solutions. This is p
the stability by studying the proper e ossible o
dequate theory for the solutions. Fo
course only because we have an a ! : : X
i ble since the solutions are no
1 systems, this approach may not be possi e solut,
ig:n;;:ertﬂ known. A method of treating the stability of equlhhbrml:n for .ani
i : i f the solutions, has been give
hich does not require a knowledge o ' . .
:)yStIima,.p‘:,va (refs. 3.2, 3.8). We present below a brief outline of the malg
cche);)t,s but refer the reader to refs. 3.2 and 3.8 for a fulle.r treatment an
for the methods of finding the appropriate Lyapunovbfllllnc:u:}?:.bOttom e
in wi i by considering a ball a
We begin with a simple analogy ler \ poveom o8
i The bottom is a position of stable equili
cup of arbitrary shape. : prium Vith
i h ‘that the ball is not projec
t to all disturbances small enoug .
z;ipi(i:m This stable condition can be viewed from the standpoint of the

System theory 10}

total energy £ of the ball. If E is less than the potential energy £
ated with the height of the lowest poiht on the rim, then escape is i
and the system is stable. Note that the lowest point in the cup is a point of
minimum potential energy, and that the minimum of K corresponds to
equilibrium there. In any real case, there will be frictional dissipation, so

that E is negative whenever there is motion, and if

the ball is started any-
where in the cup with £ < By, it will eventually come to rest at the bottom.

The Lyapunov theory is basically nothing more than a generalization of
the above concept, and indeed for some physical systems, the energy itself
is a suitable Lyapunov Sunction. More generally, a Lyapunov function
V(x, - - - z,) is any positive definite function of all the state variables z, that
is zero at the origin (an equilibrium state) and that increases monotonically
within a region 2 of state Space as one proceeds along the vector grad V =
VV,ie. itisa “cup-shaped”” function with its “bottom’ at the equilibrium
point the stability of which is to be investigated. The critical question is
whether V is positive, negative or zero in %. If positive, the state point
“climbs up the ¥ hill” proceeding ever farther from the origin, indicating
instability. If negative, the state point descends continuously until it comes
to rest at the origin, and the system is asymptotically stable. If V = 0, then
the only motion possible is an orbital trajectory in which the state point
remains on the surface ¥ = const. These cases are illustrated in Fig. 3.25
for a two-dimensional state space. The essence of the problem is of course
to find a suitable ¥ function. Ideally one wants that function that gives the
exact stability boundary in state space. This ideal is not usually achieved

¢

Trajectory for V= 0

erit 8880ci-
mpossible,

Trajectory for V> 0

V increasing

V = constant

Trajectory for V <0

Qo n

Fia. 3.26 Trajectories in state space.
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for other than linear/invariant systems, or simple mechanical ones such as

the ball in the cup.
The great advantage of this approach is that V can be calculated directly
from the differential equations, no solutions of them being needed. Let the

equations be given by

x = f(x, t)
or in component form
z; = iz, 8)
:in = fn(xi’ t)
Then
av . ov .
V= o, Bt oz, “n
i14 14
— axlfl + ax"fn
=grad V.f

Since both V and f are known ¥ can be calculated directly, and the stability
properties inferred from how its sign varies with position in state space.
The main disadvantage of the Lyapunov approach is that the functions
V are to a certain extent arbitrary, and hence can in most cases only provide
a conservative estimate of stability. For example, if it is found that the limit
of the monotonically increasing V for negative V is a certain surface S in
state space, then it can be said that the system is stable for disturbances
sufficiently small that the initial state point lies within S, but it is not known
whether it may be stable beyond S, since a different V function might have
produced a larger domain of stability. It should be pointed out that for
some problems in mechanics, as distinct from control systems (which have
been the principal object of applications of Lyapunov theory) the Hamiltonian
of the system can be a useful Lyapunov function (see Pringle, ref. 3.11).
The previous discussion has related to the stability of an equilibrium
point (the origin in state space). However there are many important situations
in the flight of aircraft and spacecraft when there is no steady state, as in
the take-off and landing of aircraft, and the launch and reentry of spacecraft.
If the state vector in such transient situations changes “glowly’’ with time
(what constitutes “glowness’ must be determined in each case), then a
point-by-point stability analysis may be useful. In that case, each point on
the trajectory is treated as a constant reference state (equilibrium) and the
stability of disturbances from it is investigated in the manner discussed
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above. When the transient is “rapid,’’ i
‘ 8 “rapid,” i.e. when the characteristic ti
- : ) eristic ¢
lfznzdi and damping tufles) of the disturbance motions are long en:::e}? S{g'
o egn t‘ch ea‘r‘lges can occuf’m the reference transient during these time intg,erva{.‘st
e ?r:mt:“ea(-iy analysis may be meaningless. In this case the stabilit :
e iod e transient can be transformed into that of an equilibrium poi )t,,
ained on p. 50, and th i i 0
-y e Lyapunov analysis for equilibrium again
A
systeit:zeiga.: com(;nent al:)out the usefulness of stability analysis in aerospace
ysterms | n (;)'r. er. It is a fact that stability is neither a necessar nI())
ufMeien .coxl\ ition for the successful performance of aerospace m};ssior y
A stabl :ll‘}; a.tr)lle nfllayhhave unsatisfactory handling qualities, and vice ver.:l y
nstable flight path for a liftin, i ’ I
able g entry vehicle may b
o fti e f
av::][:,lt:lbleT\;/llthm the tolerances on initial conditions that Zre rﬂi:izc‘;:y
time-va:.. us the determination of stability boundaries of nonIl)inear :nﬁ
bme-ve Z;:Ets};itenll; c:)oes not appear to be an objective to which a great
ould be applied. Of more direct i
o sho ect import are a i
performance criteria. These may take many forms depending on i};lir:?}?j:‘;e
icle

ﬂ«nd 18810n—10 5 T g alrcr ﬂ«i t &]l(l ter ]lllll&l errors l()]‘
m f T eX mp]e pllot ating in
N 1



e

Reference frames and
transformations

CHAPTER 4

When formulating and solving problems in flight dynamics, a number of
frames of reference (coordinate axes) must be used for specifying relative
positions and velocities, components of vectors (forces, velocities, acceler-
ations etc.) and elements of matrices (acrodynamic derivatives, moments
and products of inertia, etc.). The equations of motion may be written from
the standpoint of an observer fixed in any of the reference frames, the
choice being a matter of convenience and preference, and formulae must be
available for transforming quantities of interest from one frame to another.
For example, in an interplanetary space flight mission, one might need Earth-
fixed axes, target-fixed axes, vehicle-fixed axes, and axes fixed to the distant
stars. In atmospheric flight, we commonly use Earth-fixed axes, vehicle-fixed
axes, trajectory-fixed axes, and atmosphere-fixed axes. The references frames
needed for subsequent analytical developments are defined in the following,
and a suitable system of notation is introduced.

4.1 NOTATION

Let F, and F, be two right-handed reference frames, with coordinate
axes denoted as in Fig. 4.1. Note that two alternative systems are used:
(z, ¥, 2) O (2}, Tp» Ta)s the choice at any time being governed by custom and

104
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ull
Yo, b,
P Fy
O
Yar %a, ub 26,3, B
Zp, Xp
F, '
O" Xa, —"nl

Za, Xa,

F1a. 4.1 Notations for coordinato axes.

Z(r)lr(liv:;ugelﬁzt; In general the two frames have relative motion, both linear
Consider now the description of a typical vector which does not depend
on the‘moti.o? of the frame of reference. For example let F_ be the Eartlll) F
a moving rigid vehicle, and the vector in question be the garavitational f(’)r .
exerted by the former on the latter, represented by g in Fig. 4.1. The v tce
g is the same for observers in both F, and F, in the sense .tht;.t.the \:(:u(l)(;
both find it to be of the same magnitude, and of the same orientation);elati
to any .third frame. The components of g along the axes of F, and F, are V‘;
course in general different, and we denote them by ’ ’ ’

[9:,] [, ]
8a= |9y, | = | Yay4
1 9, L.9a, |
o o (4.1,1)
gz,, gbl
8o = |9vw,| = | 9o,
_gu_ _gb;_

(How to calculate one s i

oo e set of components from the other is treated in Sec.

. A more compliceted situation arises when we consider vectors that do
epend on the motion of the reference frame, i.c. that are not the same for

.t:'o ol;servers, one in F.'a and the other in F,. For example, consider the veloc-

ities of a point P relative to F, and F,. These are two different vectors, each

of which may have its com i i i
1 ponents given in the directions of eit
axes, leading to four sets of components. eiher set of
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The practice followed in this text is to use different symbols for physically
different vectors, or appropriate subscripts or superscripts. Thus w usually
represents the angular velocity of a reference frame relative to inertial space,
and a superscript identifies the rotating frame. For example w?¥ is the angular
velocity of an Earth-fixed frame Fg. Again, vyand v, give the inertial veloci-
ties of points 0 and C, the frame of reference for components being identified
with a further subscript, so that vo_is the column matrix of the components of
v, along the axes of Fyy (wind axes).

In the example of Fig. 4.1, we may let u¢ be the velocity of P relative to
F, and w® its velocity relative to F,. The four sets of components are then

u a

a ?

a b
u, and ul,

u,?
each being a column matrix as in 4.1,1).

1t should be emphasized that the transformation that transforms u® into
w® is quite different from that which transforms u,® into u,?, and the two
should not be confused (see Sec. 4.6).

Notwithstanding the above general rules, certain exceptions to this form
of notation are made in the subsequent treatments. These are in conformity
with a long tradition of usage in flight dynamics, and bring the main equations
derived into harmony with most past and current North American literature
on the subject.

42 DEFINITIONS OF REFERENCE FRAMES USED IN
VEHICLE DYNAMICS

The principal reference frames used in vehicle dynamies are defined below,
and illustrated in Figs. 4.2 to 4.7.

42.1 INERTIAL REFERENCE FRAME F; (INERTIAL AXES, Opx5y,2))

In every dynamics problem there must be an inertial reference frame,
either explicitly defined, or lurking implicitly in the background. This frame
is fixed, or in uniform rectilinear translation, relative to the distant stars;
in it Newton’s second law is valid for the motion of a particle, in the sense
that if f be the sum of all external forces acting on the particle, and a its
acceleration relative to ¥, then f = ma. If a is acceleration relative to a
reference frame that has rotation, or acceleration of its origin, this equation
does not hold, and additional terms that depend on the motion of the reference
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frame must be added to the equation (see Sec. 5.1). The velocity of the vehicle
mass center relative to ¥} is denoted vz,

422 EARTH-FIXED REFERENCE FRAME, F,, (EARTH AXES
OrXpYrZE)

In' many problems of airplane dynamics, the rotation w? of the Earth
relative to F'; can be neglected, and any reference frame fixed to the Earth
can be used as an inertial frame. In hypervelocity and space flight this is
generally not the case, however, and the angular velocity of the Earth must
ustfally be included in the analysis. Two Earth-fixed frames are of intcrest
as illustrated in Fig. 4.2. F . is the “‘Earth-center’’ frame with origin at thc;
center of the Earth and axis directions fixed by a reference point on the
equator and the Earth’s axis. This frame is useful when the Earth’s rotation
mus't be considered. F is an Earth-surface frame, with origin near the
vehicle if possible, and with Ogzy directed vertically down. Ogxpyy is the
local horizontal plane, Oz points north, and Ogyy east. FEE

Reference
meridian

Fia. 4.2 Earth axes. (4, u) = latitude, longitude.
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423 VEHICLE-CARRIED VERTICAL FRAME, Fy (AXES Opyyzy)

Ihls 18 a Ie‘ele"ce ‘Ia‘lne m w lc“ t'he origin C 18 at‘t’a‘c“ed to t’he ‘ehl(ﬂer
h g | 4
|4
usua“:’ a‘t’ t'hc mass ce"t‘e[ C) a‘"d m "hICh O ZV 18 dlICCt’ed Le[t’lca‘“’
do“n“ald 1.e. alo"g t/he 100&1 g Vecto[. Ihe d"eCt/lO"S 0‘ t/he Ie“]aullllg
’
axes can l)e specﬂied m any C()Hve"lent Wuy. We choose OVIV to po]lltr to

h, and O cast. In ma . he
o nor‘“o, ‘jhe ve}‘:i?ge that Earth curvature 18 negligible, and then Fy has

{llustrated in Fig. 4.3.

ny applications

enough t
axes parallel to Fg, as

Trajectory, of flight path
XE

Ig vortical reference framos.
Og

Since Fj and Fy ar
north, then ¥y can be made parallel to Fy

(i) —AA around Og¥g
(i) Ap around Ogc?gc

=A—4
where AA =4 E
DAp=p— HE
and (A, p) are latitude and longitude of Oy

(Ag> HE) BT€ latitude and longitude of O

. . 14
The angular velocity of Fy, relative to Fisw .

Fre. 4.3 The local (Fg) and vehicle-carried (Fp)

e both chosen 80 that their respective = axes p(')mt
by the two consecutive rotations
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424 ATMOSPHERE-FIXED REFERENCE FRAME, F, (AXES 0,x,y.2,)

Since the relevant velocity for aerodynamic forces in atmospheric flight
is that of the vehicle relative to the local atmosphere, it is essential to be
concerned with the motion of the latter. When the atmosphere is, or is
assumed to be, at rest relative to the Earth, then F , and Fj are the same.
If the atmosphere is in uniform motion relative to ¥y, with velocity W,
then F 4 is convected relative to Fy with that velocity.

If the motion of the atmosphere is nonuniform in time or space (as is in
reality always the case) then ¥ is so chosen that the space and time averages
of the motion of the atmosphere relative to F ; taken over the space-time
domain of concern in the problem, are zero. The motion of F 4 relative to
F; is in this case also a constant velocity W. (A treatment of flight in a
turbulent atmosphere is given in Chapter 13.)

The velocity of the vehicle mass center relative to F  is denoted by V
so that its velocity relative to Fg is

VE=V+W (4.2,1)

425 AIR-TRAJECTORY REFERENCE FRAME Fy, (WIND AXES,
Owxpywiw)

This reference frame has origin fixed to the vehicle, usually at the mass
center C, and the Oy-x;y, axis is directed along the velocity vector V of the
vehicle relative to the atmosphere. The axis Oz, lies in the plane of
symmetry of the vehiele if it has one, otherwise is arbitrary. If the atmosphere
were at rest, then Oy would trace out the trajectory of the vehicle relative
to the Earth, and Oy zy would be always tangent to it. The frame Fy,
has angular velocity w" relative to F;. Although by doing so we depart
from the general scheme, in the interest of simplicity we shall denote the
components ofw" in Fy, by [py, qw» Tw )}

42.6 BODY-FIXED REFERENCE FRAME Fj (BODY AXES, Oxyz)

Any set of axes fixed in a rigid body is a body-fixed reference frame. If
the body is not rigid, i.e. if it has articulated parts such as control surfaces,
or clastic motions, then the body axes are chosen to be those for which the
resultant linear and angular momenta of the relative motions of articulation
and elastic distortion vanish. This choice is always possible (see Sec. 5.1).
The origin of the body axes is usually the mass center C. A particular set
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of body axes with special properties are principal axes of inertia, denoted
Fp.
Flight vehicles almost invariably have a plane of symmetry (to a good
approximation); this plane is chosen to be Cxz, with z directed “downward.”
Body axes play an especially important role in flight dynamics, and there
is a tradition of notation associated with them. This is given in Fig. 4.8.
Note that the subscript B 18 dropped when there is no possibility of con-
fusion. The angular velocity of Fy relative to Fj is @ (p,q,r), and the
components of Vg are (u, v, w).

427 STABILITY AXES Fg (OgXsysZs)

Stability axes are a special set of body axes used primarily in the study
of small disturbances from a steady reference flight condition. If the reference
flight condition is symmetric, i.e., if V lies in the plane of symmetry, then
Fy coincides with the wind axes Fy, in the reference condition, but departs
from it, moving with the body, during the disturbance. If the reference
flight condition is not symmetrie, i.e. with sideslip, then Ogzg is chosen to
lie on the projection of V in the plane of symmetry, with Ogzg also in the
plane of symmetry.

Trace of
horizontal
plane

Projection of V on
plane of symmetry

[
| Projection of g on
jplane of symmetry

Tia. 4.4 Plane of symmetry—Czz; L = lift veector.

Y
Yw
F10. 4.5 Plane Czpyy: D, C = l
drag and cross-wind force vectors. D
{ L
\J Xy C c_—_—___———._._>D
X
F1a. 4.6 Plane Czppzpy.
2w
M
-~ w

_ Horizontal plane

[
]
!
J
I

]
Plane Cywzw |
Fro. 4.7 V, g plane.
111
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<IN, r

Z,w

z

Fia. 4.8 Notation for body axes.
L = rolling moment p = rate of roll
M = pitching moment q = rate of pitch
N = yawing moment r = rate of yaw
xX,Y,2] = components of resultant aerodynamic force

[, v, w] = components of velocity of C relative to atmosphere

43 DEFINITION OF THE ANGLES

THE VEHICLE EULER ANGLES

The orientation of any reference frame relative to another can be given
by three angles, which are the consecutive rotations about the axes z, 4, Z in
that order that carry one frame into coincidence with the other. This is &
particular case of Euler angles. In flight dynamics, the Euler angles used
are those which rotate the vehicle-carried vertical frame F, into coincidence
with the relevant axis system. Only two sets are commonly used, those for
the body axes Fp, and for the wind axes Fy,. The angles are denoted (p, 0, $)
for body axes, including the special case Fi, and (yy, O dw) for wind
axes. Figure 4.9 shows the sequence of rotations.

(i) A rotation ¢ about Oypzy, carrying the axes to OpToyaze- ¥ 18 the

azimuth angle
(ii) A rotation 0 about OpYy,, carrying the axes to OpTyyqz. 018 the

elevation angle
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Fia. 4.9 The Euler angles.

(lll) A rotation ¢ about/ 0 x Callyl" the axes to ﬁlml osition
| dat 1 g theu p

In order to avoid ambiguiti i
guities which can otherwis i
angles (y, 0, ) the ranges are limited to © result in the set of

—nm <yp<w or OSV)<21T

m T

—=<0
2 Sg
—m<d<m or 0<$<2m

Th .

altf\oEu}l\eft angles are then unique for most orientations of the vehicle,f

ronin‘;g t}: i}_lould be noted that in a continuous steady rotation, such P:.S
, the time variation of . . R ’

function. of ¢ for example is a discontinuous sawtooth

As shown in Fig. 4.7, the an i
. 4.7, gle 0 is als
the angle of climb for an obvious re:;on. © commonly denoted by y, called

T . —
(af+ :ere 172an a)ml?lgulti: for the angles defining a vertical dive, since (y, 8, ¢)
, —m[2, —a) gives the same final orientation re, : 1d be the
/ : . gardless of a. a =
natural choice, and this special case does not seem to cause any diﬁ“:cult?e:v ould be the
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THE AERODYNAMIC ANGLES

The linear motion V of the vehicle relative to the atmosphere can be
given either by its three orthogonal components (¥, ?, w) in a body-axis
gystem (see examples in Figs. 4.4 to 4.7), or alternatively by the magnitude
¥V and two suitably defined angles. These angles, which are of fundamental
jmportance in determining the aerodynamic forces that act on the vehicle,
are defined thus:

Angle of attack (sce Fig. 4.4):

o =t s —TEGET 4.32)
Uu
Sideslip angle (see Tig. 4.5):
g = sin‘“-;; —r<f LT 4.3,3)

1t is most important to note that o, as here defined will be the same a3
that commonly used in aerodynamic theory and in wind-tunnel esting only
if the body axis Cy is parallel to the basic aerodynamic reference direetion,
i.e. the mean aerodynamic chord or the zero-lift line.t Otherwise it differs by a
constant. When the body axes used are stability axes Fyg, the latter will
normally be the case. 1t follows that the velocity components in the body

axes are
w = V cos ff cos oz

p=Vsinp (4.3,4)
w =V cos fsina,

1t will be observed that, in the sense of Euler angles, the aerodynamic
angles relate the two frames Fyy and Fp by the rotation sequence (—B. 22 0)
which carry the former into the latter.

4.4 TRANSFORMATION OF A VECTOR

Let v be a vector with the components

Vs, Vb,
v, = |V | 1 F, and v, = |V, | I F,
v, )

a
1 The symbol & is reserved for the angle of attack of the zero-lift line of the vehicle

when its controls are in neutral position.

R
eference frames and transformations | 15

Component of vg, on xp;

xp,

i

Xa

3

Fia. 4.10 Component of vector.

Ihe Coﬂlpollellt 0{ v, 1n t.-h d 1
a e irection Of zb 18 va cos (0“) “he]e 0' dellotes

the angle between O
5Ty, and Oz, (see Tig. 4.10). T i
components of v, in the directioar: of x, \\%e get ) Thus by adding the theee

3
vb‘-_—ZZ,u’l)a t=1--+3
where At (44,1)

l,; = cos (0,;) (4.4.2)

are the nine direction cosi :
osines. . .
product es. Equation (4.4,1) is evidently the matrix

where v, = Lya¥a (@)

Ly, = [1y) (b (4.43)

and consti i
nstitutes the required transformation formula. Its inverse readily

reverses the transformation to give

_r-l,
where Ya = Loa¥s = Las¥s (4.4,4)

Lab = L;ul
PROPERTIES OF THE L MATRIX

Sinc i m m
e v, and v, are physically the same vector v, the magnitude of v, must
a

be the same as that i i
of v,,i.e. v*isani i .
(4.4,3) this requires ’ invariant of the transformation. From

v = v,Tv, = v,TL, TL,,v, = v, Tv, (4.4,5)
It follows from the last equality of (4.4,5) that h

L, TL, =
be Lo =T (4.4,6)
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Equation (44,6) is known as the orthogonalily condition on Ly, From (4.4,6)
it follows that 2
‘Lna‘ =

and hence that |Ly,| i never zero and the inverse of L, always exists. In view
of (4.4,6) we have, of course, that

LbaT = ba_l = Lab (44:7)

i.e. that the inverse and the transpose are the same. Equation (4.4,6) together
with (4.4,3b) yields a get of conditions on the direction cosines, i.e.

3
2 bibes = 8y (4.4,8)

k=1
1t follows from (4 4,8) that the columns of Ly, are vectors that form an orthog-
onal set (hencc the name “grthogonal matrix’’) and that they are of unit

length.

Since (4.4,8) are & set of six relations among the nine [;;, then only three
of them are independent. These three are an alternative to the three inde-
pendent Euler angles for specifying the orientation of one frame relative to

another.

45 THE L MATRIX IN TERMS OF ROTATION ANGLES

The transformations associated with single rotations about the three
coordinate axcs are now given. In each case F, represents the initial frame,
F, the frame after rotation, and the notation for L identifies the axis and

Fio. 4.11 The three basic rotations. (@) About Zg,- (b) About Zg, (c) About Zg,-
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the angle of the rotation (see Fig. 4.11). Thus in each case
v, = LX), (4.5,1)

By inspeetion of th in Fi . .
verified. e angles in Fig. 4.11, the following matrices are readily

1 0 0 )
LX) =10 cosX; gin X,
\_O —sin X; cos X, |
fcos X, 0 —sinX,
L{X,) =

A X5) 0 1 0 (4.5,2)
sin X, 0 cos X, |
" cos X; sin X, 0“
Ly(X,) = | —sin X3 cos X, 0

0 0 1
'1‘he:1 'tlransformation matrix for any sequence of rotations can be constructed
readily from the above basic formulas. For the case of Euler angles which

rotate frame F, into Fp as defined in S
ec. 4.3, the matri
to the sequence (X3, X, Xy) = (v, 0, $), giving wirix corresponds

. Lpy = Ly(¢) - Ly(0) - Ly(v) (4.5,3)
{The sequence of angles in (4.5,3) is opposite to that of the rotations, since

each transformation matrix premultiplies the vector arrived at in the previous
step.] The result of multiplying the three matrices is

cos 0 cos y cos 0 sin y —sin 6
L sin ¢ sin 6 cos y sin ¢ sin O sin p sin ¢ cos
Yy = — cos ¢ sin + cos pcos y (4.5,4)
cos ¢ sin 6 cos cos ¢ sin O sin y cos ¢ cos B
4 sin ¢ sin p — sin ¢ cos p

. We ;hall also wish to make use of the matrix for transforming vectors
rom the frame Fy, to Fp, and this corresponds to the sequence
(X Xy, Xy) = (—F, 22, 0) whence

Lpw = Ly(er) Ly(—§)

of rotations

or
cos @, cos f§ —cos &, sin g —sina;
Lpw = sin f§ cos f§ 0 (4.5,5)

sin o, cos § —sin a,sinf cosa,



1
.\

wz

118 Dynamics of atmospheric flight

46 TRANSFORMATION OF THE DERIVATIVE OF A
VECTOR

Consider a vector v that is being observed simultaneously from two
frames F, and F, that have relative rotation—say F, rotates with angular
velocity w relative to Fj, which we may regard as fixed. The rotation does
not invalidate the argument of Sec. 4.4, so that

v, = LyeVe 4.43)

The derivatives of v, and v, are of course

Y, Oy,
v, = |V, and vy = | ¥y, (4.6,1)
v!n vl

where 9, = (d/dt)(v, ), ete. It is important to note that v, and v, are not
simply two scts of components of the same vector, but are actually two
different vectors.

Now because F, rotates relative to F_, the direction cosines 1;; are changing
with time, and the derivative of (4.4,3) is

‘;b = I‘ba"'a + i‘bavu (4'6’2)
or alternatively .
\ I‘abvb + I‘abvb

the second terms representing the effect of the rotation.

Since L must be independent of v, the matrix L,, can readily be identified
by considering the case when v, is constant, see Fig. 4.12. For then, from the
fundamental definitions of derivative and cross product, the derivative of v
as seen from F, is readily shown to be '

dv

— =w X 4.6,3
7 v (4.6,3)
The matrix equivalent of (4.6,3) is

v, = @, (4.6,4)
where

0 —w,, Wy,

D, =| 0, 0 —w,
—w,, W 0
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dv

w v -
\L\) =XV

Fy

Fi1e. 4.12 Rotating vector of constant magnitude.

The corresponding result from (4.6,2) is

‘}u = I‘abvb (46:5)
It follows from equating (4.6,4) and (4.6,5) that

L,vy, = @V,

or
LV, = ©,L,,v, (4.6,6)
for all v,. Whence
Lﬂb = a’aLab

and

Fim.a.lly if the above :?.rgument be repeated with F, considered fixed, and F
having angular velocity —w, we clearly arrive at the reciprocal result ’

Ly, = —a)bI‘bu (4.6,7)

Frgm (4.6,6) and (4.6,7), recalling that & is skew-symmetric so that &7 =
—@, the reader can readily derive the result B

&, = L,&,L,, (4.6,8)
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From (4.6,2), (4.6,6), and (4.6,7) we have the alternative relations

vy = Lyg¥e — @p¥y

v, = LV, + @Y, (4.6,9)
with two additional permutations made possible by (4.6,8). A particular

form we shall finally want for application is that which uses the components
of v, transformed into F, viz.

LV, = v+ @Y, (4.6,10)

47 TRANSFORMATION OF A MATRIX

Equation (4.6,8) is an example of the transformation of a matrix the
elements of which are dependent on the frame of reference. Generally the
matrix of interest A occurs in an equation of the form

v=Au 4.7,1)

where the elements of the (physical) vectors u and v and of the matr;x li\
are all dependent on the reference frame. We write (4.7,1) for each of the

two frames F, and F,, ie.

v, = Au, (@)
v, = Ay, (b) (4.7,2)
and transform the second to
Ly, = AbLbauq
Premultiplying by L,, we get
v, = LAl (4.7,3)

By comparison with (4.7,2a) we get the general result
A, =L ALy, (4.7,4)

General equations of

unsteady motion

CHAPTER 5

The basis for analysis, computation, or simulation of the unsteady motions
of flight vehicles is the mathematical model of the vehicle and of its sub-
sidiary systems, i.e. their general equations of motion. Although a useful
first step is to treat the vehicle as a single rigid body, and many important
results can be derived from this model, we cannot in general avoid facing
up to the reality of the situation, which is that vehicles are deformable and
contain articulated or rotating subsystems such as control surfaces and
engines. Furthermore the external forces and couples that act on aircraft
and spacecraft are in general complicated functions of shape and of motion.
This is especially true of the aerodynamic forces in atmospheric flight which
are known only approximately. The attention that must be devoted to
their representation dominates the formulation of the mathematical model.
The forces and couples provided by the space environment (gravitational,
magnetic, radiation pressure) are generally not so uncertain, and the problem
of deriving an adequate mathematical model is consequently less difficult
for spacecraft during extra-atmospheric operation.

In the following sections, we first treat the general motion of a particle
over the rotating Earth, then derive the dynamical and kinematical equations
for an arbitrary deformable vehicle in flight. Finally the equations for

small disturbance from steady flight are presented in both dimensional and
nondimensional form.
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5. VELOCITY AND ACCELERATION IN AN
ARBITRARILY MOVING FRAME

All of the reference frames with which we are concerned, except Fj of
course, are in motion relative to inertial space. Fy, and Fp in particular
have quite arbitrary motion, including acceleration of the origin, and rotation.
Since in many applications, we want to express the position, inertial velocity,

2y

Xy ¥
Fia. 5.1 Moving coordinate system.

and inertial acceleration of a particle in components parallel to the axes of
these moving frames, we need general theorems that allow for arbitrary
motion of the origin, and arbitrary angular velocity of the frame. These
theorems are presented below. ‘

Let F,(Ozyz) be any moving frame with origin at 0 and with angular
velocity w relative to F. Let r = r, + ' be the position vector of & point P
of F,, (see Fig. 5.1). Then the velocity and acceleration of P relative to F;

are .
vi=Tn (5.1,1)
ay = Iy

We want expressions for the velocity and acceleration of P in terms of the
components of r' in F . Expanding the first of (6.1,1)

=t i (6.1,2)
=v, 417

where v, = F, is the velocity of O relative to F';. The velocity components in
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F,, are given by

Vg = Ly vy = Lpgy(v,, + i"I) =v,, + LMIi'II
From the rule for transforming derivatives (4.6,10)
Ly ity = Far + ®arar (5.1,3)
whence
Vo = Vo, + T + ®at (5.1,4)
The first term of (5.1,4) is the velocity of O relative to F, the second is
the velocity of P relative to F,, and the last is the “transport velocity,”
i.e. the velocity relative to F; of the point of Fj that is momentarily
coincident with P. The total velocity of P relative to F is the sum of these
three components. Following traditional practice in flight dynamics, we
denote

P x
wy=1lel, TmM=1\¥ (6.1,5)
r F

(When necessary, subscripts are added to the components to identify
particular moving frames.)
The scalar expansion of (5.1,4) is then

V=0, + &+ pz—1Y
v, =1, + § + e — Pz (56.1,6)
v, =1, +2+py—q
These expressions then give the components, parallel to the moving coordinate
axes, of the velocity of P relative to the inertial frame.

On differentiating v, and using (5.1,4) we find the components of inertial
acceleration parallel to the F,, axes to be

8p = Lpvy=Vy + Ouvu
=v,, +Fy+ O’y t+ & ptar + ®arv,, + O Ty + @ ar®arty
= a,, + iy + OuIy + 20272 + @ 7@ T (6.1,7)
where 8, = ¥, + ®pV,, =L 1Yo, 18 the acceleration of O relative to Fy.
The total inertial acceleration of P is seen to be composed of the following
parts:
. the acceleration of the origin of the moving frame
#: the acceleration of P relative to the moving frame
ér': the “tangential’” acceleration owing to rotational acceleration of
the frame F,
: the Coriolis acceleration
®&r': the centripetal acceleration
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Three of the five terms vanish when the frame F has no rotation, and only
# remains if it is inertial. Note that the Coriolis acceleration is perpendicular
tow and r’, and the centripetal acceleration is directed along the perpen-
dicular from P to w. The gcalar expansion of (5.1,7) gives the required inertial

acceleration components of P as

a,=a, + &+ 2¢— 2ry — x(g® + ) + ¥{PT — #) + 2(pr + 4)
a, = a, + §+2rt — 2pi + a(pq + ) — y(P* T ) + 2(gr — p) (5.1.8)
,=aa,+‘2'+2py’—2qa‘:+x(pr—q)+y(qr+1'>)—2(p2+q”)

52 ANGULAR VELOCITIES OF THE SEVERAL REFERENCE
FRAMES

Since the formulae for velocity and acceleration given above involve the
angular velocity of the moving frame, we need convenient expressions for
the angular velocities of the frames we shall be using. These expressions are

developed below.

ANGULAR VELOCITY wF OF Fy AND Fge

The motion of the Earth consists of a superposition of rotation on its axis,
precession and nutation of its axis, rotation in its orbit around the sun,
and additional motions of the solar system and the galaxy. Although any of
these may be significant for problems of space flight, only the first-mentioned
is likely to be of any importance for atmospheric flight, and even that one
is often negligible We shall assume therefore that the Earth’s axis is fixed
in inertial space, and that its motion is one of constant rotation at speed
»F on this axis. Its angular velocity vector is (see Figs. 4.2 and 5.2)

0 cos Ag cos A
wEge=101s wfp = 0 wf; wf = 0 jwf (6.2,1)
wF —sin Ag —sin A

where w” is the rate of rotation, one revolution per day, or 7.97 x 10~ rad|
sec, Ay, is the latitude of O, and 1 is the latitude of Op-.

ANGULAR VELOCITY w’ OF Fp

et the origin of Fy be at {4, u) at time &, and let it, in time &, undergo
infinitesimal displacement to (A + oA, u+ du). It can be carried from its
initial to its final positions by the two rotations {i}—04 around an axis

v
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Reference
meridian

F1a. 5.2 Geocentric polar coordinates.

through the Earth center paraliel to Opy, and (ii) éu around Ogcz
EC*EC"

IIeI\CG the &“gu]ﬂl dlsp]ace“lellt Ielatlve to E&l‘h 18 given &]) 1<)xnnately

on = —j, 61 + kpc op (5.2,2)
where j, and kg are uni

ke unit vectors on Opyp, and Ogez i
angular velocity of F, relative to Fp; is th::n exa»cti‘zyc o Tespectively. The

w?

"“(I)Ezlimé_n.z_'i k . ’
st~0 Ol ivA + kgt (5.2,3)

On taking components of (5.2,3) in Fp, and using (5.2,1) we get
(w® 4 1) cos A
Wy = -1

—(w® + p)sin A

(5.2,4)

The components of w" in F
4w or Fp are, of course, obtained b iplyi
(6.2,4) by Ly or Lp,, respectively. premulliplyine

ANGULAR VELOCITIES w", w OF Fyy., Fy

b Tt}llxe OEr:ieln tation of the moving frames Fy, and Fy; are given relative to F

sg; ipt,edeﬁ etr anﬁles 'ltf;; 6, ¢ (Sec. 4.3). Subscript ¥ denotes Fy, and no subV
otes . e 3 : -

similer. B result is derived below for Fg, that for Fy, being

With reference to Fig. 4.9, let i, j, k be unit vectors of Fp, the subscripts
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¥, 2, 3 denoting the directions of the axes shown in the figure. ]_3y an argu-
ment identical with that for (5.2,2) and (5.2,3) we have the relative velocity

w—w’ =i+ + kP (5.2,5)

By applying (4.5,2) (an exercise for the reader), the components of i, ja»
and k, in Fy are found to be

1 0 —sin 0
i=|0 ja=| cos¢ k, = | cos 0 sin ¢ (5.2,6)
0 —sin ¢ cos 0 cos ¢
It follows that w — wV is given by
P ¢ — psin 0
(w — w)=1Q|= 0 cos ¢ + 9 cos O sin ¢ (6.2,7)

R y)cos@cos([;——esin(ﬁ

where capital letters denote the components of the relative angular velocity.
When w’ and wF are both negligible, then [P, @ R]l= [?), g, r], the angule'xr
velocity of Fy relative to F,. Equation (5.2,7) can be written as the matrix

product

P ¢
gl =mRjo (@) (5.2,8)
R ¥
where . o Cin0
R=1]0 cos¢ sin ¢ cos 6 (b)

0 —sing cos¢cost
Inverting (5.2,8a) we get the Euler angle rates as
é 1 singtanf cos¢tan e
6l =10 cosé —sing |{@ (5.2,9)
) 0 sin ¢ sec § cos dsecO]| R

Adding the subscript W in (5.2,8) and (5.2,9) to [P, Q, R), (4.0, w]dgn;esl
the corresponding wind-axes equations. Note that these are tra.nscen] e: n]
differential equations for the Euler angles, and as such have exact ?na y tT‘ca‘
solutions only in special simple cases. Note also that the transtormation

matrix R, unlike L, is not orthogonal.
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Equations (5.2,9) can be used to calculate the Euler angle rates from the
relative angular velocities (P, @, R). The latter can in turn be found from
the “absolute’ rates (p, ¢, r) by the first equality of (5.2,7), and (5.2,4), i.e.

P P (0F + fi) cos A
Q=19 —Lu -1 (5.2,10)
R r —(® 4 ji)sin A

with a similar equation for wind axes obtained by adding the subscript W
and substituting Ly, for Lgp.

THE DIRECTION COSINE RATES

When the direction cosines of the moving frame are used instead of the
Euler angles to define its orientation relative to Fy, then the differential
equations needed follow directly from (4.6,7). Let Lgp = [I;;] (the same
treatment holds for Ly, ). Then from (4.6,7)

tll llz lla 0 - R Q lll l12 lla
Ly L, ly|l=—| R 0 —Pllly Uy L, (5.2,11)
tal laz taa - Q P 0 la 1 lsz 133

These constitute nine differential equations for the nine ;. Actually only
three of the nine are independent (a rigid body has only three rotational
degrees of freedom), and the additional six equations provided by (4.4,8)
reduce the number of independent [,, to three. In the force equations given
later, the direction cosines that would replace the Euler angle terms are
those for the angles between the moving axes of Fy, and czp, i.e. (with I
now denoting components of Lyy) b3, lss, and ly;. The differential equations
for these are, from (5.2,11),

lla = Rly — Qlg,

ly = — Rl + Pl (6.2,11a)

laa = Qljy — Ply

These three equations can be used instead of (5.2,9) to provide the three
independent unknowns in the vehicle orientation. The remaining six direction
cosines can be found by substituting (5, Iy, ls3) into (4.4,8) and solving the
resulting nonlinear algebraic equations, or of course by using the other six
differential equations from (6.2,11). Whether direction cosines or Euler angles
are preferable in any particular application depends on the situation, and
on the kind of computing machinery to be used.
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THE AERODYNAMIC ANGLE RATES

We shall find it convenient later to have the angular velocity of Fpg
relative to Fy expressed in terms of the derivatives of the aerodynamic
angles.

Let j; and kyy be unit vectors in the directions of Cypand Czyy, respectively.
Then it follows from the definitions of «, and f§ (Sec. 4.3) [and an argument
like that for (5.2,3)] that the angular velocity of Fy relative to Fyis

—w—w?

= —kypf + ipts (5.2,12)

Taking the components of (5.2,12) in Fy we have (see also Sec. 4.2,5)

W,e

| [pw 0 [0
Lypyplal — (vl = 018+ Lpn|1|%
r Tw 1 . 0
or
Pw P 0-1
awl=Lwp|a— | T {0 p (5.2,13)
T T 14
After expansion, this gives the scalar equations
Pyy = P COS 05 €OS B+ (g — &) sin g + rsin o, cos B (@)
qu = —DP COS & sin g + (g — &) cos p — rsin a, sin B (b (5.2,14)

P = —P Sin &, + T COS Oy + B (c)

From the last two of (5.2,14) the values of &, and p§ are convenicntly ex-
pressed in terms of the angular velocities of Fpand Fypy 88

dzzq——qwsecﬁ—pcosa,,tanﬂ—rsinazta.nﬂ (a)
f=ry + psino, — 7608 0% (b) (5.2,15)

The group of three equations actually wanted subsequently is (5.2,14a) and
(5.2,15).

Since (5.2,12) may alternatively be written
Y)

W= (w— W) — (¥ —w

it follows that (5.2,13) through (5.2,15) apply equally when the angular
velocities of Fpand Fy, are relative to Fy instead of Fy. Then the lower-case
(p, q, 1) are replaced in them by (P, @, B).
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53 POSITION, VELOCITY, A
- . AND A
THE VEHICLE MASS CENTER oo OF

POSITION AND VELOCITY RELATIVE TO THE EARTH

The location of the vehicle i
sohorical potar coontimat mass center.rela.tlve to Earth is given by the
nates % (geocentric radius), u (longitude), and 4

(latitude). Their rates of chan
: e are rel
et o Baath b (oo T 'g5.2) related to the F'|, components of velocity

Id = 1 E
Rcosh (5.3,1)
A= ~1_VE
a

T E are i
he components of V™ are in turn given by [see (4.2,1)]

here VP = Lyw(Viy + Wy) = Lyg(Vp + Wp) (5.3.2)
(V] —WIW
Ve=|ol; w,=|w, (5.3,3)
| o] W,
uw (W,
Ve=]v]|; Wy=|W,
w] W,

and Vi . Lo
is the airspeed of the vehicle, i.e. its speed relative to the atmosphere

When the atmosphere i .
phere is at rest relat
and (4.5,4) yield relative to Earth, W = 0 and (5.3,2), (5.3,3),

E

Ve, =V cos Oy cos yy

VE,,V = V cos 0}, sin ypyp (5.3,4)
VE,, = —Vsin by

Substituti i
stitution of (5.3,4) into (5.3,1) provides the polar coordinates in the
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more convenient forms

R =V sinly
p= 14 cos 0y sin pyy sec 4 (5.3,5)
R
= Y— cos Oy cos
7 W Yw

Using the body-axis velocity componentsan alternativesystem of equations
is

AR u
AR cosA| = Lypl v (5.3,6)
—% w

‘When the motion considered takes place over only a small portion of the
Earth’s surface, the latter may be regarded as locally flat, and the vehicle
position is then more conveniently referenced to & frame Fj located in its
immediate vicinity—for example, at the initial point of the trajectory. In
this case F), may be assumed parallel to Fg, and the position coordinates
of the mass center (Zg, Y, zg) are governed by the differential equations

&y = V cos Oy cos i
g =V cos Oy sin P (6.3,7)
ig = —Vsinly

INERTIAL ACCELE RATION

We have two particular requirements for the inertial acceleration of a
particle in & moving reference frame: one is for the Fy,or Fp components of
the acceleration of C or Oy, the vehicle mass center, and the other is for the
Fj components of the acceleration of & particle in arbitrary motion relative
to the vehicle. Other reference frames may be of interest for application to
special dynamics problems, or for the analysis of navigation and guidance
gystems in which expressions are needed for the outputs of accelerometers
mounted on inertial platforms that are oriented in accordance to some
particular navigation scheme. The two applications first mentioned above
are developed here; and as 8 matter of interest, we give also the formulation
needed for a particular navigation application.

Acceleration of C.  The basic equation for the inertial acceleration of the
mass center is (6.1,7), in which the moving point is Oy, in the rotating frame
Fg. ' is then the velocity of the mass center relative to Earth, which we
have denoted vE. We assume here, a8 in Sec. 5.2, that the Earth’s axis is
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ﬁ;(eFd in inertial space, and that & = 0. Thus the acceleration a, of the origin
o 1 gis the.centrlpetal acceleration associated with Earth rotation. A numegri
ca c((i)ml?arlson sh.ows that this acceleration is usually negligible when com-
?sare ) with g. It is zero at the poles, and of order 1/1000 g at the equato;
(5e:la.7evt=:l). '.I‘hfa same holds true for the centripetal acceleration @&r’ of
5.1, )_—El.e. it is usua.lly negligible. Of the two terms that remain in (5.1,7)
r =y and the 'COI‘IOIiB acceleration is 20VE. The latter depends on- t,,h
mt:)gmtude and direction of the vehicle velocity, and is at most 109, a(:,
:}1; 1t;l sp(:)ed.k It can of course be larger at higher speeds. This termorgust,
erefore be kept in the mathematical model, ev gh it i
efc : , even though it is at ti
negligible. Finally then, the approximation we use for the acceleration ofl I(IJK;:
ag, = V¥g + 2607 VFg (6.3.8)
To transform (5.3,8) into the movi h
3, ing frame F, we use (4.6,10) noti
the angular velocity of Fyy relative to Fg is (0% — w"‘! ) t:) o)b::inmg et

a¢, = Lygdco, = L;yE(VEE +2REVEL)

— VE & &
=V + (®Y — wE)WVEW + 2LWE6)EEVEE (5.3,9)
The last term is treated as follows:

L ~E E __ ~
we®@ g¥Y g = (LWE“’EELEW)(LWEVEE) = @F,VE,

whence o
g, = ‘:’EW + (8" — &F), VEy + 285, VEy,
N =V + (&Y + &F) Vo (5.3,11)
[8260(5;;) ]thc scalar expansion of (5.3,11) we note that VE,, is given by
|4 V..,
VE, =10|+|W,, (5.3,12)
Wy is given by ° Wew
Pyw
oy =y (6.3,13)
and [sce (5.2,1)] TW
pEy cos A
wly =|gfp| =Lyy| 0 |of (6.3,14)
- —sin 4

where the notation p¥;, etc. identifies the components of w® in the frame Fy,
M
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When the atmospherc is at rest, W = 0 and the components of (5.3,11) are
ac, = 14
ac, =Virw + 1w (6.3,16)

ag,, = —V(@®y + aw)

[Note that w?® and " are both angular velocities relative to inertial space,
and that the sum (B + ryw) for example, is not the resultant yaw rate of
Fy, relative to F,, as one might be tempted to infer from (5.3,15).]

Tor the frame Fy, the same procedure yields instead of (6.3,11)

ag,=VEp + (& + &®)pV"s (5.3,16)
The scalar components of the vectors of (5.3,16) are

u W,

VE = v |+ | W, (5.3,17)
w w
P pEg cos A

wp =19} wfp= ¢%p| = Lav 0 |0

T rEg —sin 4

Again for a stationary atmosphere, (5.3,16) is expanded with the aid of
(5.3,17) to givo
ag, =+ @+ ¢"pw — (T rEpp
ag, =0+ (r+r¥pu— (P pEpw (5.3,18)
ag, =+ (p+ P — O+ ")

Acceleration of a Particle in Fp. A particle having coordinates (x, Y, 2)
in Fy has inertial acceleration components in the directions of the axes of
Fy given by (5.1,8), in which a, is the inertial acceleration of the origin of
Fgand(p, q,7)are the components of w. Since the origin of Fyis the vehicle
masgs center then a, = ac and its components are those given above in
(5.3,18). The required equations are then obtained by substituting (5.3,18)
for a, in (6.1,8).

The Navigation Case. From the general relations already given, it is &
straightforwa.rd, although tedious, calculation to derive the cquations for the
acceleration components ay of a moving particle. This particular set of
components is that measured by an inertial navigation system in which
accelerometers are mounted on a stabilized platform that is “Schuler tuned”
to maintain one axis vertical, and is “torqued”’ to maintain one horizontal

PR
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axis di Lo .
a;:sv e111“ected illorth‘ In th‘e naVIgat.,lon application, the accelerations of interest
o giveypi?ii- , anghare l}rll effect integrated twice over long periods of time
ion. Thus the small centripetal accelerati
. hu tion {the 1
5150;,1(;;)] :s no';f nl(:ghglble, and the complete equation mu[st bea?s:gm'll‘l?f
eration of the origin of F;, (which ma on of
] i . ( y be taken to b i
the inertial platform in this application) is then [cf. (5 308)]e the location of

— VE HEG
_ a,, =VEp — (OFOFk, R) 5 + 2075 VE g (5.3,19)
where k; is a unit vector on Cz,, and o
. : y» and the second term is the i
acceleration previously neglected. After transforming to F'j,,i.e.a c—entIl:lpeta]
y 1L Bop — y‘a

(6.3,19) gives =
vaW = v'i,, + (&Y — &F),VE, — (B2, R), + 26F,VE, (5.3,20)
w?,, and w”}, are given respectively by (5.2,4) and (5.2,1), and from (5:; 1)
RA h
VE, = | RBpucos (6.3,21)
—

The components of the unit v i

omg ector ky in F,, are of course [0

B}lbstltﬁtlng th(? above expressions into (5.3,20) and expanc[lil’lo,tlh} o

rices, the following system of equations in (£, 4, u) are obtainedg' o et
a,,, = R} + 294 + R sin A cos Mo + p)?

e, = Rz ?os Mi 4 2(w® + g) (% cos A — Rhsin }) (5.3,22)
a,, = — R+ B+ A cos® Hw® + p)?
naVv\.lhe: accelerometers provide measurements of the Lh.s. of (5.3,22
i 1gga. 1ont o.:omputer can in principle solve the three equati‘or,ls )’fo:
e geocentric position (%, 4, u). F i i ;
e the reml fs oo, l,ug or horizontal flight or when Z can be ne-
a,, = A1+ Rsin A cos Aw® + )

a,,, = — R cos Aji — 2(w® + L) R4 sin 2 (6.3.28)

This is a pair of equations for the latitude and longitude of the vehicle

T mech h T an al com tation \:4
[0 anize them f() a 8.10 or dl 1t l y
g g pu 1 s the ou]d be more

) 1
A= 3%~ sin A cos A(w¥ + p)?

. . (5.3,24)
it = ésec lao'v + 2(w® + )i tan 2
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5.4 EQUATIONS OF MOTION OF AN ARBITRARY
SYSTEM

1t from the application of Newton's laws of

The equations of motion resu
{hat constitutes the flight vehicle. Consider

motion to the material gystem

2y z

xr

Fia. 5.3 Application of Newton’s Law to an element of a body.

an element of mass dm, and an inertial frame of reference F (se€ Fig. 5.3).
(Since only one reference frame is used in the following argument, no identi-
fying subscript is appended to the vector symbols. The subscript I should

be understood.) Newton’s gecond law provides the equation of motion of
dm, i.e.

df = fdm = vdm (6.4,1)

Here df is the resultant of all the forces acting on dm, r is its position vector,
and v its velocity. In this form, the equation is valid only in an inertial frame

of reference.

Taking the cross product of (5.4,1) with r yields the moment equation

rx df=rxvdm (5.4,2)
Now let the angular momentum of dm w.r.t. O be defined as
dh' =r xvdm (5.4,3)

It follows that
%(dh’): (rx v4+rxv)dm

—(vxv4+rxvdnm
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Since v x v =0,

d , .
d—t(dh)=rx vdm

which is the r.h.s. of (5.4,2). We therefore have

' d
dG' = = di’ «
5 (5.4.4)
where
dG’ =r x df (5.4,5)

is the moment of df about 0.

We now integrate (5.4,1) and (5.4,4) for a system of particles comprising a
general de.forma.ble body of mass m. First we note that the mass center C' of
the body is located at rg, given by °

mrg =fr dm (5.4,6)
Differentiating once yields

mve =fl" dm (5.4,7)
and a second time

mag = f\} dm (5.4,8)

where v ar.1d ac are respectively the velocity and acceleration of the mass
center relative to F;. The integral of (5.4,1) is obtained from (5.4,8) as

l f = ma, (5.4,9)

w.here f = [ df is the vector sum of all the forces acting on all the el

Since the internal forces, those which one element of the system exeriments.

another, occur in equal and opposite pairs by Newton’s third law of n? ltl,'pon

they vanish from {df. f is then the resultant external force actin \ 10};‘:

system m. Similarly, the integral over m of (5.4,4) is simply, B on e
d

= w
T (5.4,96)

where G’ = _[r x df is the resultant external moment about 0, and

h’ =fl‘ x vdm (54 10)

is the resultant angular momentum about 0. Let

r=ro+R (5.4,11a)
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as shown on Fig. 5.3. Note that from (5.4,6)

JR dm =0 (5.4,11b)
Then we may expand (5.4,9b) as follows:
J(rC+R) X df:%J(ro 4+R) x vdm
Since r is constant, it can come outside the integrals, to give
roxf+JRxdf=rowa}'dm+g—tJRx vdm

From (5.4,8) and (5.4,9) the leading terms on the Lh.s. and r.h.s. are seen to
be equal, so the equation reduces to

G=h (a) (5.4,12)

where

G =JR x df (b)
and

h=JR x vdm (c)

are, respectively, the momnent and angular momentum about C. Note tha:t
(5.4,95) has the samc simple form as (5.4,12) even though the former‘ is
referenced to a fixed point in inertial space, and the latter to a moving
point, the mass center. This simple form does not hold, for arbitrary motion
of the systems, for any moving reference point except the mass center. '

Equations (5.4,9) and (5.4,12) are the two fundamental vef;tor equations,
equivalent to six scalar equations, that relate the “gross” motion of the quy
to the external forces that act on it. The description of the “fine”’ mof,lon
(distortion and articulation) requires additional equations that are given
subsequently.

THE ANGULAR MOMENTUM

With components in F;, the angular momentum of the general deformable
body is from (5.4,12¢), on converting to matrix notation,

h, =JI~{IVI dm

_ J R dm (5.4,13)
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Tt is not convenient, as will be seen later, to have the angular momentum
components referred to fixed axes. In fact we want its components along
the axes Fp, attached to the moving vehicle. From (4.6,10)

R; = L;z(Ry + ®zRp) (5.4,14)

whence (5.4,13) gives the components of h in Fpas

hp = Lghy; =JLBIﬁILIBRB dm + JLBIRILIBG’BRB dm

Now the matrixR transformsaccording to therule (4.7,4), so that LR L=
Ry and we get for hy

hy =Jl~{BRBdm +Jﬁ,,a,BRB dm (5.4,15)

When the body is rigid, RB =0, and the first term vanishes. [Note that

IRB dm vanishes in any case because the origin is the mass center, see
(5.4,11b).] The second term of (5.4,15) is therefore identified as the “rigid-body
component” of h, and the first term as the “deformation component.” To
evaluate the second term, we note that ®R = —Rw (Since w x R = —R x @)
and hence

fﬁB&BRB dm = —fﬁ,,ﬁ,,w,, dm (5.4,16)

Since @, is constant with respect to the integration, we may write

—JﬁBﬁBwB dm = # gy (5.4,17)
where

Ip = —fﬁBﬁB dm (5.4,18a)

(note the identity RR = RZRI — RRT). After expansion of (5.4,18¢) and
integration we get

1, -1, —I, A —F —E
Fp=|-1, I, —I.|={—-F B —D| (5418
1, I, I, —-E —-D ¢

The two notations for the elements of & given in (5.4,18b) are both traditional
and in current use in flight dynamics literature. These elements are the

t
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moments and products of inertia, i.e.
I, =4 =J‘(y2 4+ 2% dm, etc.

1, =F =J‘xy dm, ete. (6.4,19)

Note that the inertia matrix transforms according to (4.7,4), so that for two
reference frames Fp and Fp we have

I, = Lyp.? 5. L,n, (5.4,20a)

For any S5 , there always exists a transformation Ly 5, Fha.t produces a
diagonal matrix £ (see ref. 5.1). Fp, is then a set of .pnnczpal axes, for
which the products of inertia all vanish. When the vehicle has a plane of
symmetry, then the z and z principal axes lie in it. If the body axes Fp are
obtained from the principal axes by a rotation e about Cy, the elements of
#  are found from (5.4,20a) to be

I, =1, cos®e+ I, sin®e

I,=1,

I, =1, sin®e+ I, cos®e (5.4,20b)
I,=3}, — I,)sin2e

I,=1,=0

where the subscript p denotes principal axes.
Let us denote the deformation component of h by

h} =J‘RBRB dm (5.4,21)

so that (5.4,15) gives the total angular momentum
hy = h + Fpwp (65.4,22)

From (5.4,21) we can evaluate h}; as

J‘(yé — y2) dmT

hy, = J‘(z:b — zz)dm (5.4,23)

LJ‘(x‘l] — zy)dm
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ROTATING SUBSYSTEM

When the relative motion in question (i.e. of the system w.r.t. F) is that
of a rigid rotating subsystem (such as an engine rotor or propeller in an air-
craft or an inertia wheel in a spacecraft) with angular velocity w"’ relative
to the main body, then we have, over the spinning component,

where R7j; is the position vector of a mass element relative to an origin
anywhere on the axis of rotation. Ordinarily the mass center of the spinning
body lies on its axis, and this is the natural choice of origin for R"},. In that
case it is easily shown (an exercise for the reader) that the contribution of
the rotor to h*, denoted h", is

h'y = Iy (5.4,24)

where S is the inertia matrix of the rotor with respect to centroidal axes
parallel to those of F,. If moreover the spin axis is a principal axis of inertia
of the rotor the vector h" is collinear with w", and has magnitude I'w" where
I" is the moment of inertia of the rotor about the spin axis. Naturally,
there is one term like (5.4,24) for each rotor.

THE REMAINDER OF h*

The remainder of h* ordinarily comes from the motion of hinged parts
and from elastic deformation, although there are other kinds of possible
relative motion, such as fuel sloshing which is important in liquid-fueled
rockets (ref. 5.15). This total remainder is denoted by h®. We now show that
it is possible always to choose a set of body-axes Fp for which h® vanishes.
These are termed “mean axes’’ by Milne (ref. 5.2).

Consider two centroidal reference frames ¥, and Fy_ for which the angular
momenta are

hBl =fﬁ131RB| dm + fBlel+ z hrlu‘ (a)
i (5.4,25)
hB: ZJRB:RB: dm + jl,’(w + Aw)B’ + z hriB’ (b)

Here the summations are the contributions of spinning rotors, R in the inte-
grals represents the residual relative motion, and Aw is the angular velocity
of Fy, relative to Fp . The first term of (5.4,25b) can be transformed as
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follows:

. = 1 & dm
th‘ ='[R]}.RB’ dm =j(LH:’31R]7|LBl]Jt) {L]JzB,(RBl + AU)B,RBl)}

= LBlBl{jﬁ]}lRBl dm + jﬁBx AdpRp, dm}
Applying (5.4,17) to the last term, we get
R, ¥ 5.4,26
h'p, = LB,B,{J.RBlR‘B, dm + $p, Awn,} ( )
1t follows that the angular momentum h?y, of the distortional relative motion
vanishes in Fp, if
jﬁBlR]}, dm + Sy, Doy, = 0
or if
Ry ¥ 4,21
A(.I)B‘ = _j_lBljRBlRBl dm (5 4,2 )
Equation (5.4,27) provides the condition that the. axis system f‘ p, must
satisfy if the angular momentum hp, referred to it is to have the form
hy = Fpp + 208 (5.4,28)
i
This condition will be met when Fp has the orientation required by Lp,n,®)
that satisfies the differential equation [see (4.6,6)]
Lp,u, = 0®pLn,n, (6.4,29)

It is not necessary actually to solve (5.4,2’7. an.d 29) for Ly, Bf th(}):::re:z
make use of mean axes. Our concern here 18 simply to establ}si thelr o
istence. We note that when the body axes are .mean axes, ‘t e 3\ o:n " si
relations must hold for the distortional motion. Since the origin 18 the

center,
ja‘:’ dm:jx]' dm =ji' dm =0 (a)

(5.4,30)
and from (5.4,23)

j(yi’ — g'z)dm =j(za':’ — #'z)dm .—_j(xg' —&y)ydm =0 (b)

in which the prime denotes the distortional component of ‘.ohej ve.locltyf
relative to Fp. The use of mean axes, and the consequent ehml‘naitlon -01
distortional contributions to h* has the effect of eliminating the main inertia.
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coupling between the distortional degrees of freedom and those of the rigid
body. Some coupling still remains through J however, see (5.6,7).

55 FORCE EQUATIONS IN WIND AXES

The force equation of motion is (5.4,9). In wind axes it becomes
fip = mac,
with ag,, given by (5.3,11). For the particular case of a stationary atmosphere

(5.3,15) gives the acceleration components, so that the scalar equations of
motion are

Jay = mV
Jow mV{rEy + ry) (6.5,1)
fzw = —mV(qu + aw)

l

Although all the terms of (5.5,1) may be needed for applications to
hypervelocity flight, there are numerous exceptions in which the Earth
rotation can be neglected. The result is then much simpler, viz.

Juy =V
Jo, =mVry (5.56,2)
e — —mVqy

Not only is (6.5,2) simpler in form than (5.5,1), but the angular velocities
ry and gy, that appear in it are those of ¥, relative to Earth and not to
inertial space, and are themselves correspondingly simpler.

THE FORCE VECTOR

The force vector for atmospheric flight consists of two parts, the aero-
dynamic reaction (including propulsive force) A, and the weight mg, i.e.

f=A+ mg (5.5,3)
In the wind-axis system F;, the components of A are given by
X

Ay =|Yy, (5.5,4)
ZW
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It is convenient further to subdivide A into the “configuration aero-
dynamics’”” and the propulsive force thus

D} [T.,
A=—lcl+]|m, (5.5,5)
Ly L7,

Where D is drag, C is side force, and L is lift. The directions of D, C, L
relative to the vehicle are illustrated in Figs. 4.4 to 4.6. The separation
of the thrust from the other forces is to some extent always arbitrary, but
is nevertheless useful. Any of the components of 7' may be large when we
consider the flight of rockets or of V/STOL aircraft, although in the cruising
flight of airplanes only T’ is usually significant. Finally the gravity force
is given by

0
gy = |0
g
and
mgyy = mLyyBy (5.5,6)
In terms of the wind-axes Buler anglest this becomes, from (4.5,4)
—sin Oy
mg = myg| cos By sin dw (5.5,7)

cos 0,y cos ¢y
so that the expanded set of scalar equations is
T, —D—mg sin 0, = mV (@)

T,, — C + mgcos 0,y 8in ¢y = mV(rEy + rw) (b) (b.5,8)

vy
T,, — L + mgcos Oy cos ¢y = —mV(¢%w + qw) (¢)
The terms r and g%,y will vanish when Earth rotation is negligible.
The above equations are most conveniently regarded as having the primary
dependent variables V, iy, Q- However they are not complete in the sense
that the aerodynamic and thrust forces contained in them are functions
not only of the above three variables, but also of pyy, and of the aerodynamic
angles « and § (see Sec. 4.3). The moment equations and some additional
kinematic relations must be used to complete the mathematical system;
these are presented in the following sections. Little use has been found for

{ The elements of Lypp, i.e. the direetion cosines of FW, can be used as the orientation
unknowns instead of the Euler angles, see Sec. 5.2.
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the moment equations i i
P q s in the F,, frame, and these are given below only

5.6 FORCE AND MOMENT EQUATIO
’ NS
(EULER'S EQUATIONS) N BODY AXES

The force equation of motion in Fy is [see (5.4,9)]
f, = mac,

\V;th :c,' given by (5.3,16). Again particularizing, as in Sec. 5.5, to the case |
ot'a. 8 atlf)nary atmosphere, (5.3,18) give the required components of acceler-
ation. With the aerodynamic force in body axes denoted by

X

Ap=|Y (5.6,1)

in accordance with traditional usa; i
ge, and treatin i i
the scalar equations become B grovily oa i Sec. 5.5

X — mgsin 0 = m[i + (¢¥; + qw — (rFp + )
Y + mgeos Osin ¢ = m[s + (r¥; + ru — (¥, 4+ p)w]  (5.6,2)
Z + mg cos f cos ¢ = m[w + (5 + P — (¢%5 + Q)

Ag&lll When the E &rtll rotatio can b ne l ed entire y p 7
] n
€ g ect d ] ’ ( n q n I])

The moment equation in frame ¥/ is (5.4,12), i.e.

G, =h
or in body axes, ! ! (e:0)
Gy = Ly, G, = hy + &yhy, (5.6,4)
The copventional notation for G, and hy, is
L h,
Gp=|M|, h,=]4, (5.6,5)
N h

z.
Eldespltlt; the fact that L is also used for lift (5.5,5)]. In atmospheric flight G
ﬂ;)r}rlr:ahy comes from a.e.:rodyna.mic, propulsive, and control forces; in space
ght however, magnetic forces, solar radiation pressure, and gravitational



144 Dynamics of atmospheric flight N
torques may all contribute importantly to it. The scalar expansion of (5.6,4) is
L="h,+qh,—1h, .
M=h, +rh, — ph, (5.6,6)
N=hz+phv—qhz
When mean axes are used, (5.4,28) gives hy, and in that case (5.6,4) can
be expressed as
I &Hph" 6,7
Gy = Fpwp + Fpoop + GpFpwp + 2 h'p + 'anh p  (5.6,7)
Note that in (5.6,7) the rotation of the Earth does not appear explicitly,

. or
ven though no assumption has been made con.cermng it. It (.ioest hior::;al
chur implicitly in w, which is the angular velocity of Fp relative to

space. The matrix expansion of (5.0,7) is
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In that case I, = I,, = 0, and (5.6,9) simplify to
L=1Lp— 1,0+ pg) — (I, — 1)gr
M=14—1,0—p)— (I, - L)yp (5.6,10)
N=Ii—1,(p—gqr)— (I, — I)pq

Finally, when the axes are principal, I as well vanishes, and we obtain the
simplest form of the moment equations

L= zj) - (Iy - Iz)qr

M=14—(I,—Lyp (5.6,11)
N = I,T - (Iz - Iv)pq

5.7 DISCUSSION OF THE SYSTEM OF EQUATIONS

We have presented in the preceding sections a large number of complicated
coupled equations that describe the kinematics and dynamics of a vehicle
in flight over a spherical rotating Earth. (The student may be forgiven if
he is slightly bewildered by them at this point!) Qur purpose here is to
evaluate these equations, show the relationships between them, and present
the essential structure of the system.

Much of the complexity has resulted from the inclusion of the rotation
of the earth (the w® terms) and its curvature (the w? terms) in the mathe-
matical model. We have already shown (Sec. 5.3) that the centripetal
acceleration associated with w?Z is usually negligible, and that the Coriolis
acceleration is small but not quite negligible. To gain further insight into
the w® and w" terms we look at the z component of the force equation for
horizontal flight on the equator. Thus with Ow = ¢y = 0, (5.5,8¢) gives

—L+T, + mg=—mVgE, + aw)

(5.7,1)

L I; —Iéw _Izz r I’ —I‘” —I". P
My = —‘I;w Iv —Ivz q) + —I" I" —I” g
N —Iz: "‘Ivz I; T _Izz _Itl I’ r
0 -7 q “ [ I: '—Izv —Izz p Zih;'
+r 0 —p||—1. I, —Lau||l9|+ ;hv"i
b
e » O f[~Le ~Le L JI7] (2
[0 —r g -‘ —Z B
I I P 6509
—q p O [|Zh
L B F)

Owing to its length, there is little advantage in presenting the. fullhs.sc:l;‘
expansion of the complete equation (5.6,8). For tl}e restrlct.eq dca;se dln \;rt I:
is Eegligible and there are no rotor terms, that is, for a rigid body,

L= I p - Iﬂl(q2 - r2) - Iz:(i- + PQ) - Izy(q - TP) - (Iy - Iz)qr 56 9)
M= Izq - sz(rz - pZ) - I:y(p + qT) - Ivz(f- - Pq) - (Iz - I:)rp ( -,
N = Ivf - Izy(pz - q2) - Ivz(q. + Tp) - Iz:(j) - qT) - (Iz - Iv)pq

Tt is usually the case for flight vehicles that Czxz is a plane of symmetry.

With yp, = 90° for eastward flight and 2 = 0, (5.3,14) and (4.5,4) yield

%y = —0¥ (5.7,2)

Since the Euler angles are constants, then from (5.2,8) P

w =@y = Ry =0,
and from (5.2,10)

9w = —(0f + p) (5.7,3)
From (5.3,5), 4t = V[, so that finally (5.7,1) becomes

2
= 2mV e 4 % (5.7,4)
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The first term on the r.h.s. is the Coriolis force due to Earth rotation, and
when V equals orbital speed (about 26,000 fps) amounts to about T mg.
The second term is due to Earth curvature (in the “flat” Earth approxi-
mation & — oo and this term vanishes), and at orbital speed makes up the
balance, about 90 %, of mg. [Note that V is speed relative to F g, not relative
to F;, and that the exact form of (5.7,4) would have the additional small
term +m%AwE® on the rhs] Both terms on the r.h.s. of (5.7,4) increase
with speed, the first linearly, the second quadratically, and each amounts to
1% of the weight when the speed is about 1 of orbital speed, i.e. about
2600 fps for atmospheric flight. This speed therefore seems a useful boundary
below which both w® and w” can be neglected, and above which they should
be included for accurate results. It corresponds to a Mach number of about
2} to 3, depending on altitude, so that at low supersonic speeds, as for first
generation supersonic transports, these terms are just marginally small—
perhaps not quite negligible for range calculations. For all high supersonic
speeds and hypersonic speeds they would be of increasing importance.

The preceding argument, being based on the force equation of motion,
has validity only for trajectory calculations, i.e. for calculations of the flight
path. When the problem of interest concerns attitude dynamics, i.e. the
relatively rapid rotational motions of the vehicle relative to Fy,, the situation
is quite different. For then F and w” can be important only if they are
appreciable compared to (grester than 1%} say). Now w® ~ 17 x 105
rad/sec is extremely small compared to most technically im‘;;‘tant vehicle
rotations, and " has a maximum value at orbital speed of about 10-*
rad/sec which is also negligible in this context. Hence both w? and W’
terms are normally negligible insofar as the moment equations are con-
cerned.

Two alternatives have been presented for the dynamieal force equations:
in wind axes and body axes. Both are used in current practice, and there
are no overriding advantages for either system. The wind-axes form is gener-
ally more convenient for trajectory analysis, in which the attitude of the
vehicle is prescribed a priori, and the moment equations are not used at all.
For combined trajectory and attitude motions, either a “mixed”’ form of the
equations, or the body-axes form, is normally employed. In hovering flight,
when ¥V = 0, and the angles o and § are not defined, the body-axes form is
virtually mandatory. It is convenient to use a particular mixed form of the
force equations for the analysis of small perturbations from a steady reference
state (see Sec. 5.10).

On the other hand, there is only one reasonable choice for the moment
equations. Only in Fpg is # constant for a rigid body. To use any other
reference frame adds unnecessary complication.
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Little has been said in the foregoing sections about the aerodynamic
forces and moments that appear in the cquations:(D, C, L, and T} in (5.5,8)
X, ?’, Z) in (5.6,2), and (L, M, N) in (5.6,8). These depend on the lo’cai
ambient density, the motion of the vehicle relative to the atmosphere, and
on nonautonomous control inputs. Thus for a rigid vehicle, they are func)tions
(more exactly, functionals, see Sec. 5.10) of p( %) the density, of (V, «,, 8)
or (%, v, w), of (p, ¢,7),t and of a set of control variables. There ar,e ;t’,her’
ways, besides its appearance in p, in which the altitude (i.e. ), can occur asa
nont‘rivial independent variable in the equations. One is when ’there is a wind
gradient with height, e.g. W_(#), and another is when the vehicle flies close
to the ground, so that there is a “ground effect’’ on the aerodynamic ﬁcid
of tht? vehicle. In the latter case the acrodynamic forees can be very stron
funct'lon.s of height. A third casc is when the gravitational inverse squar(gz
la\s" is included, i.e. g = g(#). For near-orbital vclocities at very high
altitudes, it has been shown (ref. 5.4) that this refinement is necessary. ;

The structure of the mathematical system for a rigid vehicle (# = 0) in
‘f,he more general high-speed case, and the interrelations among the variables
is displayed in Figs. 5.4 and 5.5. Each set of scalar equations is regarded as ai
subsystem that produces three dependent variables as outputs. The inputsare
the quantities needed to calculate the outputs from the given equations
All the quantities shown immediately to the right of the square blocks car;
be found by algebraic solution of the equations. The aerodynamic terms in
the force and moment equations have all been replaced by the state variables
of which they are functions, and control forces and moments. On checkin
the reader will find that all the autonomous variables needed as inputs ogn’

the left-hand side are available as outputs on the right-hand side r
To recapitulate, the mathematical models described by Figs. 54 and 5.5
are subject only to the following assumptions . .

(i) Tl:lp Earth is a sphere rotating on an axis fixed in inertial space, and
g is a radial vector. ’
(11) The centripetal acceleration associated with Earth rotation is neglected
({11) The atmosphere is at rest relative to the Earth. '
(iv) The vehicle is a rigid body.

None of these restrictions is made from any fundamental necessity, and any
)

of them may be removed when the applicati ires i
he pplication requires it,
additional complexity. ! t ot the cost of

t {&cl&ually the angular velocity of the vehicle relative to the atmosphere is w £
and l.t is the components of this vector, not (p, g, r), that strictly speaking sh _l lwb )
fxse(l in th? calculation of aerodynamic forces and moments. However wZ is stg) . Ollll ct,h .
in the majority of applications no significant error is incurred by neglecting i:ma ™



148 Dynamics of atmospheric flight
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Fig. 5.4 Block diagram of equations for rigid vehicle. Spherical rotating earth.

Combined wind and body axes.

5.8 THE FLAT-EARTH APPROXIMATION

We have shown above that o wide and important range of flight dynamics
problems, corresponding roughly to M < 3, can be treated adequately with
a significantly simpler mathematical model than that given in Figs. 5.4 and

lecting wF and 0" or alternatively by treating the Earth

5.5—that is, by neg
as a stationary plane in inertial space. The reduced equations obtained by
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b, 0 .
Rou, v, w Force Eq. U -——ﬂ>—_‘ u
. P, q, r—> in Fy > v ____{D____ v
p¥p, qEp, rEg—> (5.6,2) .
Control forces w ————{D—— w
-%, u, vV, W ——3 -
Moment Eq. P '| ]D—— P
pgr—> inFy (>4 1 a
Control moments ———] (569 P
r
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Ap, A ——>—_~H R
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u, v, w—>> .
' # —PD—a
0' d): \P — __épE
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A s (6317 — 9"
—r£g

Fie. 5.5 Block diagram of i igi
¢ . . .
o syatom, g equations for rigid vehicle. Spherical rotating earth. Body

neglecting all w® and w” terms in the m
bin : ore general
for a rigid vehicle having a plane of symmetgry. ones are collcted belo

T,, — D — mg sin Oy =mV (a)
7,,— C + mg cos by sin ¢y = mVryy (b) (5.8,1)

T,, — L + mg cos Oy cos pyy = —mVqyy (c)
X — mgsin 0 = m(% + qw — 1v) (@)
Y + myg cos 0 sin ¢ = m(v + ru — pw) () (5.8,2)
Z 4 mg cos 0 cos = m(w + pv — qu) (o) ,

L= Ia:p - Iz:(i + PQ) - (Iv - Iz)qr (a)

M = yq - Iz.‘l:(r‘z _pz) - (Iz - Iz)rp (b

N= I,T - Iz:(p - qT) - (I:: - Iy)pq (G
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$uy = Py + Qw sin iy tan Oy & Ty €05 ¢y tan Oy
O = qw €08 dw — Tw sin ¢y
By = (@ Sin by + T COS ) sec Oy
(Without subscript W, (5.8,4) apply to body axes.)
G, =¢q— gz Sec — pcosag tan f — rsin «, tan f§
f=ry+ poino, —7COS%

Py = P €OS 0, COS i

+(q—c’c,)smﬂ+rsina,cosﬂ

V cos 0}y, cos i (a)
V cos Oy sin yyp ()

—V sin Oy (c)
g u
yg| =Lvn| ¥
ig w

(a)
() (5.84)
(c)
(@)
) (5.8,5)

(©)

(5.8,6)

(5.8,7)

mbol for both lift

he context usually makes it quite clear which

Fig. 6.6 Block diagram of equations for rigid vehicle with plan
body axes.

Flat-Earth approximation.

o of symmetry.
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Py QT ] in Fy b v _[D__ v
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a7 [ % ——AD—%

¢, 0, —>

— & —{D>—=

Fra. 6.7 Block diagram of equations for vehicle with planc of symmetry. Body axes.
Flat-Earth approximation.

is meant, and even the novice seldom has difficulty with this ambiguity.
In the nondimensional form of the equations, the ambiguity disappears,
different symbols being used for the two quantities.

The block diagrams for the above equations are given in Figs. 5.6 and 5.7
for the combined and body-axes systems, respeetively. Since in the case of
body axes there are no kinematical relations needed to connect the two axis
systems, the number of equations is twelve instead of 15. However the foree
equations (5.8,2) and the position equations (5.8,7) are then more complex
than (5.8,1) and (5.8,6) which they replace, so the advantage resulting from
the reduction of size is offset by greater complexity in the remaining members.
The state variables of Figs. 5.6 and 5.7 are conveniently grouped for identi-
fication as follows:

(u, v, w) or (V, az, ) give translation of vehicle relative to Earth.

(p,q,7) give rotation of vehicle relative to Earth.
(zg, YE»%E) give position of vehicle relative to Earth axes.
(¢, 0,v) give angular orientation of vehicle relative to ¥,

(¢w O viv) give orientation of wind axes. @y =y is the
angle of climb, and y;, is the heading of flight

path.

(Pw: Qs Tw) give angular velocity of the wind axes.
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59 STEADY STATES

It is of interest to deduce from the preceding general equations what
“gquilibrium points”’ exist for a flight vehicle. Neglecting motion of the
Earth center, a true state of rest in inertial space occurs only when the vehicle
travels due west at a rate exactly equal to that of the local eastward motion
of the Earth. This is too restricted a case to be useful. Equilibrium in a more
general dynamical sense corresponds to equilibrium of all the external
forces, i.e. a state of zero acceleration, or rectilinear motion. On a round
Earth, this kind of equilibrium is also not useful, since the flight path would
then either intersect the Earth, or go off into space. The uscful definition
is that of an “aerodynamic steady state,” in which the motion, the aero-
dynamic field, and gravity are all constant in the frame Fp. Thus the aero-
dynamic pressure distribution and the gravity components are constant with
time. Such a state requires, first, that (u, v, w) or (V, a,, ) and the rates of
rotation (w — w®)y; of Fprelative to the atmosphere or to F g be constants.
Second, the Euler angles 0, ¢ that affect the gravity components must be
constant. Constancy of aerodynamic forces at constant (V, a, f) also re-
quires constant air density, i.e. constant altitude flight. Thus 0y, = 0. Now
consider the force equation (5.6,2). By postulate, the derivative terms are
zero, and the left-hand side is constant. It follows that these equations can
be solved for the constant values of

pFp+p
(wf +w)y = cp+a

rEB+r

Since the sum and difference (line 14 above) of w®y; and wy, are constants,
then they must be separately constant. Since (a, f) and (p, ¢, r) are constants,
then from (5.2,13), (Py» Q) ') 8T also constant, and transforming the
constant w?p into Fy; leads to a constant wZy,. Now the components of
wF can be constant in Fy, and/for Fp, with the constraint of constant altitude,
only if the motion of the frame is o rigid-body rotation around the Earth’s
axis. Thus the path of the vehicle mass cenler must be a circle around the azis,
i.e. it must be a minor circle of the Earth, lying on a parallel of latitude. Analyti-
cally this means that 2 = const, and y = +7/2. The conditions for this
most general steady state may then be summarized as follows, taking the
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option yy, = 7/2 (eastward flight):

vy = 7[2 A = const
by =0 A =const 5
¢p = const B =39 sec 3 o:5:1)
u »
a, | = const, v| = const, 1 = const
= (5.9,2
: v . !
From (5.2,8)
Py
Qw|=0 (5.9.3)
R
From (5.2,10) v
PW-‘ 0 -‘
gw | = —|cos (A — dp) [(@® 4 ) (5.9.4)
rpl  Lsin(A—
From (5.3,14) i bl
PEW— i 0 —1
¢Ew| = —|cos (A— ¢y} |wF (5.9,5)
rEy ] sin (A— ¢}
The wind-axis force equations (5.5,8) then reduce to
T,,— D=0

T, — C + mgsin ¢y = —a¥ sin (A — $p)(20” + )  (6:9,0)
T,, — L + mg cos ¢y, = mVeos (2 — ) (20” + f1)
The reduced moment equations for this rmse are of little interest, since they

contain only second-degree terms in (p,¢, r), and the latter are cloarly of

order (@ 4 1), which is at most about 10-3 rad/sec for suborbital flight
They therefore reduce to L = M == N =10. .

To be exact, even this restricted steadystate cannot exist, for the following
reasons:

(i) All .rea-l vehicles in horizontal flight have propulsion systems that
utilize fuel, so m is never strictly constant. ’

(ii) ’Ijhe E?arth iS' not a perfect sphere, so that flight at constant altitude
(i.e. air density) is not strictly flighi on a circle.

(iii) The atmospheric density is never exsctly constant and the wind never
exactly zero at a given height.
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These deviations from the idealized steady state are, of course, not im-
portant enough to invalidate its usefulness.

If the Earth rotation w? can be neglected, then clearly no one minor circle
is preferable to any other, and the steady state can be on any minor circle
over the Earth. In the flat-Earth approximation, the minor circle becomes
any circle parallel to the ground surface. If in addition the variation of p
with height can be neglected, as for a shallow climb or glide, the most general
steady state becomes & vertical helix, i.e. a climbing or gliding turn.

5.10 THE SMALL-DISTURBANCE THEORY

A particular form of the system equations that has been uscd with enor-
mous success ever since the beginnings of this subject is the linearized model
for small disturbances about a reference condition of steady rectilinear flight
over a flat Earth. This theory yields much valuable information and many
important insights with relatively little effort. It gives correct enough
results for engineering purposes over & surprisingly wide range of appli-
cations, including stability and control response. There are, of course,
limitations. It is not suitable for spinning, post-stall gyrations, nor any other
application in which large variations occur in the state variables.

The reasons for the relative success of this approach are twofold: (i) in
many cases the major aerodynamic effects are truly nearly linear functions
of the state variables, and (ii) disturbed flight of considerable violence can
correspond to relatively small values of the linear- and angular-velocity
disturbances.

CHOICE OF AXES

A convenient choice for the axes in the small-disturbance model is to use
wind axes for the lift-force and drag-force equations (5.8,1a and ¢), and
body axes for the remaining force and moment equations {6.8,2b and 5.8,3).
Tor vehicles having a plane of symmetry two sets of uncoupled equations
are found, the longitudinal and the lateral. Since the pitching moment
equation turns out to be the same in both axis systems, the longitudinal
equations are then in wind axes, and the lateral in body axes.

NOTATION FOR SMALL DISTURBANCES

The reference steady state is taken to be symmetric rectilinear flight,
although the more general cage can readily be handled by the same approach
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(vef. 5.3). The steady-state values are denoted by subscript e (for equilibrium)
and changes from them by the prefix A. Thus for example

V=V,+ AV
¢=¢, + A
p=p,+Ap (5.10,1)
L=L,+ AL
etc.

Since the stet?dy state selected is wings-level translation, we can have at
most the following nonzero reference values of the state variables:

Ve ot O, v, (5.10,2)

All other motion and angle variables are zero in the reference state and for
these .the prefix A is not needed. 0y, as well will be zero if the reference
state' is horizontal flight, as it must b:a when we include the variation of ai
density with height. However, we keep 0}, as nonzero in order to inc]udz

the case of constant density withi i
y within the analysis. 0, the angle of cli i
replaced with the more common symbol y. v ngle of climb, &

FURTHER ASSUMPTIONS

In the classical linear equations, m and g are constants, the vehicle i
fissumcd to have a plane of symmetry, and the momenta of'spinnin rotols
is excluded. The latter assumption is easily relaxed when rotor te%ms ‘o
important. 1.&8 a particular choice for body axes we select Fg, the stabi?i:e
azes, fo.r wl}lch a,, = w, =0 (see Sec. 4.2.7). Since the initiaﬁ’headin ha?:
no special significance in the flat-Earth approximation, we also set g—— 0

Instead of «,, the angle of attack of the xg axis, we c’hoose for th;p Z;; l— f
attack variable that of the zero lift line (see Sec. 6.1). It is denoted sxi%ne ;)
«, and of course is not zero in the reference state. o and «, diffe 1 bp !
constant in any particular case. ) Ty e

In treating the thrust terms of (5.8,1) we wish to make allowance f
rather general conditions, such as can occur in VTOL and STOL ﬂ(; hotr
when the thrust vector may be at large angles to the direction of m t,g ’
We therefore assume conditions as illustrated in Fig. 5.8. We further a: e
tha.t t:he thrust vector rotates rigidly with the vehicle when it is ertu:;l)n:le
This implies that any rotation of the thrust relative to the vehicll)e is t eb.
accounted for by adding suitable increments to L, D, and Y. e
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Fia. 5.8 Thrust vector at large angle to V.

In the perturbed state, the thrust vector in body axes is
COS &
Tp= (T + AT) 0

—sin ap
and in the wind axes is
Ty = Ly pTp
On making use of (4.5,5) (with o, = A« therein) and linearizing, the result

is

T, = (T, 4 AT)cos ap — AT, 8in o (a)

Ty 4
T,,= —pT, cos ar ®) (5.10,3)
T, = —(T,+ AT)sinap — AaT, cosap ()

THE LINEAR EQUATIONS

In linearizing the appropriate members of (5.8,1) to (5.8,7), we aﬁs:}l}n:
that all the perturbation quantities AV, Aa, p, etc., are small, az ;ai
squares and products of them may be neglected. It follows that cos Ay = 1,
and sin Ay = Ay. Thus (5.8,1a) for example becomes

(T, + AT)cosap — AaT sinag — (D, + AD) — mg sin (y, + Ay) = mV

or, on expanding the trigonometric term,

(T, co8ap — D, — mgsiny,) + AT cos ap
— AaT, sinap — AD — mgcosy, Ay = mV

Vo =
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The part in brackets vanishes, since the reference state must satisfy the
equations, and hence the final perturbation equation is
AT cosagy — AaT, sin ag — AD — mg cos Y. Ay =mV (5.10,4)

Note that no approximation has been made here concerning y,. The equation
applies to flight at any angle of climb or descent up to vertical flight. Pro-
ceeding in a similar manner for all the other equations, the result is

AT cos oy — AaT, sin ag — AD — mg cos y, Ay = mV (a)
AY 4 mgcosy,d = m(s + V,r) ()
(5.10,5)
AT sin ap + AaT, cos «p + AL + mg siny, Ay = mV gp (c)
AL=Ip—Li (a)
AM =14 ®) (5.10,6)
AN =147 —1,.p (c)
$=p+rtany, (a)f
Y=y (%) (5.10,7)
Y =rsecy, )t
Gy =g — a (5.10,8)
Zg =V, cosy, + cosy, AV — V, siny, Ay (a)
g =V,cosp, p+o ®) (5.10,9)%

ig=—V,siny, —siny, AV — V,cosy, Ay (¢)

Note that the order of the terms in (5.10,8) has been rearranged slightly
as compared with (5.8,5) and that two of the latter are not needed. Of
(5.10,9) the first and third come from (6.8,6), and the second from (5.8,7).

Although the moment equations (5.10,6) were obtained by a linearization
of (5.8,3), which are the equations for a rigid body, they are in fact valid
for a deformable body. This is because the first term on the r.h.s. of (5.6,8)
contains only the products of first-order rotations and rates of change of
inertia coefficients. The latter are also first order in the linear model, and
hence the distortional coupling terms are second order and negligible.

Because of the simplicity of the linear kinematical relations, it is convenient
to eliminate g,;, and to regroup the equations as follows.

t Equations (6.10,7a and c) cannot be regarded as a sma
when y, — 190° for then ¢ and § —  for any finite r.

1 Equations (5.10,9) are not strictly perturbation equations, albeit linear, because of
the presence of the constant terms V, cos y, and —V,sin y,. The perturbations are
strictly (5 — V, cos Ye)s Y 8nd (Zp + V, 8in Ye).

ll-perturbation equation
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Longitudinal Equations:

AT cos ap — AaT, sin ag — AD —mg cosy. Ay =mV (a)
AT sin ap + AaT, co8 ar + AL + mg siny, Ay = mV.p (b)
AM = L4 (©)
y+a=gq @) (5.10,10)
gg = V,c087, + cosy, AV — V,siny, Ay (e)
z‘E=—-V,siny¢~siny,AV—V,cosy,Ay (f)
Lateral Equations:
AY + mgcosy,$ = m(® + Vv, (a)

AL = I:i) - Izzi. (b)

AN = —1..9p + 1,7 (c)

¢ —p—rtany,=0 (d) (5.10,11)
1p—rsecy,=0 (e)
yg=V,cosyp+v )

The equations are grouped and named in the above manner because the
state variables of the first group (AV, Aw, g, Ay, g, z) are known as the
longitudinal variables, and those of the second group (v, P, 7, é, v, yg) are
known as the lateral variables. Note that only longitudinal variables appear
explicitly in (5.10,10) and only lateral variables appear explicitly in (5.10,11).
With the conventional aerodynamics assumptions of this model (see below)
the aerodynamic force and moment terms also display this separation, and
the equations completely decouple into two independent sets.

THE LINEAR AIR REACTIONS

At the heart of the subject of atmospheric flight mechanics lies the problem
of determining and describing the aerodynamic forces and moments that
act on a given body in arbitrary motion. It is primarily this aerodynamic
ingredient that distinguishes it from other branches of mechanics. Aero-
dynamic forces and moments are strictly speaking functionals of the state
variables. Consider for example the time-dependent lift L(¢) on a wing with
variable angle of attack «(f). Because the wing leaves behind it a vortex
wake that in general generates an induced velocity field at the wing, and
because hysteresis is present in flow separation processes, the aerodynamic
field that fixes the lift at any given moment is actually dependent not only
on the instantaneous value of o but strictly speaking on its entire past
history. This functional relation is expressed by

L) = La(r)] —o <1<t (5.10,12)
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When «{r) can be expressed as a convergent Taylor series around ¢, i.e.
‘ Of(f) = a(t) + (v — t)alt) + (v — H%al) + - -~ (5.10,13)
then the infinite series a(f), &(f), &(¢) - - - can replace «(7) in (5.10,12), i.e.
L(t) = L{x, &, &+ *) (5.10,14)

gvhere c'z, & - are va.lue? at time f. Thus the lift at time ¢ is in this case
etermined by « and all its derivatives at time ¢. A further series expansion
of the r.h.s. of (5.10,14) around ¢ = 0 yields b

AL(t) = L, A + 3L (Aw)? + - -+ + Ly Ad + bLog (Ad)2 + -+ (5.10,15)

in which all the products and powers of Aa, Ad - - - appear, and where
oL
L, =—
7 |, ete. (5.10,16)

'51‘he classica.l. assumption of linear aerodynamic theory, due to Byran (refs
.5 and 1.2) is to accept the linear reduction of (5.10,16) as a representatior;

of the aerodynamic force, even when A i
’ ¢ . .
bsled by (510050, 0o «(t) is not an analytic function as

AL{f) = L, Ao + L, Aé + LAa + -+ (5.10,17)

Derivatives such as L, in (5.10,17) are known as the stability derivative
or more generally as aerodynamic derivatives. For most forces and st : ,
variables, only the first term of (5.10,17) is kept, but in some cases ts e
up to th.e second derivative must be retained for sufficient accurac’ ‘flr‘r}:l's
assun.xptlon has been found to work extremely well over a wide rg : lst)"
practical applications. Occasionally the addition of nonlinear terms sngfx .
iL?u(Aa)z. = L ,(Aa)? can extend the useful range considerably Ano‘c,huc y
of 1{\cludmg nonlinear effects is to treat the derivatives as fu;10tio erfway
variables, e.g. L, = L («). fe of the
A major fraction of the total effort in aerodynamic research in the t
has been devoted to the determination, by theoretical and experim P":l
means, ‘of the aerodynamic derivatives needed for applicationp to gn :t
mechanics. A great mass of information about these parameters has n t;g
accumulated and Chapters 6 to 8 are devoted largely to this topic v
For a truly symmetric configuration, it is evident that the gdc;, force Y
?he rolling m.o.ment L, and the yawing moment N will all be exactly zer ,
in any '\fon&t:cn of symmetric flight, i.e. when the plane of s m)r,n:r:
f‘ema.l.ns in a fixed vertical plane. In that case, §, p, r ; p &;1.('1 ~Y---<~~~'—'-ifl
identically zero. Thus the derivatives of the a.symmetri’c o’r la’teral g)fc::ea:d
mor'nents, Y, L, N with respect to the symmetric or longitudinal motio
varmblt?s AV, Aq, g, Ay, xg, 25 are zero. In writing out the complete lin .
expressions for the aerodynamic forces and moments, we use thiI:a fact ::(;
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in addition make the further approximations:

(i) We may neglect as well all the derivatives of the symmetric forces
and moments with respect to the asymmetric motion variables.

(i) We may neglect all derivatives with respect to rates of change of

motion variables except for L; and M;.

(iii) The derivative D, is also negligibly small.

It should be emphasized that none of these assumptions is basically
necessary for the solution of airplane dynamics problems. They are made a8
a matter of experience and convenience. When it appears necessary to do so,
any of the terms dropped can be restored into the equations. With these
assumptions, however, the linear forces and moments are:

Longitudinal:
AD = D, AV + D, A + D, Azg + AD, (@)
AL =L, AV + L, Ao + Lya + Lyg + L, Bzg + AL, (b)
(5,10,18)
AM=MVAV+M,Aa+M&d+qu+M,AzE+AM¢ (c)
AT=T, AV + T, Azg + AT, (d)
Lateral:

AY = va+ Yyp+ Yrr+AYc (a)
AL =Ly + Lyp + Lr + AL (b) (6.10,19)
AN = Ny + N,p + N+ AN, (¢)

In the above equations, the quantities with subscript ¢ denote incremental
forces and moments that result from actuation of the control systems of
the vehicle. These may be nonautonomous, or autonomous if they result
entirely from feedback in an automatic control loop. For “fixed-control”
cases, they are, of course, zero or constant. Note the terms containing Azg
in (5.10,18). These are included to allow for wind and density variations
with altitude, and ground effect. They are absent in the lateral equations
by virtue of the basic assumption of decoupling. When the altitude effects
are present, it is important to note that the reference steady state must
be horizontal flight, y, = 0. y, can be different from zero only when the
derivatives T',, D,, L., M, are all zero. After substitution of (5.10,18 and 19)
into (5.10,10 and 11) the two sets of uncoupled equations are, with some
minor rearrangements:

_ Longitudinal Equations:

“mV = (T cos ap — Dy) AV — (T, sin ap + D,) Aa
— mg cos y, Ay + (T, cos agp — D;) Azg
+ AT, cos ap — AD, (a)
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—mV, + Lo = (T, sinap + Ly) AV 4 (T, cos ap + L) Ax
+ (L — mV,)g + mgsiny, Ay
+ (T, sinap + L,) Azgp + AT, sin ap + AL, (b)

I‘,q'—M‘,-,o'c=l¥_1yA‘V+M“Am—}—qu+M,AzE+AMc (c)
o (5.10,20)
ity=g (@)

gy =V, cosy, + cosy, AV — V,siny, Ay (e)
tp=—V,siny, —siny, AV — V, cosy, Ay )

Lateral Equations:
md=Yuv+4 Y,p+ (Y, —mV,)r+ mgcosy,d+ AY, (a)

Lp— L =Ly+ Lp+ Lr + AL, )

_Iup + Izi = N"U + N’p + N, + ANc ()
. (6.10,21)

¢ =p4 rtany, )

P =rsecy, @

y'E= V,COS‘}IDVJ-}-U (f)

‘The reason for the particular mixed form of the equations can now be
given. Had the C force equation (5.8,15) been used instead of the Y force
?q\::tl:im (5.8,2b), then (5.10,21a) would contain the angle ¢, as a variable
ES a .of qS T<? evaluate this angle necessitates introducing additional

nen.mtlcal relations that complicate the system unnecessarily
t’hIt; is wort:hwhlle recapitulating here the specific assumptions upon which

tedseptLraAnon o.f the equations into two independent groups depends. A
Z fu py of t}lle dej:m;(.ad siteps leading to (5.10,20 and 21) shows that the existe-nce

~of pure longitudina ti i imations
o, g buc motions requires only three approximations and
(i) The flat-Earth approximation.
91) The existence of a plane of symmetry.
(iii) The absence of rotor gyroscopic effects.
The existence of the uncou i
pled lateral motions, h
more restrictive conditions: ne Rowerer, depends upon
(i) The flat-Earth approximation.
!u) The linearization of the equations.
(iii) The absence of rotor gyroscopic effects.

(iv) The n.eglect of all aerodynamic cross-coupling terms (which may not
be strictly zero)—approximation (i) on p. 160.
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When the nonlinear inertia and gravity terms in (5.8,2) and (5.8,3) are re-
tained, it is seen that terms such as (I, — I)rpin (5.8,3b) prevent the longi-
tudinal variables from remaining zero in the presence of nonzero lateral
variables. The reverse is not the case since all inertia and gravity terms in
(5.8,2b), (5.8,3a), and (5.8,3c) are identically zeroifv=p =1 = $=0.
Equations (5.10,20 and 21) are seen to be all of the first order, by contrast
with the more usual second-order equations of mechanics. The reason for
this is that the inertia terms in the dynamic equations are expressed in
velocity variables, not position variables. Although they are all first-order
equations, they are not yet in the standard form treated at length in Chapter
3.To put them in that form, it is necessary to solve them as algebraic equations
for the derivatives that appear on the Lh.s. This step is well worthwhile
since it makes available at once the powerful general results for linear
systems, presented in Chapter 3, and since the gtandard form is also most
convenient for analogue or digital computation. Because of (5.10,204) it is
convenient to make a slight change in the longitudinal variables, dropping

Zp_]

Longitudinal Equations: Case (a) y,=0,= 0 Eq. (5.10, 23):

P.'W n Ty cosor — Dy) : _ Do + Tesin ar) | 0
=) (-== \
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0

1
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Longitudinal Equations: Case (b), z derivatives zero, Eq. (5.10, 24):
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1 Ly + Tysinar
A — Myg————
o
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Ay and introducing
Af = Ay + Ax (5.10,22)

so that ¢ = 0. In the linear approximation this angle 0 is just the second
body-axes Euler angle [see (5.8,4b)]. With this change the state variables of
the longitudinal equations become AV, Ax, g, A, 25, Azg. The systems of
equations that result from the elimination of Ay by (5.10,25) and the solution
for the first derivatives of the variables are given as (6.10,23 to 25). Th
longitudinal equations are different for the two possible case; e

(a) y, = 0 and z derivatives nonzero

(b) y, nonzero and z derivatives zero.

and are presented separately. In the longitudinal case Ay, zg or Ay, zg, and
Azg, and in the lateral case y and yp are uncoupled variables in the‘s’;ense
that they can be calculated from the values of the primary state variables

contained in the matrix equations, and hence the equations for these variables
are shown separately.

| ~ L
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Lateral Equations. Eq. (5.10, 25):
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The modified inertia coefficients shown in (5.10,25) are introduced for
convenience. When the axes are principal, I, = 0, I, = I, and I,=1,.
The difference between the primed and unprimed values then is & measurc
of the departure from principal axes. From (5.4,200) it is easily shown that
the quantity LI, — 12 =11, = const (5.10,26)

Using (5.10,23 to 25) the computation of the eigenvalues and eigenvectors
of the longitudinal and lateral motions is a routine matter (see Chapter 9).

5.11 EXACT LINEAR AERODYNAMICS AND THE
TRANSFORMED EQUATIONS

The preceding equations are subject to the theoretical objection (not of
great practical importance) that the Bryan formulation for the aerodynamics
is not quite sound even within the restriction of linearity. This is readily
illustrated by considering the lift on a wing following a step change in angle
of attack. Let Ax be given by Aa(t) = a,1(¢) where a, is a constant. For
¢t > 0, the Bryan formula (5.10,17) gives

AL(t) = Lo, = const

whereas in fact the lift undergoes a transient approach to the asymptote
L_a,, the details of which depend on the wing shape and the Mach number
(see Sec. 7.10). Equation (5.10,17) fails in this case because Aw is not an
analytic function, having a discontinuity at ¢ = 0. Now the transient process
is often well approximated as a linear one, and as such is subject to exact
representation by linear mathematics in the form of an indicial funclion
(ref. 5.6), or an aerodynamic transfer function (cef. 5.7).

REPRESENTATION BY INDICIAL FUNCTIONS

Let A ;,(t) be the exact indicial response of the lift to a unit step in Aa(f).
Then by the convolution theorem (3.4,42a) the lift at time ¢, when the only
nonzero state variable is «, is given by

=—a0

L) =Jt At — 7)alr) dr (6.11,1)

If this formula b

a
turbed motion that start

[t}

calculate the incremental lift AL(t) for a per-

from the reference state at ¢ = 0, it yields
¢

AL() =J Ap(t — 7)al(r) dr (5.11,2)
r=0

Thus the incremental lift of (5.10,18b) when all state variables are present
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would be given exactly by

AL() =J.‘_0ALV(t —n)V(r)dr + ioALa(t — 7)a(7) d7

[ !
| ALt — 7)) dr +f Ap (6 — )iglr) dr + AL, (5.11,3)
r=0 r=0

The use of expression such as these for the aerodynamic forces converts the
differential equations of motion into integro-differential equations, which
are less convenient for analysis. A preferable formalism is that which follows

below.

REPRESENTATION BY TRANSFER FUNCTIONS
Consider a motion of the vehicle that starts from the reference steady
state at ¢ = 0. Let the subsequent value of Aa be Aa(l), and let that part of
the lift that arises from A« be AL(t). Then the aerodynamic transfer function
relating AL and A« (unique because of the zero initial values) is
Grals) = ALt (6.11,4)
Aa(s)
where the bar denotes the Laplace transform. Thus if all state variables are
present, the perturbation in L is given by
AL(s) = Gry AV(s) + Gre Adls) + G 36s) + @y, Dzg(s) + ALs)
(5.11,5)
The relation betwcen the indicial function and the transfer function has
already been given in (3.4,18a). It is simply
G, = s4L409) (5.11,6)
and similarly for any other input/output pair. This result can of course also
be obtained directly by taking the Laplace transform of (56.11,2).
Note that the Laplace transform of (6.10,17) for zero initial values gives
AL(s) = L, Aa(s) + Lgs Ad(s) + Lis? A&(s) + « -
= (Lg + Lus + Lus* + ) Ax(s) (6.11,7)
which shows that the Bryan representation is equivalent to expressing the
exact transfer function Gz,(s) by the infinite power series (Lg + Lys + +* 7).
Whether the inverse transform of (5.11,7) then exists depends on whether
the series terminates, and on the particular form of Aa(s)..

THE TRANSFORMED EQUATIONS

To use expressions like (5.11,6) for the aerodynamic forces requires that
the Laplace transforms of the equations of motion be used. Thus, taking the

ransforms of Longitudinal Equations: Case (a), y, = 0, = 0, Eq. (5.11, 8):
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transforms of (5.10,10 and 11), and substituting expressions like (5.11,5) for
all the aerodynamics terms, we get, after some rearrangement, equations
(5.11,8 to 10). These are the transform alternatives of (5.10,23 to 25). If
adequate approximations to the unsteady aerodynamics are used to find the
indicial functions and their associated transfer functions, then these equations
give in effect the exact linear model of the dynamic system. If on the other
hand, approximations to the transfer functions equivalent to the derivative
representation are used, for example [see (5.11,7)]

Gma = l‘lu + SM&

then (5.11,8 to 10) are exactly equivalent to (5.10,23 to 25). In order to
caleulate transfer functions for response to control inputs, the transformed
equations arc of course the most convenient ones to use.

The procedure described above, which eliminates the convolution integrals
from the exact linear equations, unfortunately is not applicable to the
nonlinear large-disturbance equations. For then the Laplace transforms of
nonlinear terms, such as ug for example, are not expressible in general in
terms of @ and § separately. The exact aerodynamics, if treated linearly,
must then be retained in the form of convolution integrals, as in (5.11,3) for
example. Tobak and Pearson (ref. 5.16) have presented a formalism for
treating nonlinear aerodynamics by an extension of the above concept via
nonlinear functionals.

5.12 ELASTIC DEGREES OF FREEDOM

In the preceding sections we have presented the “main’’ equations of
motion, i.e. those associated with the six rigid-body degrees of freedom.
Now it is known that the stability and control characteristics of flight
vehicles may be profoundly influenced by the elastic distortions of the
structure under aerodynamic load (see refs. 5.2, 6.8 to 5.10). Additionally,
there are phenomena not primarily related to stability and control, but
rather to structural integrity, in which elastic deformation is a primary
element—i.e. structural divergence and flutter. In order to understand and
analyze all these effects, one needs the equations that govern the elastic
deformations, and as well the changes that such deformation introduces into
the six main dynamical equations.

A full treatment of this branch of flight mechanics—aeroelasticity and
structural vibration—is beyond the scope of this text, and the reader is
referred to refs. 5.11 to 5.13 for comprehensive treatises on it. Here we content
ourselves with presenting the framework of the analysis, but omit most of
the structural and aerodynamic details. Enough material is given, however,
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to show how the static and dynamic deformations are integrated into the
preceding mathematical model of the “gross” vehicle motion.

The deformation analysis is almost invariably treated by a linear theory
even when the rigid-body motion is not. We shall therefore assume at thc;
outset that the distortional motions are ‘‘small’’ and that all the associated
aerodynamic forces are linear functions.

THE METHOD OF QUASISTATIC DEFLECTIONS

Many.of the important effects of distortion can be accounted for simpl

by altering the aerodynamic derivatives. The assumption is made that fh{;
changes? in aerodynamic loading take place so slowly that the structure is
at all times in static equilibrium. (This is equivalent to assuming that the
natural f.requencies of vibration of the structure are much higher than the
frequencies of the rigid-body motions.) Thus a change in load produces a
proportional change in the shape of the vehicle, which in turn influences
the load. Examples of this kind of analysis are given in Sec. 7.4 (effect of

fuselage bending on the location of the neutral poi
oint), and Sec. 7.
on the V derivatives). point), and Bec. T:8 (effect

THE METHOD OF NORMAL MODES

When the separation in frequency between the elastic degrees of freedom
and the rigid-body motions is not large, then significant inertial couplin
can oceur between the two. In that case a dynamic analysis is re uiredg
which takes account of the time dependence of the elastic motions ! '

The method that is described here for accomplishing this purposola is based
upon the representation of the deformation of the elastic vehicle in terms of
its normal modes of free vibration. Imagine that the vehicle is at rest under
the action of no external forces, aerodynamic, gravity, or other, and that a
frame of reference with origin at the mass center, but otherwise t;rbit,rar is
attached to it. The position of mass element dm is then (x,, ¥4, 2o} Nowgy’let
the structure be deformed by a self-equilibrating set of exz:sr:alof;rces and
couples, so that it takes a new form, stationary with respect to the coordinate
syst,em.‘Upon instantaneous release of this force system, a free vibration
er:s:les, Le. one in which external forces play no part, and in which the position
of O‘I‘{L at time i is (x, y, 2). Since there is zero net force, and zero net moment
the linear and angular momenta of the elastic motion must vanish whatevel’-
f,he ini.tial distorted shape. The chosen frame of reference, or any ’other that
is st:.utlonary relative to it, is therefore a set of mean axes, satisfying the
cond'ltions (6.4,30), where (2, y', 2) are (z — x,), (¥ — ¥,) aind (z — zg) In
particular this is true for each and every undamped nor;nal mode o; i’ree
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vibration, which automatically satisfies (5.4,30) owing to the boundary
conditions of zero force and moment. (This is easily tested for example by
considering the undamped free-free vibration of a slender beam.) Any small
arbitrary elastic motion of the vehicle can, relative to mean axes (transients
as well as steady oscillations), be represented by a superposition of free
undamped normal modes as follows:

£ = 3 fult, o 20enlt)
y'(t) = E;gn(xo, Yo» 20)€n(t) (5.12,1)

Z(t) = %hn(xor Yor Z0)€alt)

where (f,, gn» h,) are the mode shape functions,} and e,(t) are the generalized
coordinates giving the magnitudes of the modal displacements.

We have specified idealized undamped modes, a8 opposed to the true
modes of a real physical structure with internal and external damping,
because the latter may not be “simple’’ modes with fixed nodes, describable
by a single set of three functions. More generally they each consist of a
superposition of two “gubmodes’ 90° out of phase. Because of the above
choice, the equations of motion for the elastic degrees of freedom of the real
structure are not perfectly uncoupled from one another, but contain inter-
coupling damping terms that would usually be negligible in practical
applications.

The use of the free undamped normal modes is seen to ensure that the
linear and angular momenta of the distortional motion vanishes, and hence
that the chosen body axes are actually mean axes. Consequently the elastic
motions have no inertial coupling with the rigid-body motions, except
through £ in (5.6,8). However, it has already been argued in Sec. 5.10 that
this coupling is second-order and negligible in the small-perturbation theory.
The determination of the shapes and frequencies w,, of the normal modes is &
major task, and the methods for finding them are beyond the scope of this
text. For treatises on this subject the reader should refer to refs. 5.11 to 5.13.
As indicated in (5.12,1), there are actually an infinite number of normal
modes of vehicle structures. In practice, of course, only a finite number
N of those at the low-frequency end of the set need be retained, and the
summations in {5.12,1) are approximated by finite series of N terms. Some
judgement and experience is needed to decide just how many modes are
needed in any application, but a general rule that is helpful is to discard
those whose frequencies are substantially higher than the significant ones

t The eigenfunctions of the linear vibration problem.
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present in the spectral representation of inputs arising from control action
or atmospheric turbulence.

MODIFICATION OF THE RIGID BODY EQUATIONS

Although the inertia terms of the previous equations, e.g. (5.11,8 to 10),
remain unchanged to first order by the presence of elastic motions, the elastic
and rigid-body motions are not nevertheless entirely uncoupled.

The deformations of the structure in general cause perturbations in the
aerodynamic forces and moments. These may be introduced into the linearized
equations of motion by the addition of appropriate derivatives to the ex-
pressions for the aerodynamic forces given by (5.10,18 and 19). For example
the added terms in the pitching moment associated with the nth elusti(;
degree of freedom would be

M e+ M e+ M %, (5.12,2)

Similar expressions appear for each of the added degrees of freedom, and in
each of the aerodynamic force and moment equations. An example of the
elastic stability derivatives is given in Sec. 7.13. Alternatively, the aero-
dynamic forces may be formulated in the form of transfer functions, along
the lines indicated in Sec. 5.11, e.g. the transform of AM associated with €

is given by G, é,. "

THE ADDITIONAL EQUATIONS OF MOTION

The additional equations are most conveniently found by using Newton’s
laws as expressed by Lagrange’s equations of motion (ref. 5.15) with the

¢, as generalized coordinates. The appropriate form of Lagrange’s equation
for this application is

aor _or v _

26, o6, 0e " (6123
where 7 is the kinetic energy of the elastic motion relative to Fp, U is the
elastic strain energy, and &, is the generalized external forcel.] Since the
coo.rdinates are measured in the frame Fp, which is non-Newtonian by virtue
of its general motion, an appropriate modification must be made to the
external force field acting on the system when caleulating the gencralized
force. This consists of adding to each element of mass ém an inertial body
force equal to —(a — ¥') &m [see (6.1,7 and 8)], where (a — ') is that part

of‘ the total acceleration of m that arises from the acceleration and rotation
of Fy.
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The expansion of the deflection as a superposition of normal modes in
(5.12,1) is preeisely equivalent to the transformation to characteristic
coordinates of a finite linear system in Sec. 3.3. A similar result is obtained,
i.e. that the autonomous terms on the left-hand side of (5.12,3) are uncoupled.
Equation (5.12,3) can therefore be evaluated by considering only a single
mode to be present. The kinetic energy is given by

T = &ju’ + 9* 4 #)dm

where the integration is over all elements of mass of the body. From (5.12,1)
this becomes (with only €, excited)

The integral is the generalized inertia in the nth mode, and is denoted by

I, -—-:J(f,‘2 49,2+ hGydm (5.12,4)
so that T = 3 ,€.2 (5.12,5)
The first term of (5.12,3) is therefore I €, and the second term is zero.

The strain-energy term is conveniently evaluated in terms of the natural
frequency of the nth mode by applying Rayleigh’s method. This uses the
fact that, when the system vibrates in an undamped normal mode, the maxi-
mum strain energy occurs when all elements are simultaneously at the ex-
treme position, and the kinetic energy is zero. This maximum strain energy
must be equal to the maximum kinetic energy which occurs when all elements
y through their equilibrium position, where the strain

pass simultaneous]
en the maximum kinetic energy is,

* energy is zero. Hence, if €, = a sin w,}, th

from (5.12,5)
Trax = élnwnga'2

Since the stress—strain relation is assumed to be linear, the strain energyT is
a quadratic function of e,;i.e. U= ke, 2. Hence
Unex = dha? = Timax = H 0%
It follows that k = I,@,% and that
U =} w22
and hence 8U[de, = I, €x The left side of (5.12,3) is therefore as follows:
L, + Lwle, = F. (5.12,6)

t For example, in a spring of stiffness k and stretch «, the strain energy isU = jka®.
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' When structural damping is present, this simple form of uncoupled equation
is not exact [cf. Sec. 3.3, Eq. (3.3,64)] but the changes in frequency and mode
shape f.or small damping are not large. Hence damping can be allowed for
approximately by adding a damping term to (5.12,6), i.e.

&, + 20w, + wple =F I, (6.12,7)

;vnth;)}t\xt cl(l)a;)ging w,, or the mode-shape functions. The value of { is ordinarily
ess than 0.1, and usually must be found b i

, y an experimental
on the actual structure. ? ol mensurement

EVALUATION OF &,

di;f)lll:cf:;r::‘:lized force is calculated from the work done during a virtual
_

" Oe,

where W is the work done by all the external forces, including the inertia

forces associated with nonuniform moti
: : otion of the frame of ref
inertia force field is given by reference. The

(5.12,8)

if, = —(a — ') dm (5.12,9)

:vhere‘ the components of the r.h.s. in Fp are given by (5.1,8) without the
erms (&, §, £). The work done by these forces i i i
terms (&3, 2 in a virtual displacement of

oW, =J.((5:c df,, + oy df,, + dzdf.)

where the integration is over the wh . .
bocomes r the whole body. Introducing (5.12,1) this

6Wi = ZéfnJ.(.fn df:‘ + In dfy‘ + hn dfz‘)

n=1

oW,
whence Fo = B =J.(f,I dfy, + 90 dfy, + Ry df.) (6.12,10)

When t-he inertia-force expressions of (5.12,9) and (5.1,8) are linearized to
small disturbances, and substituted into (5.12,10), all the remaining first-

h 1 1 o frvaniois te
order terms contain integrals of the followin

tunog-
es:

o
5 WY

an dm' J.(yhn - zgn) dm

The ﬁrs.t of these is zero because the origin is the mass center, and the
second is zero because the angular momentum associated with the elastic
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mode vanishes. The net result is that #,, = 0. T!\is result. simply venﬁﬁs

what was stated above; i.e. that there is no inertial coupling between the
i igid-body degrees of freedom. '

ela’ls‘::: :::i;ilx%ing corﬂ;ribition to F , is that of the aerodynamic fmtcei. Le;t

the local normal-pressure perturbation at an element dS of the airplane )s

surface be p(zg, Yo. %), and let the local outwa.rd no.rmal b(?, n(n,, n,, 1:,..

Then the work done by the aerodynamic forces in a virtual displacement 18

6Wa=—Jpn-(r—fo)dS

where the integral is over the whole surface of the airplane, and (r — rg) i8
the vector displacement at dS. Tt is given by

f =ty = 3 (if + g, + Khy) O,

n=1
hence oW, = — 3 b, j p(afa -+ dn + na) S
n=1
and z =W —Jp(nzfﬂ + n,gn + nghy) S (5.12,11)
eﬂ

Each of the variables inside the integral is a function of (zo, ¥o» %) 1.et:‘ of
position on the surface, and moreover, p is in the nfost _general case alfAu'nct;\or;
of all the generalized coordinates and of their denv.atlves. The result 1s d t.zn
% is a linear function of all these variables, wl-uch.may be express: 11
t,e:ms of a set of generalized aerodynamic derivatives (or alternatively
aerodynamic transfer functions), viz.

- . S S ¢ 4 S conen (512,12)
.a/—n = AnVAV + AnVAV + mz=lanm€m +m§=:1 "m€m +m§_:__l €

_ = LN : 5.12,13)
or f" — GﬂVAV 4- G,,,a + +mz=lGnmem (

In applications it is necessary to determine whi.ch terms in (?.12,12;;1;1 1113))
are important enough to keep. They must be calculated from (5.12, i;
which implies of course that the solution for the unstead?r pl:essul'fe pf :
available for deformations in the elastic modes. The determination ot p fo
general cases is clearly a formidable aerodynamic problem. An example for

RESUME

The effects of structural dynamics on the mathematical model can be;
incorporated by adding structural degrees of freedom based on free norma
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modes. For an exact representation, an infinite number of such modes are
required; however in practice only a few of the lowest modes need be em-
ployed. Thesixrigid-body equations arealtered only to the extent of additional
aerodynamic terms of the type given in (5.12,2). One additional equation
is required for each elastic degree of freedomn (5.12,7). The generalized forces
appearing in the added equations contain only aerodynamic contributions,
which are computed from (5.12,11) and expressed as in (5.12,12 or 13).

5.13 NONDIMENSIONAL EQUATIONS

Aerodynamic forces are in general roughly proportional to p V22, where p
is the ambient density, V is the resultant speed relative to the local atmos-
phere, and ! is a characteristic linear dimension. It is therefore universal
practise to divide aerodynamic forces by a quantity proportional to the
above factor so as to obtain nondimensional force coefficients that depend
mainly on the body shape, orientation, and motion. For example, the lift
coefficient is C; == L[3pV?8, where § is a reference area, usually that of the
wing plan. The aerodynamic forces are not exactly linear in p nor quadratic
in ¥V because of the viscosity and compressibility of air, so that coefficients
like 7 do vary with p and V. Dimensional analysis shows that for a given
atmospheric gas the appropriate nondimensional quantities (similarity
parameters) to use as independent variables for aerodynamic coefficients are

R, = Vip the Reynolds number
u
14
and M=- the Mach number
a

As can be seen from these definitions, the Reynolds number and Mach
number are both known as functions of speed and altitude, which determines
both the density p and the sound speed a. In most flight dynamics problems,
the range of R, encountered and its influence on the forces, are small enough
to be ignored. Even so, it is often necessary to regard coefficients like C;, as
functions of both V and zg, since M is dependent on both. The variables
defining the shape and orientation of the vehicle are readily given in non-

dimensional form as angles and length ratios, e.g. aspect ratio, sweepback

anglo, thickness/chord ratio, angles of attack and sideslip, etc. The rotary
motion variables such as «, p, ¢, r are conventionally nondimensionalized as
in Table 5.1, which gives the common definitions of all the nondimensional
quantities, From the aerodynamic standpoint then, the functional dependence

of the forces and moments is typified by that of C}, in symmetric flight, i.e.
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Table 5.1
The Nondimensional System
(1) (2) (3)
Divi Divisor—
Pimensional tvisor—= Small- Nondimensional
i General Disturb Quantity
Quantity Case isturbance
Case
X, Y, 2z %pVZS %pVZS C.. Cy C,
T, DC, L }pV2S $pV2S Cp.Cp.Ce: O,
mg }pV2S 1oV Cw
M }pV2Se 3pV2SE Cn
L, N }pV2SD }pV2Sh Cf' qﬂ
v, w 14 | 11, w
u, V Vv, | u::, If
a, q 2vV/é 2V, [ 2 d
B.o.r 2V /b 2V, fb B po?
x,Y,2 é[2 &2 Y, 2
m pSEf2 pSEl2 I
I, pS(E/2) pS(E[2) . 1,
I:m Iz' I, PS(b/2)s p‘S(b/2)3 I, I:) I,
P Pe Pe P d
dfdt 2V[é 2V, Jé D= Fh
t — = g2V, i
Notes: V, = const. reference speed.
S = reference area (usually wing plan area). ™
b = lateral reference length (wing span).
& = longitudinal reference length (wing mean chord).
A = aspect ratio, bje.
In the linear case & = Da; 8 = ADp.
by the functional
CL= CL[%E, vV, q] (6.13,1)

in which, as explained in Sec. 5.11, each of the arguments is strictly sp'ea,king
a function of time extending backwards to the beginning of the motion. In
practice however, a8 previously discussed, the argum(f,nts are usually aug-
mented by adding those rates of change that are important, and only
current values are used, e.g.

Cp=Crlep Vs & §) (5.13,2)
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Theoretical and experimental experience provide the guidance as to which
variables need to be included in any force or moment coefficient for any
given application.

Since information about aerodynamic forces and moments, whether
theoretical or experimental in origin, is almost universally given in the form
exemplified by (5.13,2) it seems clear that the equations of motion should
somehow reflect this fact. One may of course simply put the aerodynamic
forces in the form

L=13}pV8C g V, 0, & q) (5.13,3)

for example. When this is done however we find nondimensional parameters
such as § occurring in the aerodynamic terms of the equations, whereas the
dynamical terms contain the dimensional form g. The defining relations given
in Table 5.1 provide the neccessary connections, and no special difficulty
results. An alternative is to make the equations completely nondimensional,
so that they contain only the nondimensional variables that occur in the
expressions for aerodynamic force and moment coefficients.

The history of nondimensional equations contains many variations in
nomenclature and basic definitions, advanced by various authors at various
times, and there is at present no universally accepted system. An international
committeet has attempted to formulate a European standard and Hopkin
(ref. 5.17) of the RAE has advanced an independent comprehensive proposal.
Tt is the author’s opinion that perfect standardization is a Utopian concept
that cannot be realized. Particular problems are often best tackled with a
notation system specially adapted to them, and a universal system may
actually be a hindrance. In view of the present situation, which will no doubt
persist, the student and the practicing engineer alike must exercise great
care when reading the literature to note in detail the definitions of the
symbols used.

It should also be remarked that more and more practical analysis and
simulation is carried out in industry with the dimensional equations given
earlier, and that the use of nondimensional forms is not so prevalent as it
used to be.

When forming the nondimensional equations, it is useful to distinguish two
cases:

(i) The gencral case, in which the speed V varies by large amounts.
(ii) The small-disturbance case, in which the speed V varies only slightly
from the reference value V,.

Table 5.1 gives the scheme for these two cases separately. The main

points of difference are:

(1) In the general case some state variables are divided by the variable
speed V to produce nondimensional variables. When time derivatives are

t Technical committee 20, International Standards Organization.



{78 Dynamics of atmospheric flight

taken of such variables, account must of course be taken of the variation of
V. In the linear case, the divisor is constant, and this extra complication
disappears.

(2) The nondimensional time in both cases is really a distance measured
in the unit éf2. For, from Table 5.1,

di = LAA0F ds (5.13,4)
é &2
t
or P2 J V() de = 2= (5.13,5)
éJo él2

where s is the distance travelled by the vehicle mass center along its curvilinear
trajectory. However in the linear case,

2

<

at =2e s (5.13,6)

=~ °'l

or i= (5.13,7)

*

{

The symbols and notation used herein are essentially those in current use
in North America. All the nondimensional forces, moments, and motion
variables are defined as in the NASA system. In particular, the system for
the small-disturbance equations is, with some trivial and one significant
difference, the same as in Dynamics of Flight-Stability and Conirol. The signifi-
cant difference is that a single time scale and a single nondimensional mass are
used for both the longitudinal and lateral equations. There are numerous in-
stances in which a machine computation or simulation is carried out of the
total system. In such cases, it is decidedly inconvenient to have separate time
scales for the two sets of equations, and at the sacrifice of a little elegance, the
lateral equations are modified to use the same time constant as the longi-
tudinal equations.

THE GENERAL CASE

In the general case, the divisor for forces and moments contains the vari-
able V. For this reason it is more convenient to use the wind-axes form of
the force equations (5.6,8) or (5.8,1), which provide a direct calculation of ¥,
than the body-axes form (5.6,2) or (5.8,2) which caleulate u, v, w. We
therefore use the combined-axes gystem—force equations in wind axes,
moment equations in body axes. We give the results below only for the
flat-Earth approximation; the more general case can be treated similarly.

The force equations (5.8,1) are simply transformed by dividing through
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by }p 3S. The only point that is not perfectly obvious is the treatment of
mV in (6.8,1a). It becomes after dividing

egmV __ m &V 194 DV
—e =2 = = 2u = 2u
pV°8 pScj2 2V ¥V |4 14
The resulting force equations are (5.13,8).
To obtain the moment equations, we divide (5.8
n , .8,3a and c) by 3pV28b,
and (.5.8,313) by }pV28é. Only the terms in p, ¢, and # require special attention.
Consider p for example. From the definition of the operator D in Table 5.1

2V 2V (A 2V)

) = — Dp=— D —
p Z P z Pb

4
= b (pDV + VDp)

4yt (. DV . 2, DV
= a5z (857 + 03) = 4% (55 + 23
After multiplying by I,/ V28b, and using the definition of I, from Table 5.1
the re:sult is as in (5.13,9a). The other derivative terms zin the mome‘nt,,
e‘quatlons are treated similarly. The remaining kinematical equations are
simply transformed to the nondimensional variables by using the definitions
of Table 5.1, and are given as (5.13,10 to 12). The postulate is made that
o, = 0 in the reference state, and hence that subsequently «, = Acx.

. Dy
CT,,, —Cp—Cysinfly =2u 7 (a)

Oz, = Co+ Opoos Oy sin dyy =24 2% (1) (5138)
Cr,, — Cr+ Cy cos O cos gy = —2udw  (¢)

A (Dﬁ +p l;V) — 1.4 (Dr‘ n ﬂ)

[l
Il
>

(f’~ .13’) - A(f= — I‘x)fﬁ () (5.13,9)
A
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A

>

A . Tw
Dy = _7;_7 + G sin ¢y tan Oy + v cos ¢y tan Oyp (a)
DOy, = dyy cos by — %V sin ¢y (b) (6.13,10)
Dyy = ((jW sin ¢y + "_‘_4_W cos ¢>W) sec O {c)

A

A .
Da=¢j——éwsecﬁ-—%cosAatanﬁ—ZsmAatanﬁ {a)

fw P _i b) (6.13,11
Dﬁ:j—}——[—lsmAa AcosAoc ® ( )
Py = P cos Ao cos f + A(§ — Do) sinf + fsinAacosf  (¢)

Dip = eos 0y cos yp (@)
Djg = cos Oy sin yp, (b) (6.13,12)
Dip = —sin Oy )
p= S ‘l di (5.13,13)
2V, Jo V

The perceptive reader will have observed the repeated appearance in (5.13,9)
of the operator {D + DI?/I}). There is a temptation to define a new oper{itor,
d/dr say, equal to it. To do so certainly simplifies t‘,he dynamical equations,
but unfortunately complicates the kinematical relations (5.13,10) to (5.13,12),
so that the change to the new time variable 7 does not appear to be wort}}-
while. It should be remarked that the awkward term DV/V in (5.13,9) is
given directly and explicitly by (5.13,8a). . .

It should be noted that all three coordinates 2g, Y. Zg 1€ nondimension-
alized‘ by &/2, the lateral variable yg being treated in the same way as the
longitudinal ones. ‘ . -

The independent variable in the system of equatlons.ls of course t, an
integration must be performed with respect to it. To obtain t.from t, recourse
must then be had to (5.13,4) or (5.13,13). In the sm?,ll-dlsturbance case,
(5.13,4) reduces to an algebraic relation between ¢ and ¢ (5.13,7). o

The quantity Cyp- that occurs in (5.13,8) is mg/}pV%S. Only 'the factor
in this relation is normally strictly constant. The mass of real vehlcl_es.changes
due to fuel consumptior;, ablation, or ejection of stores, although mn many
problems it can be treated as constant. Similarly g can usually be regarded
as constant, but in some hypervelocity problems, the inverse square law
must be allowed for (refs. 5.7, 5.18, 5.19).

The aerodynamic coefficients on the Lh.s. of (6.13,8 and 9? have .to be
known either explicitly or implicitly as functions of the motion variables
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that occur on the r.h.s. This information may be available in analytic,
graphical, or numerical form, depending on the circumstances; and the
manner in which the equations are solved may be very much dependent on
this aspect. A common form of representation is by Taylor series expansions
of the coefficients, essentially as for the dimensional quantities (Sec. 5.10).
This requires the definition of nondimensional derivatives, exemplified by

oCy, o = aCp _ac, ac,
=5 Up, =%, Un =7, U, =2

Oa. or O& op
The rule is seen to be simple—in each case we take the partial derivative
of the dimensional force or moment coefficient with respect to the nondi-

mensional form of the variable indicated by the subscript. Thus for example
C, might be written for a particular nonlinear problem as

etc. (5.13,14)

Cp =0y, + 0L, AV + Cp Ax+ Cp s (Ba)? + Oy A§ (5.13,15)

where C L. is the value of €'y at some reference state, and the derivatives
are evaluated at that state. The choice of derivatives kept is governed, of
course, by the aerodynamic properties of the configuration being investigated.

THE SMALL-DISTURBANCE CASE

The dimensional equations for the small-disturbance case were given as
(5.10, 20 to 25) and (5.11, 8 to 10). There are two ways of finding the corre-
sponding nondimensional equations. One is to nondimensionalize the linear
dimensional equations, and the other is to linearize the nondimensional
nonlinear equations. Both procedures lead, of course, to the same result.
We shall adopt the first method, and illustrate it for one force equation and
one moment equation. The remaining equations are treated similarly. Before
proceeding to the details, however, we shall show that the small-disturbance
system defined in Table 5.1 is a proper linearization of the general case, and
not a different system.

Consider first the reduction of the operator D for the linear case. The
general form is

cd_ ¢ d

Towvd eV di

Since V, = 1, we may write P =14 AV, and hence

é d
D= 14+ AP =
2V,( +4%) dt

g d
2LV, 1 - AV) o to first order
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When operating on any first-order quantity, say € (and all variables are
first-order)

De S — A%
2V, dt
which to order € reduces to
é de
e = —— —
oV, dt

as given in Table 5.1.

Second, where V, occurs in the divisor of column (2) for the small-dis-
turbance case and V for the general case, all the variables concerned except
& are automatically of order € (see 5.10,2). Hence g for example is non-
dimensionalized thus:

. g° qc A €

i=55 2, (1 + AV) o7 to order €.
The single exception W appears only in the body-axes form of the force
equations. Now

w w A
o=2=204aNn"
AR
= .:/i)— _ Y A{  to first order

If w|V, is to be the linear approximation to w|V, as given in Table 5.1,
then we must have w, [V, = #, < 1. This is automatically the case when
stability axes are used (w, = 0) and is so whenever the reference angle of
attack of the z axis is small; the latter is therefore a necessary condition for
the use of this nondimensional system.

A NONDIMENSIONAL FORCE EQUATION

Consider the first of the linear longitudinal equations, (5.10,20a). We divide
through by 1p,V.*S, and consider it term by term, using the appropriate
definitions from Table 5.1.

First term:
Se2v,
oy BPeT TS v X
3 = 3 = 2’[DV
S TAS TP
Second term: this term contains T'y, which we calculate thus
7, -2
v |,
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where ( )|, indicates that the derivative is evaluated at the reference steady
state. arl o
5; , = 51_’ (CTQPVZS)L
aCc
= ——VZ %PaVaZS + CT.PGVeS
= 3pV S(Cr, + 2Cy)
T, cosa *
Therefore .?V;T—z;' AV = (Cr, + 20p) cosap AV
.. D, AV .
Similarly }:V 5= (Cp, + 2Cp)) AV
Third term: .
T, sinap }
W = CT, s1n oy
D _Aa Aa @
and s = — (Cp}pV™S
3V 1pVSS 2 otV e
Aa
= %P v 29 (CDa}PcVazS)
since V, «, and p are independent variables. Thus
D, A
VS Cp, ha

Fourth term:

mg cos y, Ay
Vs Cw, cos 7. By
Fifth term:
T,cosap _ cosar ]

tpeVaZS -kp,V‘,zS 0z

__cosay (0Cp . ]
— V S 2 P
%Pavgzs ( dz e ‘}Pe ¢ + CT‘ %V‘ 5 0z d)

= (CT. + Cp, g—e) COS &

A
74

D, Azg 25
—‘—'T' j— C C P A
s ( m O ae)AzE

(CTiPst)la b

Similarly

Sizth term:

The terms .ATc cos ap and AD, represent control forces, which result
from changes in the corresponding coefficients. Thus

AT, cos ap = ACy, cos ap - 3pV?8
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For ACp < 1, the result to first order is

AT, cosar ACp cosor
V.S )

and similarly for AD,.
By collecting all the terms the nondimensional equation is then (5.13,16a).

A NONDIMENSIONAL MOMENT EQUATION

For an example of & nondimensional moment equation, we ghall use the
rolling moment equation (5.10,21b). We divide through by 3p,V 28b, and
consider it term by term.

First term:

. 3
b [lp8 (9) 2 Dy
Jp2Sb 3.V .St o) &

_ ] [f,,s(e)“.%.l)(ﬁzn)
e ¥ 2l T N\2) ¢ b

= Al.Dp
Similarly the second term is
LS 4l Di
1oV 28b
Third term:
Ly v ]
—_—— = 2 (C,3pV?Sb
AR TR AL a0\ e )
= _—2—2—— %P:VeZSb a_o‘l
%p,V‘ Sb ov |e
= 9C,,

It is customary to use the sideslip angle f§ as the primary variable rather
than v. In the linear case we have

L4V 1AL oA
ﬁ:sml —gin D =10

v
Hence the third term is BCy,
Fourth term:
Lyp p_ 0 2
= ~(CpV"Sb
o g aseop )
= f’ct,,

Similarly the fifth term is #C, .
Sixth term: As with AT, above, the rolling moment control term is AC, .

Collecting the terms, we get the final equation (5.13,17b).
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® NONDIMENSIONAL LONGITUDINAL EQUATIONSTt (5.13,16)
9u DV = [Cy, cosag — Cp, + AUCw, siny,)] AV
— (Cp,+ Cr,sinay) Aa — Cyy, cos y, Ay
+ [C’T' cos ap — Cp, + 3_2’3 (Cyy, sin y,)] Aty
+ ACyp, cosop — AC), (@)
—(2u + Cr,) Do = (Crp, sinap + Cr, + 20w, €08 ¥,) AV
+ (OLa + Cp, cos ap) Do 4 (Cp, — 2u)§

+ Oy, siny, By + (GL. + Cp, sinar + %

X Cpp, cO8 Y, Asg + ACq, sin o + AC’Lu W)

I, D§ — Cpy Da = Ch, AV + Cp, A + Cpd + O, Aig + ACm (0
Du+ Dy =1 (@)
D#y = cosy, + cosy, AV — siny, Ay (e)

Dy = —siny, — sin y,AIA’ — cos y, Ay (N

NONDIMENSIONAL LATERAL EQUATIONS (5.13,17)
2uDf=C, B+ 0, p + (G, — 24p)f + Cy, cosy,$ + AC,  (a)

4l, Dp — Al,, D} =C,B + O p + Cf + AC, b)
_ At Dp + Al Di =C, B+ Cop + Cuf +AC,, ©)
1 .
D¢ = 1 (p + 7 tany,) (d)
1,
Dy = 5 #secy, (e)
Djg =B+ peosy, )

The nondimensional equations in standard first-order form equivalent to
(5.10,23, 24, and 25) are derived from (5.13,16 and 17), and are given as
(5.13,18 to 20). In 80 doing, we use the steady-state relations given in the
footnote below and make the transformation from Ay to Af given
by (5.10,22).

1 1. The longitudinal equations in this form, as pointed out previously, contain
inherently incompatible terms. Either y, must be zero, or the z derivatives must be zero.

2. The term (8p/22)Cy, 2K does not appear in the pitching moment equation because
Cp, =0 fora steady reference state.

3. Equilibrium of the reference state connects the thrust, drag, lift, and weight thus:

Crp, cos ap — Cp, = Oy, 5in 7,
Cp, sinap + Cr, = Cp, 087
These relations are used in deriving the equations presented.
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— 0, = 0,Eq.(5.13,18):

7 (Cpy cO8 o — Cpy) —(CL, — Cpy) 0
Crysinag + Cpy, + 20w, L, + b, ou — Cr,
2u +Cp, 2u + Cp, 2u +Cp,
1 { 1 1
+1Cm i 'y [C"‘u - T [Cm +
ivl: Y ju : j1/ !

Cpny(Cpy sin ap + Cr, + 20,;,.)]3_ Cry(Cre + Cp ] {28 — CLG)]
Vo e————— P

2u + Cp, 2u +Cp, 24 +Cp,
0 0 1
0 1

Cma(CT,, sin ap + CL,, + 2CW, cos Y,
2u + CLa

— (CTycos ap — CD,, + 2CW, sin y,)

]

nsional Longitudinal Equations: Case (b), z derivatives zero, Eq. (5.13,19):

1
L (01, — O,
Cr. +p,
2u +Cp,

Cg(CrLy + oD‘)]

—H’Aﬁ—l i

: ]
—27-‘ (ACq, cos ap — ACp)

0 B Cyy cos vy, —] [ AP
2u
2u — CL' CW, sin y,
2,“ + CLa 2[4 + CLa
1 [C + CdeW' sin y,
) m, — F
I, a I,(2u + CLa)
Cma(z.u - C_[q)
2n + CLa
1 0

Ay

Dzp

i

DZE =

Cy, 1
—7;‘- E"—‘(CT' cos ap '_CD,)
C; 4+ Cqp sina +—éC
Ls T, T 22 W,
0 —_
2 + 0p, Aa
1
0 =1Cn. — q
IV[
c ; %
mg | CL, T Cyp sinap + = Cyp,
2u+ Cp,
0 0 0
-1 0 AL kg
y =0 — Aa
D:EE =14 AV

A0 — Aa
cos y, + AV cosy, — Aysiny,

_ ACq, sin ap + ACy,
2u +0La

+ 1
f’[ACmc —

v

Cma(ACT, sin aq + ACL.,)
2u + Cp,

1
—2—'1—‘ (ACp, cos ap — ACp)

ACTe sin ap + ACL‘
2u +Cpr,

2 ac
o

v

Cma(ACTg sin ar + ACL‘) ]

—siny, — AV siny, — Aycos y,

187



I | i
]
I T
PO 10O~
i a4 14 i
of 8 H
Slat & 1o
Al o+ b S
T B
jLe) se oy ;
P i
+
., 1
@ ‘ @ | = i
l 1 1 1 ‘]
=
e \
o
Q .
Py o
- 3 o o =)
wn olx
o ‘N
y B
o © - 8 &
- aoer My
2 | A S UPRRLYS S AA"\‘
s T SR R Q. «
2 ' %8
g :" :“\u © ‘?NQT -
o~
g N O: R 9 8 R
— 1 3 bl § @ ioji%k‘q
c I R 5 a e g
3 S Sl f’o_- A I @ Y e
3 © PN
© 5> Ratzw_ 8
ot ---'-A-.."-—-—.':f ----------------------------------------- @ (\ L}
g H _Q )
'ﬁ =ﬂ =‘\N
s o, oI
£ N3 -~ T
o & o
e ° g
P~ -
z ShE
o | oayul
O: o“"“
N +
Ell <~ 1
O I + a | @
Al g P‘.}
S <
| _
]
f , ! |
H H
@ § o o -
1 & |8 A
[ I— _ 1

General equalions of unsteady motion 189

5.14 TRANSFORMS OF THE NONDIMENSIONAL
EQUATIONS

The nondimensional equivalents of (5.11,8 to 11) are found directly from
(5.13,16 and 17) by taking the Laplace transform (with zero initial conditions)
and simultaneously replacing all the aerodynamic derivative terms by their
transfer function equivalents, i.e.

q,, = Co, + sC,,,a
ete. The resulting equations are (5.14,1 to 3). The integration in the Laplace
transforms is now of course w.r.t. i, not ¢t. That is, for example

ito) =" ar di
0

Note that the symbol for the transform of § is the same as for that of ¢, and
that the same symbol s is used in both cases. The context will always make
it clear which interpretation is to be placed on s and the state variables
such asq. A “‘cap” is used on the aerodynamic transfer function to distinguish
the nondimensional variety.

The “input” quantities on the r.h.s. of the transformed equations are,
of course, the Laplace transforms of the nondimensional control forces and
moments, e.g.

AC,, = J " AC,, (1) di
0

515 TRANSFORMATION OF AERODYNAMIC
DERIVATIVES FROM ONE BODY-FIXED REFERENCE
FRAME TO ANOTHER

When wind axes or stability axes are used for the equations of motion
and the aerodynamic forces, there is only one possible set of aerodynamic
derivatives, since these axis systems are unique. However, when general
body axes are used, they may be oriented arbitrarily in the body (although
Czz is always taken to be the plane of symmetry if there is one). Different
sets of body axes may be used in connection with a single configuration—for
example, the axis system used in a wind-tunnel investigation of derivatives
may be different from that used in a subsequent theoretical analysis. One
therefore wants to be able to transform a given set of body-axis derivatives
into those for a different axis system. The theorems for such transformations
are derived below for both the dimensional and nondimensional derivatives
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Transform of the Nondimensional Longitudinal Equations: Case (a) .
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Transform of the Nondimensional Longitudinal Equations: Case (b), z transfer functions zero, Eq. (5.14,2):
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E"

Ay = A8 — Ag,

Transform of the Nondimensional Lateral Equations, Eq. (5.14,3):

Cw, cos y,

18w

(évr - 2:“/A)

tan y,

éIlil

B + cosy¥

E =

= sec Y,

13
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DIMENSIONAL DERIVATIVES

With the usual aerodynamic assumptions, we can express the perturbations
in aerodynamic forces and moments in terms of the perturbations in state
variables as

Af=AAV +BAw + CAV () (5.15,1)
AG=DAV 4+ FAw + FAV  (b)
where
AX AL A Ap Au
Af =AY G =|aM|; AV =| Av|; Aw = |Aq|; AV =| Ad
AZ AN Aw Ar Aw
(5.15,2)
‘X, 0 X, 0o X, 0 X, 0 X,
A=lo v, ol;B=[Y, 0o Y/[|;C=}0 0 0
Lzu 0 2z, 0 %, 0 Zy, 0 Zy
' (5.15,3)
"0 L, O L, 0 L 0 0 0
D—|M, 0 M,;E={0 M, O|;F=|M, 0 M,
o N, O N, 0 N, 0 0 O

The above expressions are now applied in two frames Fp, and Fj , subscripts
1 and 2 on the vectors and matrices identifying the frame. Thus each of the
five vectors in (5.15,2) transforms like

Afy = Ly, Af, (5.15,4)
where L, is the transformation matrix of direction cosines. Equation (5.15,1a)
therefore gives )

Af, = LyA; AV, + LyB, Aw, + L,C, AY,
But AV, = L,, AV, etc., hence
Afy = LyALy, AV, + Ly, B,L;; Aw, + Ly, CiLy, sz
= A, AV, + B, Aw, + C, AV,

Hence it follows that
Az = L21A1L12

B, = L21B1L12

no__ TN
Ug = Ly CiLye

(5.15,5)

That is, each of the derivative matrices transforms according to the rule
given by (4.7,4). Clearly, the same result is obtained for the moment deriv-
ative matrices D, E, and F. For the usual case, in which FB’ is obtained
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from Fyg by a rotation € about C, ,

cose 0 —sine
L,=1} 0 1 0 (6.15,6)

sine 0 cose

and the relations between the derivatives are as given below. The primed
symbols refer to frame Fp , the unprimed to Fp,.

LONGITUDINAL
(X,) = X,coste — (X, + Z,)sinecos e+ Z,sin’¢
(X,) = X,cos?e + (X, — Z,)sinecos e — Z,sin* €
(X)) = X cose — Z,sine
(X,) = X, cost e — (X + Z;)sinecos e + Z;sin® e
(Xy) = X, co8® € + (X, — Zy)sin e cos € — Z, sin® €
(2) = Z,cos* e — (Z,— X,)sinecose — X, sin? ¢
(Z2,) = Z,co8* € + (2, + X,)sin ecos e + X, sin’ e
(Z)) = Zgcos e — X sine (5.16,7)
(Z,) = Z,cos? e — (2, — X;) sin e cos e — X, sin® ¢
(Zy) = Zycos® € + (Z; + X,)sin e cos € + X; sin ¢
(M) =M, cose — M,sine
V(Mw)' = M, cos e+ M, sine
(M) = M,
(MY = M, cos e — Msine
(M) = M, cos e+ M;sine

LATERAL

(Y,) =7,

(Y,) =Y, cose — Y, sine

(Y,)) = Y,cose+ Y sine

(L, = L, cos e — N, sin e

(L,) = L, cos®* e — (L, + N,)sin e cos ¢ + N, sin’ €
(L,Y = L,cos? e — (N, — L,) sin e cos ¢ — N sin® ¢
(N,) = N,cos e+ L,sin ¢

(N,) = N,cos*e — (N, — L) sinecos ¢ — L, sin® €

(N,) = N, cos? ¢ + (L, + N,) sin € cos € + L, sin? ¢

NP
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NONDIMENSIONAL DERIVATIVES

The theory for transforming nondimensional derivatives is slightly more
involved than for dimensional derivatives because of the different divisors
used in the moment coefficients and angular velocities. We treat the small-
disturbance case, and let

AC, AC, A Ap A%
Af =|ac,|; A6 =|Ac,|; AV =| As|; Ab = |AG]; AV = | Ad
AC, AC, Ad A? A
(6.15,8)
where & = Dii = (¢/2V 24 ete.
Tt follows that
Af=—L A AV = Lav
TAN v,
A 1 1
AG = JAG, AdG =—J'Ad 5.15,9
VS © Ty, (¢15.9)
200
b
2 G . 2
AV = 2 AV; J=1lo 2 0
2v 2 0 é
2
003

Equation (5.15,1) then applies for nondimensional quantities provided that
each symbol has a cap (") over it. The derivative matrices are

¢, 0 G 0 ¢ 0 C, 0 C,
A=|o ¢,0 ;B=]c, 0 ¢ ;=0 00
o, 0C., o ¢ 0 c,, 0 C,
(5.15,10)
Jo ¢, o0 ¢, 0 ¢ 0 0 0
b=|c, 0 C.|iE=[0 C, O|;F=|C, 0 C,
Lo ¢, 0 ¢, 0 ¢, 0 0 0

The complication in transforming the above matrices from one frame to
another arises from the presence of J in two of the expressions in (5.15,9).
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This means that AG and A® do not transform by Ly, as is the case with
physical vectors. Instead we have

A 1 1
AGZ == ;‘—,“—z:'g J AGZ = —"V:BEJL-H AGl (515,11)
A 1 N
and AGI == m'] AGl (5.15,12)

On solving (5.15,12) for AG, and substituting for it in (5.15,11) we get

AG, = JL, 3 AG, (5.15,13)
Similarly Ad transforms thus:

A, = I, T Ad, (5.15,14)
The remaining vectors A f, A\A/, A{’ all transform as usual, i.e.

A fz =Ly A f, ete.
The nondimensional counterpart of (5.15,1a) is now treated as follows:

A = A, AV, + B, Ad, + &, AV, (5.15,15)
Treating each column matrix as the result of transforming it from Fp we get
Lig Af, = ALy AV, + B LI A, + Gl AV,

or, after premultiplying by Ly,

AR = (LyhiLy) AV, + LB Tgd) A, + (LanCilua) AV, (5.15,16)
Tt follows that
Az = LZIAILIZ
B, = Ly, B,JL,,J (5.15,17)
Cz = Lzlﬁlle

By proceeding in a similar way with the AG equation we get

ﬁz = JLzlJ_lf)lLﬂ
E, = JL,JE,JL,, (5.15,18)
i1z = JLZIJ-li‘lLIZ
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When the nxis rotation is the simple one of (5.15,6) it develops that

JL,J-! = Ly, (5.15,19)
and then the forr.nulae (6.15,17 and 18) reduce to the same form as (5.15,5).
The transformation relations then are parallel to (5.15,7), which can be

used to yrite out the nondimensional formulae by substituting the appropri-
ate nondimensional derivatives for the dimensional ones.



Longitudinal aerodynamic
characteristics—part 1

CHAPTER 6

In the preceding chapters we have presented the general analytical
foundations for solving problems concerning the motion of flight vehicles in
the atmosphere. As was emphasized, however, the details of the problems
and the character of the results obtained are dominated by the aerodynamic
characteristics of the vehicle. It is essential therefore to explore the aero-
dynamic aspect of the subject in some depth before proceeding to particular
studies of vehicle dynamics. To this end, this and the following two chapters
are devoted to a discussion of the main aerodynamic features of flight
vehicles that are of concern for vehicle motion. Included is a body of material,
traditionally referred to as “‘static stability and control” that relates to the
control displacements and forces required to maintain steady rectilinear
flight, or to maintain a steady ‘“‘pull-up.” These are important items, both
in relation to handling qualities and to their use as stability criteria. Clearly
the spectrum of vehicle types and operating conditions of interest is extremely
broad—from air-cushion vehicles and helicopters on the one hand to hyper-
sonic aircraft and entry vehicies on the other. It is obviously not practical
to present a comprehensive coverage of the aerodynamics of all these types
within the scope of this text. The items selected for treatment are those
considered to be particularly instructive and of rather broad application.
With this basis it is hoped that the reader should be able to extrapolate the
methods and approaches presented to other situations with which he may be
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concerned. One topic completely excluded, because it requires an extensive
treatment to be meaningful at all, is the aerodynamic characteristics of
rotorcraft. References 6.1 to 6.4 give considerable information on this and
other relevant topics in aerodynamics.

6.1 THE BASIC LONGITUDINAL FORCES

The basic flight condition for most vehicles is symmetric steady flight. In
this condition the velocity and force vectors are as illustrated in Fig. 6.1.

L

Fia. 6.1 Steady symmetric flight.

The steady-state condition was fully described in Sec. 5.9. All the nonzero
forces and motion variables are members of the set defined as “longitudinal’’
in Chapter 5, and hence we see the central importance of longitudinal
aerodynamics. The two main aerodynamic parameters of this condition are
V and «.

Nothing can be said in general about the way the thrust vector varies with
¥V and a, since it is so dependent on the type of propulsion unit—rockets, jet,
propeller, or prop-jet. Two particular idealizations are of interest, however,

(i) T independent of V, i.e. constant thrust; an approximation for rockets
and pure jets.

(i) TV independent of V, ie. constant power: an approximation for
reciprocating engines with constant-speed propellers.

The variation of steady-state lift and drag with « for subsonicand supersonic
Mach numbers (M < about 5) are characteristically as shown in Fig. 6.2
for the range of attached flow over the surfaces of the vehicle (refs. 6.5, 6.6).
Over a useful range of « (below the stall) the coefficients are given accurately
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(o Cp

CD min

Fia. 6.2 Lift and drag for subsonic and supersonie speeds.

enough by
¢ Cp=10Cpa (6.1,1)

Cp=Cp,,, + KCi? (6.1,2)

"The three constants Cp ., Cp_ , K are principally functions of the con-
figuration shape, thrust coefficient, and Mach number.

Significant departure from the above idealizations may, of course, be
anticipated in some cases. The minimum of €, may occur at a value of
« > 0, and the curvature of the Cp vs. « relation mmay be an important
consideration for flight at high C;. When the vehicle is a “slender body,”
e.g. a slender delta, or a slim wingless body, the C; curve may have a
characteristic upward curvature even at small « (ref. 6.7). The upward
curvature of €, at small « is inherently present at hypersonic Mach numnbers
(ref. 6.8). For the nonlinear cases, a suitable formulation for C7p is (ref. 6.9)

C;, = (3Cy, sin 20 + Cy,, sin a |sin «|) cos a (6.1,3)

where Cy, and Cy,, are coeflicients (independent of «) that dep(?nd on the
Mach number and configuration. [Actually Cy here is the coefficient of the
aerodynamic force component normal to the wing chord, and.CM is the value
of Cp, at o =0, ascan eagily be seen by linearizing (6.1,3).w1th respect t(? o]
Equation (6.1,2) for the drag coefficient can serve quite well‘for flight
dynamics applications up to hypersonic speeds (M > 5) at which theory
indicates that the exponent of Cj, decreases from 2 to 3. Miele (ref. 6.10)
presents in Chapter 6 a very useful and instructive set of typical lift. and
drag data for a wide range of vehicle types, from subsonic to hypersonic.
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6.2 PITCH STIFFNESS AND POSSIBLE CONFIGURATIONS .
FOR FLIGHT

In Fig. 6.1 we have shown that the pitching moment M is zero, which is,
of course, one of the conditions for equilibrium. It is intuitively evident,
without recourse to any formal stability theory, that there might be some-
thing wrong with a flight vehicle that at constant speed and with fixed
controls, experienced a positive (nose-up) pitching moment AC,, following
an increase Ao in the angle of attack from its equilibrium value. This is
illustrated in curve o of Fig. 6.3 (i.e. C,, > 0). For then the moment AC,,

Cm
Cy
_a Cn, >0
/Aa/fAC"‘
a
0 - ACn
~
Equilibrium
point (trim) b:Cp, <0

Fra. 6.3 Pitch stiffness.

would be such as to increase further the perturbation in «. On the other hand,
if the C,, vs « relation is as in curve b, (C,,, < 0) the moment following the
disturbance is negative, and tends to restore « to its equilibrium value. The
latter case is exactly parallel to that of a mass on a spring, which when
disturbed from equilibrium, experiences a restoring force. The vehicle
possesses as it were an “aerodynamic torsion spring”’ that tries to hold o
constant at its equilibriumn value. This property has traditionally been called
“static stability” in pitch. In view of the more formal, more precise meaning
now usually attached to the word stability (see Chapter 3), a more appropriate
designation is positive pitch stiffness. The complete stability theory of the
longitudinal motion (see Chapter 9) shows that positive pitch stiffness
(C, < 0)isin general neither necessary nor sufficient for stability. However,
it is nevertheless a very important practical design criterion, the violation of
which leads to consequences that can rarely be tolerated. The greatimportance
of pitch stiffness makes calenlation or measurement of C, (a) one of the
central features of the aerodynamic design of all flight vehicles. This curve
is typically monotonic in « over the usable flight range, as in Fig. 6.3, curve b.
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We may conclude then, that a satisfactory flight configuration must not
only have C,, = 0 at some a0 > 0 in order to trim (i.e. be in pitch equilibrium)
at positive lift, but at the same time must usually have C,, < 0. Alternatively,
as can be seen from Fig. 6.3, it must have €, >0 and C,, < 0. It is
gomewhat simpler to use the latter form of the criterion to assess the
possibilities for flight.

We state here without proof (this is given in Sec. 6.3) that 9C,,/0a can be
made negative for virtually any combination of lifting surfaces and bodies
by placing the center of gravity far enough forward. Thus it is not the
stiffness requircment, taken by itself, that restricts the possible configurations,
but rather that it must coexist with zero moment. Since a proper choice of
the C.G. location can ensure a negative 9C,[0a, then any configuration with
a positive C,, can satisfy the conditions for flight at L > 0.

Figure 6.4 shows the C,, of conventional airfoil sections. If an airplane were

<—\

Positive camber Zero camber Negative camber
Cing negative Ciny = 0 Crn, positive

Fia. 6.4 Cmu of airfoil sections.

to consist of a straight wing alone (flying wing), then the wing camber would
determine the airplane characteristics as follows:

Negative camber—flight possible at o > 0; i.e. Cy > 0.
Zero camber—flight possible only at « = 0, or ¢, =0.

Positive camber—flight not possible at any positive « or C.

For straight-winged tailless airplanes, only the negative camber satisfies the
conditions for flight. Effectively the same result is attained if a flap, deflected
upward, is incorporated at the trailing edge of a symmetrical airfoil. A
conventional low-speed airplane, with essentially straight wings and positive
camber, could fly upside down without u tail, provided the C.G. were far
enough forward. The positively cambered straight wing can be used only in
conjunction with an auxiliary device which provides the positive C,,- The
solution adopted by experimenters as far back as Samuel Henson (1842) and
John Stringfellow (1848) was to add a tail behind the wing. The Wright
brothers (1903) used a tail ahead of the wing (Canard configuration). Either
of these alternatives can supply a positive Cp, 88 illustrated in Fig. 6.5.
When the wing is at zero lift, the auxiliary surface must provide a nose-up

Longitudinal aerodynamic characteristics—part 1201

+ Cambered wing at Tait with
C.,=0 C, negative

| y

Tail wjth + Cambered wing at
C; positive C.=0
(b)

Fia. 6.5 Wing-tail arrangements with positive €, . (a) Conventional arrangement.
(b) Tail-first or Canard arrangement.

moment. The conventional tail must therefore be at a negative angle of
attack, and the Canard tail at a positive angle.

An alternative to the wing-tail combination is the swept-back wing with
twisted tips (Fig. 6.6). When the net lift is zero, the forward part of the wing

has positive lift, and the rear part negative. The result is a positive couple,
as desired.

+Lift

-~ Lift

Fie. 6.6 Swept-back wing with twisted tips.
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A variant of the swept-back wing is the delta wing. The positive €, can be
achieved with such planforms by twisting the tips, by employing negative
camber, or by incorporating an upturned tailing edge flap.

6.3 PITCH STIFFNESS OF A GENERAL CONFIGURATION

Having established above the central iinportance of the derivative C,, for
satisfactory flight, we turn now to a detailed discussion of it for a general
vehicle configuration. We consider the vehicle to be composed of a body, a
wing, a tail and propulsive units. If any of these are absent (as for a tailless
airplane, a wingless missile, or a glider) the appropriate deletions from the
analysis are readily made.

The pressure distribution over the surfaces of a vehicle in steady rectilinear
motion, and the consequent integrated forces and moments, are functions of
angle of attack a, control surface angles, Mach number M, Reynolds number
R,, thrust coefficient C, and dynamic pressure 3pV?. The last-mentioned
parameter enters because of aeroelastic effects. If the vehicle is flexible, then
a change in dynamic pressure, with all other variables constant, produces a
change in shape, and hence of the forces and moinents.

In the following discussion the only restriction in relation to the above
parameters is that of steady rectilinear flight. Specifically, power effects,
flexibility, and compressibility effects are not excluded.

PITCHING MOMENT OF A WING

The force system acting on an isolated wing, in symmetric flight, can be
represented as a lift L, and drag D, acting at a reference point, the mean
aerodynamic center, together with a pitching moment M, . (Fig. 6.7).

Lw

Mean aerodynamic center

Mean aerodynamic
chord

Fia. 6.7 Aerodynamic forces on the wing.
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Fre. 6.8 Moment about the C.G. in the plane of symmetry.

The inviseid theory of thin wings at small «, predicts that the moment
about the aerodynamic center is invariant with «,, and this is indeed
very often the case in reality. However, it is possible that M, , may
vary with «,, and this case is included in the following. The moment of the

force system of Fig. 6.7 about the vehicle center of gravity (see Fig. 6.8) is
given by

M, = My, +(L,cosa, + D,sin )b —h, )¢
+ (L, sin a,, — D, cos a,,)2¢ (6.3,1)

For many flight situations, including the cruising flight of all classes of
fixed-wing aircraft, the angle of attack is small enough to justify the
approximations sin o, == «,, ¢08 a, = 1. We take this to be the case here,
bearing in mind the consequent restriction on the validity of the resulting
equations.

Equation (6.3,1) is made nondimensional by dividing through by }p¥V23¢.
It then becomes

Oy =Chy,_ + (Cr,+ Cppu)b —h, )+ (Cr o, — Cp)z  (632)

Altho.ugh it may occasionally be necessary to retain all the terms in (6.3,2),
experience has shown that the last one is frequently negligible, and that

Cp, i, may often be neglected in comparison with €y . With these simpli-
fications, we obtain "

C, =C +Cp(h—h,) (6.3,3)

m
0 .c.
BCW

Equation (6.3,3) will be used to represent the wing pitching moment in the
discussions that follow.
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PITCHING MOMENT OF A BODY AND NACELLES

The influence of the body and nacelles are COIllple)'(. A body alone in an
airstreain is subjected to aerodynamic forces. These, like those o'n thed“gng,
may be represented over moderate ranges of angle of attack by lift an rag
forces at an aerodynamic center, and a pitching COl'lp']e. When the wing an
body are put together, however, a simple superp(')smon of the uerodyna.mlc
forces which act upon them separately does not give a correct r?sult. Stl(?ng
interference effects are usually present, the flow field of the wing affecting

n the body, and vice versa. . .
th'el‘lfl(;rsze?nierference {low fields are illustrated for subsonic flow in Fig. 69
Part (a) shows the pattern of induced x"eloclty along the body the%:. is
caused by the wing vortex system. This induced flow ?rf)duces a positive
moment that increases with wing lift or «. Hence a positive (destab1]1z1-ng)
contribution to C,, results. Part (b) shows an effect of th.e body on the wing.
When the body axis is at angle « to the stream, there is & cross-flow com-
ponent ¥ sin a. The body distorts this flow locally, leading to cross-flow

} P T T Vs

TV sin a
(b)

Fie. 6.9 Example of mutual interference flow fields of wing and body—subsqnng ﬂt:;:'(;
(a) Qualitative pattern of upwash and downwash induced along Q;e body axis ‘yﬂow
wing vorticity. (b) Qualitative pattern of upwash induced along wing by the cross-

past the body.

e g L i o
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components that can be of order 2V sin « at the body-wing intersection.
There is a resulting change in the wing lift distribution.

The result of adding a body and nacelles to a wing may usually be inter:
preted as a shift (forward) of the mean aerodynamic center, an increase in
the lift-curve slope, and a negative increment in Cmm'. The equation that
corresponds to (6.3,3) for a wing-body-nacelle combination is then of the same

form, but with different values of the parameters. The subscript wb is used
to denote these values. '

Conyy = C + Cp, (b — h,,,) (6.3,4)

Ma.cowd

PITCHING MOMENT OF A TAIL

The forces on an isolated tail are represented just like those on an isolated
wing. When the tail is mounted on an airplane, however, important inter-
ferences occur. The most significant of these, and one that is usually pre-

. dictable by aerodynamic theory, is a downward deflection of the flow at the

tail caused by the wing. This is characterized by the mean downwash angle
€. Blanking of part of the tail by the body is a second effect, and a reduction
of the relative wind when the tail lies in the wing wake is the third.

} .
Wing-body mean L z Tail mean
t

) aerodynamic
aertzcri])érrlgmlc L center
\ iCG. y (aup— €
2

i My, Al
' v Tail mean

aerodynamic
chord

F1a. 6.10  Torces acting on the tail.

Figure 6.10 depicts the forces acting on the tail. V is the relative wind
vector of the airplane, and V is the average or effective relative wind at the
tail. The tail lift and drag forces are by definition respectively perpendicular
and parallel to V'. The reader should note the tail angle ¢,, which in keeping
with Fig. 6.5 must be negative. The moment M, .., is the pitching moment
of the tail about its own aerodynamic center. This is zero for a symmetrical
tail section, and in any case would come mainly from the deflection of the
elevator.

The contribution of the tail to the airplane lift, which by definition is
perpendicular to V, is

L, cos e — D, sin e
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€ is usnally a small angle, and D,e may be neglected compared with L,. The
contribution of the tail to the airplane lift then becomes simply L, We
introduce the symbol €'y to represent the lift coefficient of the tail, based on
the airplane dynamic pressure }pV? and the tail area S,.

— Lt
3pV*8,

The reader should note that the lift coefficient of the tail is often based on
the local dynamie pressure at the tail, which differs from $pV?* when the
tail lies in the wing wake. This practice entails carrying the ratio V'[/V in
many subsequent equations. The definition employed here amounts to
incorporating V'/V into the tail lift-curve slope a, = 9C, [0«,. This quantity
isin any event different from that for the isolated tail, owing to the interference
effects previously noted. This circumstance is handled in various ways in
the literature. Sometimes a tail efficiency factor 7, is introduced, the isolated
tail lift slope being multiplied by 7, In other treatments, 7, is used to
represent (¥'/ V)2 In the convention adopted here, a, is the lift-curve slope
of the tail, as measured in situ on the airplane, and based on the dynamic
pressure } p V2. This is the quantity that is directly obtained in a wind-tunnel
test.

From Fig. 6.10 we find the pitching moment of the tail about the C.G. to be

al

. (6.3,5)

M, = —1[L, cos (a,, — €) + D,sin (a,, — ¢€)]
- zt[Dt cos (awb - €) - Lt sin (‘wa - €)] + ﬂ[ac, (63)6)
Experience has shown that in the majority of instances the dominant term
in this equation is the first one, and that all others are negligible by com-
parison. Only this case will be dealt with here. The reader is left to extend
the analysis to situations where this approximation is not valid. With the
above approximation, and that of small angles,
M, == =L, = —10L 1pV2S,
Upon conversion to coefficient form, we obtain
C, = M, _ l_t‘_skc
! %szSC_ és
The combination ,9,/8¢ is the ratio of two volumes characteristic of the
airplane’s geometry. It is commonly called the “horizontal-tail volume
ratio,”” or more simply, the ‘“tail volume.”” It is denoted here by ¥ . Thus
C,.,= —VguCy, (6.3,8)

Since the eenter of gravity is not a fixed point, but varies with the loading
condition and fuel consumption of the vehicle, ¥V ;; in (6.3,8) is not a constant

(6.3,7)

L

*
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Fia. 6.11 Wing-body and tail aerodynamic centers.

(although it does not vary much). It is a little more convenient to calxlcula.te
the mom.ent of the tail about a fixed point, the mean aerodynamic center
of the wing-body combination, and to use this moment in the subsequent

algebraic manipulations. Figure 6.11 shows the relevant relation

we define ships, and

& S
V, = 42t
n=x (6.3,9)
which leads to
_ S
Vi=Vu—2h—h,) (6.3,10)

The moment of the tail about the wing-bod d i .
[cf. (6.3,8)] © y aerodynamic center is then

C, =~V 4Cy, (6.3,11)

and its moment about the C.G, is, from substitution of (6.3,10) into (6.3,8)

— S
Oy = —VyuCp, + €y, §‘ (h —4,,) (6.3,12)

PITCHING MOMENT OF A PROPULSIVE SYSTEM

-Tl.le moment provided by a propulsive system is in two parts: (1) that
coming ff'oln the forces acting on the unit itself, e.g. the thrust and in-plane
force ac.tlng on a propeller, and (2) that coming from the interaction of the
propuls,}ve slipstream with the other parts of the airplane. These are dis-
f:ussed In more detail in Sec. 7.3. We assume that the interference part is
included in the moments already given for the wing, body, and tail, and

E  denote by C,,, the remaining moment from the propulsion units.
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TOTAL PITCHING MOMENT

On summing (6.3,4) and (6.3,12) and adding the contribution C,, for the
propulsive system, we obtain the total pitching moment about the C.G.,

S _
Cm = Cm.,c, + (CI.M, + CL, S,i) (h - hu.,,,) - VllCL, - Cm,‘
wb
(6.3,13)

Since C, is a coefficient based on 8, then Cp S,/ is the tail contribution to
* . . -
C,, and the total lift coeflicient of the vehicle is

S
Oy = Cp + 1 (6.3,14)

Equation (6.3,13) therefore becomes

=0C + Cph —h, ) =V Cr, + Ca, (6.3,15)

L My c.0b

c

1t is worthwhile repeating that no assumnptions about thrust, confpressi.bility,
or seroelastie effects have been made in respect of (6.3,15). The pitch stiffness

(—¢,, ) is now obtained from (6.3,15). Recall that the aerodynamic centers
of thcawing-body combination and of the tail are fixed points, so that
an"' 72 L aom
I ey () — -V — —2 (6.3,16)
Cone = ™ + Cp (b —hy,) n ™

. . . ;
If a true aerodynamic center in the classical sense exists, then oC ,,,__c__*/aa

is zero and

oc, oc
Y — Pyt 2 6.3,17
‘ Cpy =Cralh — b, ) — Vi P + ™ ( )

- C,. asgiven by (6.3,16) or (6.3,17) is & constant that dfepends Iinet?rly onct'he
C.G. position, h. Since Cp_is usually large, the mugmtu.de and sign of le
depend strongly on k. This is the basis of the st.atem‘ent’ 1‘n Sec. 6.2 tl‘m.t ,;"a
can always be made negative by a suitable choice of h.. The CG position A,

for which C,, is zero is of particulur signiﬁcance., since Fhls r?l)x'cselnw a

boundary between positive and negative pitch stlﬁness: ll.l.tllls book we

define k, as the neutral point, N.P. It has the same signiticance for the

vehicle as a whole as does the aerodynarmic center for a wing alone, and indeed

H ‘¢
i : i sce > Y > utral
the terin vehicle aerodynamic center 18 an acceptuble alternative to “ne ,

point.”
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The location of the N.P. is readily caleulated from (6.3,16), i.e.

a(}"l . aC aC
0= —"25= 4 ¢ (hy—h, ) — Vy—t 4 2
Jac L N\"n 1.,.) i da + da
ac
1 Mg 0. BC, aCm

or = h,  —— (_——" Ml 7g ——) 6.3,18
wh CL' aa M aa aa ( )

Substitution of (6.3,18) back into (6.3,16) simplifies the latter to
Coy =0Cr, (b — 1) (6.3,19)

which is valid whether C,, and C,, vary with « or not. Equation (6.3,19)
clearly provides an excellent way of finding k, from test results, i.e. from
measurements of C,, and C/ . The difference between the C.G. position and
the N.P. is sometimes called the static margin,

K,=(h, —h) (6.3,20)

Since the criterion to be satisfied is C,, < 0, i.e. positive pitch stiffness,
then we see that we must have b < k,, or K, > 0. In other words the C.G.
must be forward of the N.P. The farther forward the C.G. the greater is K,
and in the sense of “static stability’’ the more stable the vehicle.

It must be emphasized that C,, and C,_are partial derivatives. This
means that all other significant arguments, normally M, C,, and }pV? are
kept constant. This is especially important to keep in mind when experi-
mental results are being used. 1f these paramecters are unimportant or absent,
as in the gliding flight of a rigid vehicle at low M, then C,, and € are functions
of a only, C,, is a unique function of Cy, and (6.3,19) yields

h—b&, = dc,,
dc,
Equation (6.3,21) is sometimes used in practice as a definition of the ncutral
point, but as is clear from the foregoing, it contains some dangers. Since C,,
and Cj, are in the general case each functions of several independent
. 'variables, then the derivative dC, [dC is not mathematically defined, and
indeed different values for it can be calculated depending on what con-
straints arc imposed on the independent variables. With particular con-
straints it indced Lurns out to be a useful index of stubility, and this point
is treated further in Sec. 9.3.

(6.3,21)

LINEAR LIFT AND MOMENT

When the forees and moments on the wing, body, tail, and propulsive
.system are linear in o, as may be near enough the case in reality, somne
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additional usetul relations can be obtained. We then have

CL.,, =00, (6.3,22)

CL, = o, (6.3,23)
aC"l

and Cp, =Cpy + 2 (6.3,24)
’ » da

Furthermore, if C, , is lincar in Cp_,, it follows from (6.3,4) that C,,
does not vary with Cy_, i.e. that a true aerodynamic center exists. Figure
6.10 shows that the tail angle of attack is

=y, +1,— € (6.3,25)
and hence
Cp, = tyoy, + 4, — €) (6.3,26)
The downwash € can usually be adequately approximated by
Oe e
e=¢€ + o, (6.3,27)
Oo

The downwash ¢ at O, = 0 results from the induced velocity ficld of the

body and from wing twist; the latter produces a vortex wake and downwash

ficld even at zero total lift. The constant derivative de/dx occurs because the

main contribution to the downwash at the tail comes from the wing trailing

vortex wake, the strength of which is, in the lincur case, proportional to Cp.
The tail litt coctticient then is

c, = a,[awb(l - E) ti— eu] (6.3,28)
¢ Oa

and the total lift, from (6.3,14) is

; s
C, = “..,b%b[l n L‘S_‘(l _ a‘)] taFh e @

a,S 2
or Cr = (CL) + aa,, (b) (6.3,29)
or C; = aa (c)
N

where (CL)e = @ g‘ (i, — &) (6.3,30)
is the lift of the tail when a,, = 0;

aC a, 8, de -

a4 = —== =« l»-———— l—‘—“ (63)31)
Oa ‘ '""[ 1 a, S ( aa)]

is the lift-curve slope of the whole configuration; and a is the angle of attack
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o ®wb

Fia. 6.12  Graph of total lift.

of the zero-lift line of the whole configuration (see Fig. 6.12). Note that, since

i, is negative, then (Cy), is negative. The difference b
: . ot i
found by equating (6.3,29b and c) to be roon o and cu 2

S
o —ay, =226, — ) (6.3,32
a S -3,32)

When the linear relations for ¢, ¢
! L Cr,and C,, are substituted into (6.3,15
the following results can be obtained after some algebraic reduction '( )

Cnl = 0’"n + C"‘aa (a)
G'" = 0"'0 + 0"'aawb (b) (63,33)
where  C, = a(h — h,,,) —a} (1 - ie) T
wy 7 H 3 + ™ (a)
(6.3,3¢
Cm¢ == awb("’ -— h"w‘) —_ a‘Vll(l _— a—i ?2'& (b) )
0 O
Comy = 0"‘...;._,. + 0"'0, + ayle, — i)
S 0
X f1—%Zefy _ €
[ a8 ( aa)] (@)
0"‘0 = Cm.-c‘w. + 0,“0. + a‘V“(Eo - ‘i‘) (b) (63'35)
C'm = — aam’
o, mg, + (a awb) W— (C)
’luzl ﬂ“ ( _if _}aom.
by T = V|1 aa) S (6.3,36)
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Cm
p>ha
Cm = C’"Q + a(h - h,.)a

cG. 2t

Cmy

Fra. 6.13 Effect of C.G. location on C,, curve.

Note that since C,,, is the pitching moment at zero Lt not at zero total lift,
its value depends on h (via V), whereas C,,,» being th.e momeut., 'u.t zero
total lift, represents a couple and is hence independent of C.G. position. All
the above relations apply to tailless aircraft by putting V, = 0. Another
useful relation comes from integrating (6.3,19), i.e.

Cm = Cmn + CI,(h - hn) (a’)
or C,,=Cp, +aath — L) )

(6.3,37)
"
Figure 6.13 shows the linear C,, vs. a relation, and Fig. 6.14 f;hows the
resultant system of lift and moment that corresponds to (6.3,37), i.e. a force
C and a couple C,, at the N.P.

Fia. 6.14 Total lift and momont aot-
ing on vehiclo.

6.4 LONGITUDINAL CONTROL

In this section we discuss the longitudinal control of the vehiclo' l"ron.n a
static point of view. That is, we concern ourselves with how t.,he equilibrium
state of steady rectilinear flight is governed by the available co{ntrols.
Basically there are two kinds of changes that can be made by the pilot or
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automalic control system-—a change of propulsive thrust, or a change of
configuration. Included in the latter are the operation of aerodynamic
controls—elevators, wing flaps, spoilers, and horizontal tail rotation. Since
the equilibrium state is dominated by the requirement C,, = 0, the most
powerful controls are those thut have the greatest effect on C,,.

Figure 6.13 shows that another theoretically possible way of changing the
trin condition is to move the C.G., which changes the value of « at which
C,, = 0. Moving it forward reduces the trim a« or Cy, and hence produces an
increase in the trim speed. This method was actually used by Lilienthal, a
pioncer of aviation, in gliding flights during 1891-1896, in which he shifted
his bedy to move the C.G. It has the inherent disadvantage, apart from
practical difficulties, of changing C,, at the same time, reducing the pitch
stiffness and hence stability, when the trim speed is reduced.

The longitudinal control now generally used is aerodynamic. A variable
pitching moment is provided by moving the elevator, which may be all or
part of the tail, or a trailing-edge flap in a tailless design. Deflection of the
elevator through an angle d, produces increments in both the C,, and C, of
the airplanc. The AC; caused by the elevator of aircraft with tails is small
enough to be neglected for many purposes. This is not so for tailless aircraft,
where the AC; due to elevators is usually significant. We shall assume that
the lift and moment increments for both kinds of airplane are linear in §,,
which is a fair representation of the characteristics of typical controls at
high Reynolds number. Therefore,

ACp = C, 8, (a)
Cp = Crla) + Cp,b, (b) (6.4,1)

AC,, = C,,.8, (c)

and Co = Cula) + C,n 9, (d)

where U, = 0C(/d4,, C,,, = 0C,[04,, and Cp(a), C,,(a) are the “basic”
lift and moment when §, = 0. The usual convention is to take down elevator
as positive (Fig. 6.15¢). This leads to positive Cy, and negative C,,,. The
deflection of the elevator through a constant positive angle then shifts the
C,~a curve downward, without change of slope (Fig. 6.15b). At the same time
the zero-lift angle of the airplane is slightly changed (Fig. 6.15¢).

In the case of linear lift and moment, we have

my°

Op =0+ Cpp, (@)
(6.4,2)

Clll = Cll‘ + Clllla + C (b)

my 65
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Horizontal tail
/—\4r\
v\&
(a)
m

8.=0 -
Original trim a
. &/ g .

C

@
Final trim « 5.>0 AC,
(6)
C
8,>0
6.=0
________ Original trim pt.
Final
trim pt
'ACL
L —
1
|
N «
0
(c)

Kia. 6.15 Effect of slevator angle on C,, curve. (a) Elovator angle. (b) C,, — a curve.
(¢) Cf, — a curve.

THE DERIVATIVES C,, AND C

my

Equation (6.3,14) gives the vehicle lilt, with S, = 0 for tailless types, of

course. Hence

(6.4,3)

in which only the first term applies for tailless aireraft and the second for
conventional tail elevators or all moving tails (when ¢, is used instead of 4,).

e~

Longitudinal aerodynamic characteristics—part 1 215

We define the elevator lift effectiveness as

%y, (6.4,4)
a, = L)
‘98,
so that (6.4,3) becomes
acy S,
Cp == — 6.4,6
Lo = s, + a, 3 (6.4,5)

The total vehicle C,, is given for both tailed and tailless types by (6.3,15).
For the latter, of course, ¥ ;; = 0. Taking the derivative w.r.t. J, gives

oc
_ 9c, ac
Cp = ——Z0 4 Op (h—h, ) — Tyt 6.4,6
m = g+ O NS s (6.4,6)

We may usually neglect the last term, since there is unlikely to be any
propulsive-elevator interaction that cannot be included in a,. Then (6.4,8)
becomes

Cn _ :
Cog = T. +Cph—h,,) —aVy (6.4,7)
Summarizing for both types of vehicle, we have
With tails:
C;.=a *—g—‘ (a)
a0 g (6.4,8)
Cmd = _aaVIl + CLd(h - hn“) (b)
Tailless:
aoC
¢, =k a
Ly aé. ( )
ac,, (6.4,9)
C,, = % + Cp (b — &) (b)

In the last case, the subscript wb is, of course, redundant and has been
dropped. The primary parameters to be predicted or measured are a, for
tailed aireraft, and 0C,[08,, dC,, [098, for tailless.

a-c.

ELEVATOR ANGLE TO TRIM
The trim condition is C,, = 0, whence from (6.4,1d)

~ — Cnl)

(6.4,10)
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and the corresponding lift coeflicient is

CLLrhu = CL(a) + 01'4 6’Lrim

C N
= Cyla) ~ 200w (G410

g S

When the linear lift and moment relations (6.4,2) apply the equations for
trim are
CLaamm + CLaocmm = C'L""n (6:412)
Cmaatl‘im + Cm,’aa =—C

"
trim 0

These cquations are solved for o and 4, to give

Colry + Cul

Lyrig
Lprim = A = (@)
5 o Cm.lCLu + Cma("Ltrlm (b) _
et = A (6.4,13)
B __ o _ C"‘(h —h,) (c)
daLtrlm A A
where A= Cl,'("m s CL,(" ma ()

and is normally negative. The values of A for the two types of airplane are
readily calculated from (6.4,8 and 9) together with (6.3,19) to give

Tailed :
A =Cp(Cp b, — h,) — 4Pyl (@)
Tailless:
ac,,. .. (0.4,14)
A= CL‘,%L ()

and both are independent of k. From (6.4,134) wo get the trimmed lift curve:

c - 'muCLd —1 A « (6 4 15)
Licmn = — 5, T 5 % *
trim Cm‘ Cm‘ trim
and the slope is given by
d¢ C
( l‘) = CL — C,, (64,16)
da Jicim “ .

™s
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C

Basic (5,=0)/
/

> a

Fia. 6.16 ‘T'rimmed lift curve.

The trimined lift-eurve slope is seen to be less than Cy,_ by an amount that
depends on C,, , i.e. on the static margin, and that vanishes when & = k.
The difference is only o few percent for tailed airplanes at normal C.G.
position, but may be appreciable for tailless vehicles because of their larger
C, The relation between the basic and trimmed lift curves is shown in
Fig. 6.16.

Equation (6.4,13b) is plotted on Fig. 6.17, showing how §
Cy,

epeun VOTieS with

and C.G. position when the aerodynamic coeflicients are constant.
teun

€uim
h=h,
"Cmo/cm,
o ~=>Cr ;.
h<h,

Fia. 6.17 Llevator anglo to trim ut various C.G. positions.




218 Dynamics of utmospheric flight

VARIATION OF §

ieim

WITH SPEED

When, in the absence of compressibility, aeroelastic effects, and propulsive
system effects, the aerodynamic coeflicients of (6.4,13) are constant, the
variation of 4§, = with speed is simple. Then 4, is & unique function of
Cp  for each C.G. position. Since C L, is in turn fixed by the equivalent

trim

airspeed,t for horizontal flight

rim

w

fuin = TP 8 (6.4,17)
then d, becomes a unique function of V . The form of the curvesis shown
in Fig. 6.18 for representative values of the coeflicients.

The variation of 8, _ with Cp _ or speed shown on Figs. 6.17 and 6.18
is the normal and desirable one. For any C.G. position, an increase in trim
speed from any initial value to a larger one requires a downward deflection
of the elevator (a forward movement of the pilot’s control). The “gradient’
of the movement 83, [3V ) is seen to decrease with rearward movement of
the C.G. until it vanishes altogether at the N.P. In this condition the pilot
in effect has no control over trimn speed, and control of the vehicle becomes
very dificult. For even more rearward positions of the C.G. the gradient
reverses, and the controllability deteriorates still further.

When the aerodynamic coefficients vary with speed, the above simple
analysis must be cxtended, In order to be still more general, we shall in the

20° |- h=h,

10° |-

-10° |-

-20° |-

b

Fia. 6.18  Example of variation of elevator angle to trimn with speed and C.G. position.

t Equivalent airspoed (BAS) is Vg = V\/,Tpo where p, is standard sca-lovel
density.
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following explicitly include propulsive effects as well, by means of the

parameter ar, which stands for the state of the pilot’s propulsion control

(e.g. throttle position). 7 = constant thercfore denotes fixed-throttle and,
of course, for horizontal flight at varying speed, 7 must be a function of ¥V
that is eompatible with 7' = D. For angles of climb or descent in the normal
range of conventional airplanes L = W is a reasonable approximnation, and
we adopt it in the following. When nonhorizontal flight is thus included, =
becomes an independent variable, with the angle of climb y then becoming a
function of 7, V, and altitude.

The two basic conditions then, for trimmed steady flight on a straight
line are

€ =0
L= OV 'S = W (6.4,18)
and in accordance with the postulates made above, we write
Cm = C'h(a' V’ al’ 1’)
(6.4,19)

Cp=Cla,V,3d, n)

Now let ( ), denote one state that satisfies (6.4,18) and consider a small
change from it, denoted by differentials, to another such state. From (6.4,18)
we gel, for p = const,

dc,, =0 (6.4,20)
and CLV? = const

or 2V,Cp dV + VidCp =0

8o that dc, = —2C;, ‘;V = —2C dP (6.4,21)

where P is delined in Table 5.1. Taking the differentials of (6.4,19) and
equating to (6.4,20 und 21) we get

Cp da+ Cp,dd, = —Cp dw — (Cp, + 2C) dP

6.4,22
C,, de+C,,dé, = —C,, dn —C, da¥ (6.4.22)

where Cp, = 9C, /o7 and Cp, = 0C,[0 P. From (6.4,22) we get the solution
for dd, as

1 .
d‘s. = Z {[(CLy + 2CL,)C";¢_ CL.C'”ly] dp + (CL'Cm'—' CLGC"") dﬂ} (6.4,23)

There are two possibilities, 7 constant and = variable. In the first case



220 Dynamics of atmospheric flight
(fixed throttle), dw = 0 and . |

(6.4,24)

40,0\ (Cp, + 201 )Cm, — CrC,,

( dv ).“ A
1t will be shown in Chapter 9 that the vanishing of this quuntity is a true
criterion of stability, i.e. it must be >0 for a stable airplane. 1n the second
case, for example exactly horizontal flight, 7 = (V) and the ar termn on the
r.hs. of (6.4,23) remains. For such cases the gradient (dé,"m/d P) is not
necessarily related to stability. For purposes of calculating the propulsion
contributions, the terms Cy_dw and C,,, dw in (6.4,23) would be evaluated
as dCy_and dC,, [sec the notation of (6.3,13)]. These contributions to the
lift and moment are discussed in Sec. 7.3.

8 trm

AB_ C

Fia. 6.19 Reversal of 8, slope at transonic speeds, = = const.

The derivatives Cy, and C,,, (see Sec. 7.8) may be quite lurge owing to
slipstream effects on STOL airplanes, or Mach number effects near transonic
speeds. These variations with M can result in reversal of the slope of 8,
as illustrated on Fig. 6.19. The negative slope at 4, according to the stability
criterion referred Lo above, indicates that the airplane is unstable at 1.
This can be seen as follows. Let the airplane be in equilibriuin flight at the
point 4, and be subsequently perturbed so that its speed increases to that of
B with no change in a or d,. Now at B the elevator angle is too positive for
trim: i.e. there is an unbalanced nose-down moment on the airplane. This
puts the airplane into a dive and increases its speed still further. The speed
will continue to increase until point C is reached, when the J, is again the
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(forrect value for trim, but here the slope is positive and there is no tendency
for the speed to change any further.

STATIC STABILITY LIMIT, h,

The critical C.G. position for zero elevator trim slope (i.e. for stability)
can be found by selling (6.4,24) equal to zero. Reculling that C,, =
Cp (b — h,), this yields ‘

' c
h—h,——2 =9 6.4,25
Gy, + 20, (6.4,25)
or h=h,
c
where hy=h, 4+ —20 6
. C,, + 20, (6.4,26)

Depending on the sign of C,.,» h, may be greater or less than &,. In terms of
h,, (6.4,24) can be rewritten as

(‘”-mm)_—_cmc +2CL)h — h
Sein) = Tt €y, + 20, ) — B, (6.4,27)

(h — h,) is the “stability margin,” which may be greater or less than the
static margin.

FLIGHT DETERMINATION OF h, AND h,

For the general case, (6.3,19) suggests that the measurement of h, requires
Lhe' measurement of C,, and Cp . Flight measurements of aerodynamio
derivatives such as these can be made by dynamic techniques. However, in
the simpler case when the complications presented by propulsive, com-
pressibility, or acroelastic effects are absent, then the relations implicit in
Figs. 6.17 and 6.18 lead to a means of finding k, from the elevator trim
curves. In that case all the coefficients of (6.4,13) are constants, and

da‘trlm Cmﬂ
ic,, = A (6.4,28)
dé C
or €irim _ La h . h
dCLlrlm A ( ") (64’29)

Thus measurements of the slope of 0, V8- Cr &t various C.G. positions

produce a curve like that of Fig. 6.20,ril"1. which the intercept on the 4 axis is
the required N.P.
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_‘”mm

o 9CL i h.i‘ h

Pl
-

M fixed

Fia. 6.20 Determination of stick-fixed neutral point from flight test.

When speed effects are present, it is clear from (6.4,27) that a plot of
(49, . /aV), against h will determine A, as the point where the curve crosses
the A axis.

6.5 CONTROL HINGE MOMENT

"The aerodynamic forces on any control surface produce a moment about
the hinge. Figure 6.21 shows a typical tail surface incorporating an elevator
with a tab. The tab usually exerts a negligible effect on the lift of the
acrodynamie surface to which it is attached, although its influence on the

“hinge moment is large.

"Phe coeflicient of elevator hinge moment is defined by

Chu = _'i_.

V8.2,
Here H, is the moment, sbout the elevator hinge line, of the aerodynamic
forces on the elevator and tab, S, is the area of that portion of the elevator
and tab that lies aft of the elevalor hinge line, and ¢, i3 a mean chord of the
game portion of the elevator and tab. Sometimes ¢, is taken to be the geo-
mnetric mean value, i.e. &, = S,/2s,, and other times it is the root-mean square
of ¢,. The taper of elevators is usually slight, and the difference between the
two values is generally small. The reader is cautioned to note which definition
is employed when using reports on experimental measurements of C,,.

Of all the acrodynamic parameters required in stability and control
analysis, the hinge-moment coefficients are most diflicult to determine with
precision. A large number of geometrical parameters influence these co-
eflicients, and the range of design configurations is wide. Scale eftects tend to
be lurger than for many other parameters, owing to the sensitivity of the
hinge moment Lo the state of the boundary layer at tho trailing cdge. ‘Two-
dimensional aitfoil theory shows that the hinge moment of simple flap controls

.

P
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| Hinge line
h\_
[} \—

Tab

-_4—Tab hinge

Elevator hinge
Tab hinge

Cp Co >

€
(b)

Fia. 6.21 Elevator and tab geometry. (a) Plan view. (b) Section 4-A.

is linear with angle of attack and control angle in both subsonic and super-
sonic flow.

The normal-force distributions typical of subsonic flow associated with
changes in « and § are shown qualitatively in Fig. 6.22. The force acting on
the movable flap has a moment about the hinge that is quite sensitive to its
location. Ordinarily the hinge moments in both cases (a) and (b) shown are

_ negative.

In many practical cases it is a satisfactory engineering approximation to
assume that for finite surfaces C,, is a linear function of «,, 4,, and 8,. The
reader should note however that there are important exceptions in which

Bt}‘ollg nonlinearities are present. An example is the Frise aileron, shown
with a typical Cy curve, in Iig. 6.23.
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i/ Hinge Control
1 Fixed surface

(a)

®)

Fia. 6.22 Normal-force distribution over control surface at subsonic speed. (a) Force
distribution over control associated with a at 8 = 0. (b) Force distribution over control
associated with d at zero a.

We assume that C,, is linear, as follows,

Ch, = by + ba, + b0, + byd, (6.6.1)
where b, = e _ Ch.
Oa, .
aC," —
b, = -a—g = Cha,
0
by = —2= e
3 28, hey,

a, is the angle of attack of the surface to which the control is attached (wing
or tail), and &, is the angle of deflection of the tab (positive down). The
determination of the hinge moment then resolves itself into the determination
of by, by, by, and by. The geometrical variables that enter are elevator chord
ratio ¢,fc,, balance ratio c,fc,, nose shape, hinge location, gap, trailing-cdge
angle, and planform. When a set-back hinge is used, some of the pressure acts
ahead of the hinge, and the hinge moment is less than that of a simple ilap
with a hinge at its leading edge. The force that the control system mnust
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Fia. 6.23  "Typioul hinge moment of Frise aileron. Wing « = 2°. R.N. = 3.3 x 108.

exert to hold the elevator at the desired angle is in direct proportion to the
hinge moment.

We shall find it convenient subsequently to have an equation like (6.5,1)
with a instead of a,. For tailless aircraft, «, is equal to a, but for aircraft
with tails, «, = «,. Let us write for both types

Cy = Cp, + Cp a0 + b0, + b3d, (6.5,2)
where for tailless aircraft C,, = b,, C,, = b,. For aircraft with tails, the
relation between « and «, is derived from (6.3,25) and (6.3,32), i.e.

) . S '
a,=a(l —55) - (eo——n)[l —3‘5' (1 —aa_:)] (6.5,3)

whence it follows that for tailed aireraft, with symmetrical airfoil sections
in the tail, for which b, = 0,

Cra, = byl — e.,)[l - (1 _ %)] (@)

(6.5,4)
Cho, = b,(l - ﬁ) (6)

Oa.
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6.6 INFLUENCE OF A FREE ELEVATOR ON LIFT AND
MOMENT -

In Sec. 6.3 we have denlt with the pitch stiffness of an airplanc the controls
of which are fixed in position. Even with a completely rigid structure, which
never exists, a manually operated control cannot be regarded as fixed. A
human pilot is incapable of supplying an ideal rigid constraint. When
irreversible power controls ure fitted, however, the stick-fixed condition is
closely approximated. A characteristic of interest from the point of view of
flying qualities is the stability of the sirplane when the elevator is completely
free to rotate about its hinge under the influence of the aerodynamic
pressures that act upon it. Normally, the stability in the control-frec
condition is less than with fixed controls. It is desirable that this difference

Fia. 6.24 Elovator fuoating angle.

should be small. Since friction is always present in the control system, the

free control is never realized in practice either. However, the two ideal

conditions, free control and fixed control, represent the possible extremes.
When the control is free, then C,, = 0, so that from (6.5,2)

1
= - 'b_ (Cha“ _}_ Clu'a -{‘ b3al) (66’])
2

“free

The typica.l upward deflection of a free-elevator on a tail is shown in Fig. 6.24.
The corresponding lift and inoment are

CL = CLaa + CLda’lrcu
free (66,2)
Cm = C"‘o + C"‘aa + Cm‘(s

e
free free

After substituting( 6.6,1) into (6.6,2), we get
Cp,  =Ci,+Cra (a)
=0, + C:,,aa (b)

free

(6.6,3)

Mycee
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’ CL
where CL‘, = - T‘ (Cm, + bydy) (@)
R .
’ , C.C (6.6,4)
W=0p =0, - Thaheg )
« bz
. Cr,s
Cm. = Cmo - —b— (Clu. + baal) (a’)
2
. Cn O (6.5.6)
Cm‘ = Cm — ¢ " (b)
. b,

When. due consideration is given to the usual signs of the coefficients in these
equations, we see that the two important gradients C L, 8nd C,, are reduced
a

in absolute magnitude when the control is released. This leads, broadly
speaking, to a reduction of stability.

FREE-ELEVATOR FACTOR

When the elevator is part of the wing, as on a tailless aircraft, and the
elevator is free, the lift-eurve slope is given by (6.6,4b), i.e.

' CL bl
a =a l ' 2
( ab, ) (6.6,6)

The factor in parentheses is the free elevator factor F, and normally has a
valu(? less than unity. Likewise, when the elevator is part of the tail, the
floating angle can be related to «,, viz.

Ch, = by, + by, + byd, = 0
_ 1
or Bue = — - (it - b3 (6.6,7)
2

and the tail lift coeflicient is

C,L, = a@, + a,8

€tree
a,b ab
=a,fl — 21}, T3 b}
{ a‘ bz) =52 (6.6,8)
The effective lift-curve slope is
oy,
—2 = Fa
o, . (6.6,9)

a, b, .
where F = (1 - b—l) is the free-elevator factor for a tail. If Fa, be used in
t 2
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place of a, and «’ in place of g, then all the equations given in See. 6.3 hold
for tailed aircruft with a free elevator.

CONTROL-FREE NEUTRAL POINT

Tt is evident from the preceding comment that the N.P. of a tailed aircraft
when the control is free is given by (6.3,36) as

" et Ja a Oa

1 80, ,
K=k +1'"‘ ;7,,( -a—‘) o Tm (6.6,10)

Alternatively, we can derive the N.P. location from (6.6,6b), for we know
from (6.3,19) that

C, = Cp (b — 1) ()
¢, 1 CrnChe,
or (h — b)) = C—L— == (Cm. b ) (6.6,11)

l C"l C e
== — [a(h —h,)— Zme Thea "] (b)
a’ ba

. . . . —_— oceed
Sinee €, is of different form for the two main types of aircraft, we proe

separately below.
Tailless Aircraft.  (C,,, is given by (6.4,9) and Oy, = b,. Wheu these ure
substituted into (6.6, 11) the result is

b, oC

a bl U ma.c.
—k =—(h— _— h—h,) —
h— bk, = = (h—h,) o, Cp,l W) ’bz 36,
(b — h,) b, b, BC,,,_ ..
I TAR
al ( 2 a bA aae
By virtue of (6.6,6) this becomes
Ch_h, b, oC,, WCp,...
b= b =h=ho— a'b, 36,
b, doC "
. K o= 1 T e (6.6,12)
ot ho = G, 8,

Tailed Aircraft. C,,, is given by (6.4,8), 80 (6.6,11) becomes for this case

Cy.
h— B) = = (h — hy) — —2Cp(h — h,,,) + Ly -
a @', b,
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Using (6.6,4b) this becomes

CJCL Cgl —
— h; al‘"“)+_i.a‘y}1

1
h — h'n = — - (ah,l
a’ 2 a'b,

Wereplace b, by (b, , — b))+ & to get
1 ne Y n a VO 8

ot

c.C a,C
K, o=h,  2a’lép —p )— e
" } bza' ( n wb) a'ba V}I

Finally, using (6.4,8) for CL‘, and (6.5,4) for C,“', we get

h:.:h"—_a_‘i?_\( a‘)( (h, —
a’ bz aa

The difference (h,, — h) is called the control-free static margin, K,. When
representative numerical values are used in (6.6,13) one finds that A, — ki
may be typically about 0.08. This represents a substantial forward movement
of the N.P., with consequent reduction of static margin, pitch stiffness, and
stability.

S,
)§‘+VH) (6.6,13)

6.7 THE USE OF TABS

TRIM TABS

In order to fly at a given speed, or Cy, it has been shown in Sec. 6.4 that a
certain elevator angle 8, is required. When this differs from the free-
floating ungle 8, _, a force is required to hold the elevator. When flying for
long periods at a constant speed, it is very fatiguing for the pilot to maintain
such a force. The trim tabs are used to relieve the pilot of this load by
causing 4 and 4, to coincide. The trim-tab angle required is calculated
below.

When C,, and C,, are both zero, the tab angle is obtained from (6.5,2) as

Cirim

1
6hrlm == b_ (0"‘9 + C"‘aatrim + bzatmm) (6711)
3

On substituting from (6.4,13), (which implies neglecting 0C,,/06,) we get

1 C
6lmm = b [CM + (ChﬂacLa - b2CL¢) + —EK"E (Cluacma - bchu.)]
3
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6’ulm

Fia. 6.25 Tab angle to trim.

which is linearin Cp__ for constant &, as shown in Fig. 6.25. The dependence

on h is simple, since from (6.6,11) we find that
(CreComs — b,C’,,,a) = —a'bylh — hy)

and hence

Ll 4 O, — 001 — ot th - B (6.7,2
- —I;;[ ey F N (Cre lry — b:CL) — A (b h,) L.,‘...] 1,2)
"Phis result applies to both tailed and tailless aircraft, provided only that the
appropriste values of the coefficients are uscd. It should be realized, of
course, in reference to Vig. 6.25, that each different Cp in a rcal flight
situation corresponds to u different sel of values of M, 3p¥?, and Cy, so that
in gencral the coeflicients of (6.7,2) vary with Cp, and the graphs will depart
from straight lines.

Equation (6.7,2) shows that the slope of the §, va Cp  curve is pro-
portional to the control-free static nargin. When the cocfficients are constants,

o

et

we have
Buosm _ b2 4 ) (6.7,3)
dCr, b A
The similarity between (6.7,3) and (6.4,13¢c) is noteworthy, i.e. the trim-tab
slope bears the same relation to the control-free N.P. as the elevator angle
slope does to the control-fixed N.P. It follows that flight determination of
I, from eusurements of dé,,, J9C 1y ya is possible subject to the same
restrictions as discussed in relation to the mneasurement of &, on p. 221

GEARED TABS

The coofficient b, dominates the hinge moment of a control, and hence the
control force. It gives the rate at which the hinge moment increases with
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Fia. 8.28 Geometry of geared tab.

::?tm]d ang}e. The need for reduction of b, by aerodynamic means w
re ::re :0 ;n Sec. 6.5. One such means, which is very effective, is the gear:(:
o t];v: ba .]Ttl}e geomletry of such a tab is illustrated in Fig. 6.26. The angle
ab relative to the control surface is determi o rigid I
When arranged as shown, do ol the sonta ok 4%,
, downward movement of the control i i
. is accom

:y Sn :ull;(.)mt]mc upward movement of the tab. The hinge moment S::;:g

y the tab is then of the sense which assists th

e control movement. If B
moved to the upper surface of th ' the
e tab, so that 4B crossed HH
K . -‘ . 2 2 t

gppoil.t;b (;,lh,ct wt;)uld be obtained. This arrangement, known as an an}tl‘?sl;rt/l:)e

r antibalance tab can be used when a control i erwi ’

is otherwise overbal

too closcly balanced. It i i ot positien o

' . It provides a means of achieving a - iti

: . g o zero or

.wm'lout any detrimental effect on b,, as follows. The balance, ¢ (II)*‘(i)mt:iv;lbl
:; ¢ ml:sen Iu.;)'gc enough so that b, becomes zero or positive T’heb con%;‘ol.wi:i

ien have b, either Loo small or even positive. This i |
introducing an antiservo geared tab. d © hia f then corrected by
i Slllppose thfxt, when the elevator moves through an angle §,, the tab
uug) ucunt.ant i ~y4,. y, called the “tab gearing,” is positive for t; ,servo tab
nd negative for an antiservo tab. The hinge-moment coeflicient will then be

Ch‘ = bo + blal + b2aa + ba(s‘

- b
o + by, + b2(l - f y) 3, (6.,6)

2

The servo tab thus in effect reduces the value of b, by the factor

(1'_ by
b,”)
SPRING TABS

T ot of the
o ]:e (:lﬂu,(tl, of the upecd:squurcd law’’ ont control forces at high specds has
o the development of the “spring tab.”” The effect of this device is to
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Rudder hinge line

Fin

Tab hinge
line

Control rod
¥la. 6.27 Spring tab applied to a rudder.

mitigate the influence of speed. Figure 6.27 shows the principle. The systein
functions as follows. When a force is applied through the control rod to the
control lever, the latter rotates through some angle 0. The control st{rface
would rotate through the same angle, and the tab‘ not move a? zf]l, if the
control lever were rigidly connected to the surface. However, ‘tlus is not s(.),
and the torsion bar twists through some angle ¢. The surfu(,te dlsplaccmcn.t is
then 8 == 0 — ¢. The movement of the control lever relutt%:e to the suriuo:c
(angle ¢), causes the tab link Lo move and deflect the t'ub, just as Lhou:;h 1IIi
were a geared tab. Now with ull other factors equal, an increase In spee wll,
require an increase in the control-rod load to h~old' the same su'rfucc angle.
But an increase in this force introduces extra twist into the torsml} bar, u~nd
hence increases the tab deflection. Thus, as the speed increases, an mcrcus!ug
proportion of the hinge moment is balanced l)¥ the tab, and a (lccl'cusl{lllbg‘
proportion by the pilot or control uystem: In effect, !,hc system behaves like
a geared servo tab, the gearing of which increases with speed.

SERVO TABS

When the pilot’s control force acts only to dcﬂe(ft the .tul), _u-nd not t.,he
main surface, it is designated a serve tab. This result is attained if the torsion
spring of Fig. 6.27 is replaced by a free hinge. 'I.‘hc control Icvcn: then becomes
an idler and the foree in the control rod is simply the reaction to the t‘ub
hinge moment, which is of course relatively small. T‘he ang‘lc tllf'ougll. which
the control surface deflects is then governed by the kinematics of the linkage,
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and the equilibrium of aerodynamic and contral rod moments sbout the
main surface hinge. .

Both spring tabs and servo tabs are effcetive devices for reducing control
forces on large high-speed airplancs. However, both add an additional
degree of freedom to the control system dynamics, and this is a potential
source of trouble due to vibration or flutter.

6.8 CONTROL FORCE TO TRIM

One of the important handling characteristics of an airplane is the force
requircd of the pilot to hold the elevator at the angle required for trim, and
the manner in which this force varies with speed. If friction in the control
system be neglected, the stick force is simply related to the elevator hinge
moment. The hinge moment itself, as can be deduced fromn the definition of
C,, is roughly proportional to the square of the speed, and the cube of the
airplane size. Large high-specd airplanes therefore have serious control
problems, since the forces required may be too large for a human pilot to
supply. Much development has gone into attempts to arrive at purely
aerodynamic solutions to this difficulty. The devices employed include
various forms of nose balance, and the use of geared and spring tabs. Closely
balanced controls have experienced difficulties because of the sensitivity of
the hinge moment to such factors as nose shape and gap, which are inevitably
subject to variations in manufacture.

Another approuch is to relicve the pilot of some or all of the aerodynamic
load through the use of power controls. These may be designed so that the
pilot supplies a fixed proportion of the control force, the power system
supplying the remainder. A system of this kind is illustrated in Fig. 11.4.
With such “ratio”-type controls, the feel has the same characler as when
power is absent, i.c. the stick forces vary with speed, and in maneuvers, in
the same way. Alternatively, the power controls may be irroversible, in
that none of the aerodynamic load is carried directly to the pilot. Such
systems are fitted with devices that produce a synthetic feel at the stick.
The stick-force characteristics can then be made virtually whatever the
designer wishes. Other classes of control system provide the pilot with power
amplification rather than torce amplification, i.e. the power system acts so
a8 to increase the control deficction above that which would follow from the
unpowered kinematics. This has the same net effect as the ratio-type control,
however, since a greater mechanical advantage can then be supplied to the
pilot than would be possible without the power boost. A detailed discussion
of a variety of control concepts and mechanisms is given by Kolk (ref. 6.11),
to which the student is recommended.
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|

Control-system
linkage

Fia. 6.28 Sohematio diagram of an elevator control system.

Figure 6.28 is » schematic representation of a reversible control Byst,emi‘
The box denoted “control system linkage’ represents any assemblage o
lovers, rods, pulleys, cables, and power-boost elements th.at compr:is(ilt;
general control system. We assume that the elements of the lmkz'tge and Ll
structure Lo whielt it is attached are ideally rigid, so that no strain energy 15;
stored in them. We also neglect friction, and agsume that the movement .;)
the control is slow enough that the automatic power elements ln.avc nezlxlfly
gero error (e.g. the link 4B in Fig. 11.4 does not rotate a}.)preclablly). h 1te
gystem then has one degree of freedom. P is the force app!led bﬁ tl\e pi :r ‘;
(positive to the rear) s is the displacement of tlTe lu.md grip, and t 10 \: o
done by the power boost system is W,. (?onsxdermg a sma:ll qluflsns :r l
displacement from equilibrium (i.e. no kinetic energy appears 1n the contro
system), conservation of encrgy gives

Pds -+ dW, + H,dé, =0 (6.8,1)
dw, dé
=% oy
or P ds ds °

Now the nature of ratio or power boost controls is such that dW,/ds is
proportional to P or JT,. Hence we can write

P = (G, — G)H, (6.8,2)
do i djfft)
where G, =— E—’ >0, the elevator gearing (rad/
8
and , = d“;;/ds, the boost gearing (ft™?)

L4
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Iu the example of Fig. 114, 0, is zero in a steady state, and clearly the work
done by the hydraulic system is diV, = const x J ds, where the constant
derives [rom the vurious lever ratios; and J = const X H,. Hence dW,[ds =
const X H,.The latter constant, easily found from the geometry, is G,. Finally,
we write

P = GH, (6.8,3)

where ¢ == (¢ — @,. For fixed @, i.e. for a given movement of the control

surface lo result from a given displacement of the pilol’s control, then the .

introduction of power boost is seen to reduce @ and hence P. G may be

designed to be constant over the whole range of §,, or it may, by the use of.

special linkages and power systems, be made variable in almost any desired
manner.

Introduction of the hinge-moment coefficient gives the expression for P as
P =@C,8,é4pV? (6.8,4)

and the variation of P with flight speed depends on both ¥z and on how C,,
varies with speed. -

The value of C,, at trim for arbitrary tab angle is given by

Chpo = Cy, + Chre Herim + bd,,,,. + bsd, (6.8,6)

From (6.7,1) we see that
Che=by(6, — 6, ) (6.8,6)
i.e. the hinge moment is zero when 8, = 0, 88 expected, and linearly

proportional to the difference. From (6.7,2) then the hinge moment is

C. a'b ,
Cha = baal + Cha° + —A_‘! (CIMICL‘, - b2CLa) - K'? (h - hn)CLu-“n (68;7)
Except at hypervelocities, the lift equals the weight in horizontal flight, so
that
w

CLlrlm = W

where w = W|S, the “wing loading.”” When (6.8,7 and 8) are substituted
into (6.8,4) the result obtained is :

(6.8,8)

P = A - Bypb* (6.8,9)

where

A= Sl m -1
A

Cfﬂ
B =a8;, [b;,é, + Ch,, + T' (Cae,Cry — sz’L‘):I
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Fra. 6.20 Example of Jow-speed control foree.

The Lypical parabolic variation of P with ¥V when the acrodynamice
cocflicients are all constant, is shown in Fig. 6.29. The following conclusions
may be drawn.

I. Other things remaining equal, I’ ¢ 8¢, i.c. to the cube of the airptane

gize. This indicates a very rapid incrense in stick forces with size.

2. P is directly proportional to the gearing a.

3. The C.G. position only affects the constant term (apart from a sceond-

order influence on C,,,). A forward movement of the C.G. produces an

upward translation of the curve.

4. The weight of the airplane enters only through the wing loading, a
quantity that tends to be constant for airplanes serving a given function,
regardless of weight. An increase in wing loading has the same effect
as a forward shift of the C.G.

5. The part of P that varies with }pV? decrcases with height, and increases
as the speed squared.

6. Of the terms contained in B, none can be said in general Lo be negligible.
All of them are “built-in” constants cxcept for d,.

7. The effect of the trim tab is Lo change the coeflicient of 4p V3, and hence
the curvature of the parabola in Fig. 6.29. Thus it controls the intereept
of the curve with the V axis. This intercept is denoted Vg it is the
speed for zero stick force.
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6.9 CONTROL FORCE GRADIENT

.lt was pointed out in Sec. 6.7 how the trim tabs can be used to reduce th
st}ck force to zero. A significant handling characteristic is the gradient of ;
_wnlt,h Vat P = 0. The manner in which this changes as the ¢ Ggis mo ((l) f
is illustrated in Fig. 6.30. The trim tab is assumed to be set so ;ts'to keeveV .
the sume. The gradient dP[dV is seon to decrease in magnitude as tlf)e (;r(‘;

1

AE f——————

Viim 4

Fiu. 6.30  Effoot of C.G. loeation on eontrol-foroe gradient at fixed trim speed

noves backward. When it is at the control-frec neutral point, 4 = 0 for
aircraft with or without tails, and, under the stated cundition’s the P-V
graph becomes a straight line lying on the V axis. This is an ’im ortant
clnurufztel‘istic of the control-free N.P.; i.c. when the C.G. is at that pint no
force is required to change the trim speed. po

ﬁ qm'mtitative analysis of the control-force gradient follows.

The force is given by (6.8,9). ¥rom it we obtain the derivative

apP
av ~ Y

At the speed Vi, P =0, and B = —A/}p V2, whence

P _ 24
714 Vtrlm (6.9’1 )

4 is given following (6.8,9). Substituting the value into (6.9,1) we get

0P _ suye ®b: »
1% CAV

trim

(h — k) (6.9,2)
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Y¥rom (6.9,2) we deduce the following:

1. The control-force gradient is proportional to S¢,; i.e. to the cube of
airplane size.

. It is inversely proportional to the trim speed; i.c. it increascs with
decreasing speed. This cffect is also evident in Fig. 6.29.

3. It is dircctly proportional to wing loading. ’

4. Tt is independent of height for a given true speed, but decreases with

height for a fixed V.
5. It is directly proportional to the control-free static margin.

1o

Thus, in the absence of compressibility, the elevator control will be “‘heaviest”
at sea-level, low-speed, forward C.G. and maximum weight.

6.10 MANEUVERABILITY—ELEVATOR ANGLE AND
CONTROL FORCE PER g

In this section we investigate the elevator angle and control force required
to hold a vehicle in a steady pull-up with load factorf n (Fig. 6.31). The
coneepls discussed here were introduced by S. B. Gates, ref. 6.12. The flight-
path tangent is horizontal at the point under analysis, and hence the net
normal force is L — W = (n — W vertically upward. The normal
acceleration is theretore (n — 1)g.

When the vehicle is in straight horizontal flight at the same speed and
sltitude, the elevator angle and eontrol force to trim are 3,and P, respectively.
When in the pull-up, these are changed to o, + Ad,and P + AP.The rutios
A8 J(n — 1) and AP(n — 1) are known, respectively, as the elevator angle per
g, and the control force per g. These two quantities provide a incasure of the
maneuverability of the vehicle; the smaller they are, the inore maneuverable
it is.

The angular velocity of the airplane is fixed by the speed and normal
aceeleration (Fig. 6.31).

_{n—1)g
g=—— (6.10,1)
| 4
As a consequence of this angular velocity, the field of the rclative air flow
past the aicplane is curved. It is as though the machine were attached to the
end of a whirling arm pivoted at O. This curvature of the flow ficld ulters the
pressure distribution and the aerodynamic forces from their values in trans-
lational flight. The change is large enough that it must be taken into aceount
in the equations describing the mnotion.

1 The load factor is the ratio of lift to weight, n = LJ/W. It is unity in straight
horizontal flight.
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ap=(n-1l)g

nW

Fia. 6.31  Airplane in a pull-up.

We assume that g and the increments Aa, A4, ete. between the rectilinear

rve ﬂlb 3y
and cury ‘Ll ’llt cO“dlt’lOllS are Blna“ 80 t/hat tlle i“c[elnents m hft! aﬂd

ACL=1Cp Aa+ Crd+ Cp, A6, (6.10,2)
AC,, =C,, Aa+ 0,4+ C,, AS, (6.10,3)
where § = ¢¢[2V, C; = 0C_.[0{, C,, = 9C,[0d (see Sec. 5.13). The ¢

derivalives are discussed in Sec. 7.9. I i
. 7.9. In this form, th i
any configuration. From (6.10,1) we get e cquations spply o

=m-1nL
I=t=N3n
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which is more convenicntly cxpressed in terns of Cyy und p (see Table 5.1),
ie.
d=n—1 Cw (6.10,4)

Since the curved flight condition is also assumed to be steady, i.e. without
angular acceleration, then AC,, = 0. Finally, we can relate ACy, to » thus:

W —-W
ACy = ———— = (n — 1)C (6.10,6
L= TS ( Cw )
Equations (6.10,2 and 3) therefore become

(n — 1)Cpp = Cp D+ (0 — l)C'L'C—;'i + Cp, Ad,

0= Cma Jatd + (11 - I)Cm',%y_ + ij Aaa
n

which are readily solved for Aa and Ad, to yield the elevator angle per g

,_é_éu_i == C.Y_A,L’[C'"a - 21- (CLuc"'ﬂ - CLGCMO)] (a)
" # (6.10,6)
Aa 1 C Ad
nd =—|c, —C, X —-C £ b
a —" CL,( W Lo 3 L — l) (b)

where A is given by (6.4,13). As has been shown in Sce. 6.4 A does not depend
on C.G. position, hence the variation of Ad,[(n — 1) with h is provided by the
terms in the numerator. Writing C,, = Cp(h —hy,) (6.10,6a) becomes

Ad ¢,CpL(2u—C c.,
B _ _ZL_(_f‘.___’_)(;. bt ___#) (6.10,7)
n—1 : PITIY 2u —Cp,

The derivatives Cp, and C,, both in general vary with k, the former linearly,
the latter quadratically, (see Sec. 7.9). Thus (6.10,7), although it appears to be
linear in k, is not exactly so. For airplanes with tails, C;, can usually be
neglected altogether when compared with 24, and the variation of C,, with
h is slight. The equation is then very nearly lincar with &, as ilustrated in
Fig. 6.32. For tailless airplunes, the varistion may show more curvature.

The point where Ad,f(n — 1) is zero 1 called the control-fized manewver poind,
and is denoted by k,,, as shown. From (6.10,7) we see that

Coulbn)
by, = hy — (6.10,8)
2[“ - CLq(hm)
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a8
on

Control-fixed neutral point h -

C.G. position, &

Control-fixed
maneuver point—
point of zero
8 perg.
\X\%‘\ Cv

Fia. 6.32 Elevator angle per g.

re (Y
where C,, (4,,) und C £ (k) are the values of these two derivatives evaluated

for h ==h, . When C,, and C; can b
m m, € A i
0107y s hots Co L. ssumed to be independent of A,

A(S. - CWCL,(2/‘ — CLq)
n-—1 2ul

The difference (h,, — h) is known as the control-fized maneuver margin

(h — L) (6.10,9)

CONTROL FORCE PER g

From (6.8,4) we get the incremental control force
AP = G8,6,1pVt AC,, (6.10,10)

.C,w is given for rectilinear flight by (6.5,2). Since it too will in general be
influenced by ¢, we write for the incremental value (Ad, = 0)

AC,, = €y, Ba+ C, 4+ b, A9, (6.10,11)

The derivative €, is discussed in Sec i
Y ! . 7.9. Using (6.104
(6.10,11) is readily expanded to give 6l ) and (G106,

ACh, _ Cy

_ Ad
n—1 2/‘0L, [(2” CLn)C“‘a + Ch CL,] + 11_—_.— (b‘ CL"CM‘)

—1 I~

Ct,

(6.10,12)
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From (6.6,4) we note that the last parenthetical factor is b2CL‘/CL¢ or
ror 6,

. . S olicit
by’ [a. For Ad, we use the approximation (6.10,9) in the interest of sunplicity

and the result for AC,, sfter some algebraic reduction 18

AC, _ _ Cweb (2 — CL )b — b) (6.10,13)
n—1 2u A
Creg O, ) (6.10,14)
where by =h, + a_’_bz(C’L. + 20— C'L‘

r . ‘ .n‘
In keeping with earlier nomenclature, h,, is the oo1hurol-free zamu;)/ezrifo:he
a.lllld (hP — h) is the corresponding margin. On' nof,mg that Cy dp
wing I(;:.ding w, we find the control force per g 18 given by

_ AP assw®Egu—Cp)h—K,)  (61015)
0= 2ul

Note that this result applies to both tailed and tailless aircraft provided that

pp p . g 8 1 y
thﬁ a ropriate dellvatlves are uwd Ihe follow"l conclumon na be

drawn from (6.10,15).

1. lhc COIltlol folce per y mereases llnb‘ally flonl Zero as tche C.G. )] lﬂoved
o Ol-f €O I neu P 1 d I rses HIBII fOl‘
I nansuver 0. llt, an everse 13
folwﬂrd fr()lll the contr

.. '
h > h,,.

by
g
8
8
B
€
[=3
Q
]
<
x;m h
= . position
o It g - C.G. po
Control-free neutr:! pc:in;—— m a(‘;\t;r:};t;l{-goeﬁl -
int of zero gradient 0 n
pOIncontrol fogrce at point of zero rcontml
hands-off speed force per g

Fia. 6.33 Control force per g.
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2. 1t is directly proportional to the wing loading. High wing loading
produces ‘“‘heavier’”” controls. .

3. For similar aircraft of different size but equal wing loading, Q o 8,¢,;
i.e. to the cube of the linear size, '

4. Neither € nor V enters the expression for @ explicitly. Thus, apart
from M and Reynolds number effects, Q is independent of speed.

6. The factor g which appears in (6.10,14) causes the separation of the
control-free neutral and maneuver points to vary with altitude, size,
and wing loading, in the same manner as the interval (ko — B,).

Figure 6.33 shows a typical variation of @ with C.G. position. The state.
ment made above that the control force per g is “reversed” when h > k!,
must be interpreted correctly. In the first place this does not necessarily mean
a reversal of control movement per g, for this is governed by the elevator
angle per ¢g. If b, < h < b, then there would be reversal of @Q without
reversal of control movement. In the second Place, the analysis given applies
only to the steady state at load factor n, and throws no light whatscever on
the transition between unaccelerated flight and the pull-up condition. No "
matter what the value of , the iuitial control force and movement required
to start the maneuver will be in the normal direction (backward for a pull-

up), although one or both of them may have to be reversed before the final
steady state is reached.



Longitudinal aerodynamic
characteristics—part 2

CHAPTER 7

7.1 BOB WEIGHTS AND SPRINGS

The control-force characteristics of manual-control systems can be
mudified by the introduction of weights and springs, as illustrated sx':lu?-
matically in Fig. 7.1. When a spriug, or bungee, is used as in Fig. 7.1b, it is

> p » P
Control column—»]
b b
a P T

Weight~ %/\/\/\/\/\/\I\/V\W—f
. Sp(ing

c

¢—L- P
YnW

(a) ®

Fia. 7.1 Bob weight and spring. (¢) Bob weight. (b) Spring.
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usually so designed that it exerts a nearly constant force on the control
column. Thus both weight and spring require an additive stick force AP to
maintain equilibrium. These forces are

AP = nwg for the weight

AP = Tlf for the spring
)
where n = 1 for rectilincar flight, and is given by (6.10,4) for a pull-up.

EFFECT UPON CONTROL FORCE TO TRIM AND h;,

The added constant term in the control force will produce a change in the
characteristic as shown in Fig. 7.2. The figure illustrates the case where the

|
AP
Original constant
term
(0] . —>V
No weight or spring

With weight or spring

Fia. 7.2 Effeot of bob weight and spring on the sontrol-force characteristic. The trim
tab is set to trim at the samo speed in bouth cases.

trim tab is set to produce the same trim speed as when the AP is absent.
The parabolic part of the variation is different for the two cases (sec 6.8,9)
because of the altered trim-tab setting. Tt is clear from the figure that the
net result of adding the AP and mnoving the tab is to produce a steeper
gradient at the given trim speed. Now the gradient has been shown in Sec,
6.9 to depend on the control-free static margin (k, — k). Thus the increased

. gradient corresponds to an apparent backiward skift of the conirol-free neutral
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point. The same conelusion is reached by consideration of the cous}unt !,crm
of (6.8,9), which is proportional to (k — k). The apparent shift of the
neutral point may be calculated directly from it, i.e.

AP — 08 5w "%’3 AX,

* A AP
Ak}, = — ——

a'b, S ¢ w
The term “apparent shift’’ of the N.P. is used abow? because the N.I.
location depends on Cp_and Cy, , and the latter are not influenced at all by
AP. This is readily demonstrated. When the pilot exerts no additional force

on the control, the hinge moment is given by

(7.1,1)

———1—3—1:——_- = Cy,, t+ Cp o+ b0, + byd, {7.1,2)
apVS.c,
and hence the free elevator angle becomnes
_Y(_ AP o e b,a,) (7.1,3)
fteee bﬂ GiPVZSaéa ‘ ¢

Equation (7.1,3) shows that the presence of AP at constant spfzcd si{xxl)ly
éhanges 3, by u constant. Consequently, substitution of (.7.1,3) into (0..6,2)
leads to the same values of Op, und Cm, 8s given previously by (6.6,5).

Hence from (6.6,11a) ky is unchanged.
EFFECT UPON STICK FORCE PER g AND h,

When AP is provided by a spring, then it is not dependent in any way on
acccleration of the airplane. Hence the addition of a spring does not alter

the stick force per g or the maneuver point. The bob weight, on the other hand, .

is affected by airplane acceleration. At load factor », the cifecti\'/e. wcight,. of
the bob is increased from W to W, and hence induces an additional stick
force of (n — 1) AP. The stick force per g is thereby increased by the amount

AQ =210 AP

Since @ is proportional to k,, — k, this increase noves the mancuver point
aft. Consideration of (6.10,15) shows this shift to be

AP 2 A
T a8 gwaby2u, —Cr)

AR, (7.1,4)

Longitudinal aerodynumic characteristics—part 2 247

This movement of the mancuver point however, unlike that of the N.P., is
real, since the maneuver point is defined by the control force per g.

7.2 INFLUENCE OF HIGH-LIFT DEVICES ON TRIM AND
PITCH STIFFNESS

Conventional airplanes utilize a wide range of aerodynamic devices for
increasing Cy, . These include various forms of trailing edge elements
(plain flaps, split flups, slotted flaps, ete.), leading edge elements (drooped
nose, slats, slots, etc.) and purely fluid mechanical solutions such as boundary
layer control by blowing. Each of these has its own characteristic effects on
the lift and pitching moment curves, and it is not feasible to go into them in
depth here. The specific changes that result from the ‘“‘configuration-type”
devices, i.e. flaps, slots, etc., can always be incorporated by making the
appropriate changes to C,,._c.“ and Oy, in (6.3,4) and following through the

consequences. Consider for example the common case of part-span trailing
edge flaps on a conventional tailed airplane. The main aerodynamic effects
of such flaps are illustrated in Fig. 7.3.1

1. Their deflection distorts the shape of the spanwise distribution of lift
on the wing, increasing the vorticity behind the flap tips, as in (a).

2. They have the same effect locally as an increase in the wing-section
camber, i.e. a negative increment in C,, . 8nd a positive increment
inCy,.

3. The downwash at the tail is increased; both ¢, and d¢/d« will in general
change.

The change in wing-body C,, is obtained from (6.3,4) as

AC,, , =AC, +ACL (h—h,)) (7:2,1)
The change in airplane (' is
AC, =AC, , — “t%A‘ (7.2,2)
and the change in tail pitching moment is
AC,, = —a, ¥V, Ac (7.2,3)

When the increments AC,, = and ACy , are constant with «, then the only

t Note that a is still the angle of attack of the zero-lift line of the basic configuration,
and that the lift with flap deflected is not zero at zero a.



Spanwise loading—flaps down Longitudinal uerodynamic characteristics—part 2 249

/ o fabs / \l/)::::i‘:yﬂi:pv:ia:se effect on €y, and ( T, 18 that of de/0a, and from (6.3,31) gnd (6.3,34a) these
are
o Au == AC, = —a,‘gg A G (7.2,4)
v, e . 8" ou
= - = Oe
3 4 AC, == (h—h, )Ac+af,A > (7.2,6)
o

(a) The net result on the €y and C,, curves is obviously very much configuration
dependent. If the O, — a relation were as in Fig. 7.3¢, then the trim change
would be very large, from a, at 8, = 0 to a, after flap deflection. The C at
ay is much larger than at «; and hence if the flap operation is to take place
without change of trimn speed, a down-elevator deflection would be needed
to reduce ayy,, to «g (Fig. 7.3¢). This would result in a nose-down rotation
of the aircraft.

Zero lift line, § =0

Ae Tail

7.3 INFLUENCE OF THE PROPULSIVE SYSTEM ON TRIM

G ‘ AND PITCH STIFFNESS

>0

aC, The influence of the propulsive system upon trim and stability may be
both important and complex. The range of conditions to be considered in
this connection is extremely wide. In the first place, there are several types
of propulsive units in common usec—reciprocating-engine-driven propellers,
turbojets, propeller-jets, and rockets. In the second place, the operating
condition may be anything from hovering to reentry. Finally, the variations
in engine-plus-vehicle geometry are very great. The analyst may have to deal
with such widely divergent cases as a high-aspect-ratio straight-winged
airplane with six wing-mounted counterrotating propellers or a low-aspect-
ratio delta with buried jot engines. Owing to its complexity, a definite and
comprehensive treatment of propulsive system influences on stability is not
possible. There does not exist suflicient theoretical or empirical information
to enable relisble predictions to be nade under all the above-mentioned
conditions. However, certain of the major effects of propellers and propulsive
jets are sufficiently well understood to make it worth while to discuss them,
and this is done in the following.

Ina purely formal sense, of course, it is only necessary to add the appropri-
ate direct elfects, €, and 9C,, [0« in (6.3,3¢ and 35), together with the
indirect eflcets on the various wing-body and tail coeflicients in order to
- calculate all the results with power on.

When calculating the trim curves (i.e. elevator angle, tab angle, and
control force to trim) the thrust must be that required to maintain equilib-
riun at the condition of speed and angle of climb being investigated (see

Ae =0

a3 &)

(©) @

Cn

ay a2

6f=0 5f>0

(e)
f1u. 1.3 Lffect of part-span flaps. (¢) Change of lift distribution and vorticity. (b)
Changos in forces and moments. (¢) Change in Cp. (d) Change in downwash. (e) Change

H v
inC,,.
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Sec. 6.4). For example (sce Fig. 6.1), for flight al spceds below ubout A =3
(see See. 5.9) and ussuming that ay < 1

Cp=0Cpy+ Cy siny (a) 131)
Cycosy = Cy + Copagp (b)
Solving for Cp., we get
Cr = Cp +Cptany (1.3,2)

l—aptany

Except for very steep climb angles, a,tany <1, and we may write
approximately,
& Cp=0Cy+ Cptany (1.3.3)

Let the thrust line be offset by a distance z, from the CG (as in Flg 7..5)
and neglecting for the moment all other thrust contributions to the pitching

Cm
Climbing flight
>0
~ .
0 \ Horizontal
flight, y = 0
CT = 0,
(a) gliding flight
Cn
\\ o
0 \
T = const
P = const
T=0,
gliding flight

)

kia. 7.4 Effect of direet thrust moment on C,, curves. (a) Cunstant y. (b) Constant

thrust and power.
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moment but 7'z, we have

Cm, = CT

o |

=(Cp+Cpsiny) (7.3,4)
é
Now let €, be given by the parabolic polar (6.1,2), so that
Cu, = (Cp__+ KC.* + Cpsiny)2 (7.3,6)
oo ¢

Strictly speaking, the values of Cp and Cy in (7.3,4 and 5) are those for
trimmed flight, i.e. with 8, = 0, For the purposes of this discussion of
propulsion effects we shall neglect the effects of 9, on Cp and Cf, and assume
that the values in (7.3,5) are those corresponding to J, = 0. The addition of
this propulsive effect to the C,, curve for rectilinear gliding flight in the
absence of aeroelastic and compressibility effects might then appear as in
Fig. 7.4a. We note that the gradient —dC,,[dCy for any value of y > 0 is less
than for unpowered flight. If dC,[dC is used uncritically as a criterion for
stability [as in (6.3,21)] an entirely erroneous conclusion may be drawn from
such curves,

(i) Within the assumptions made above, the thrust moment Tz, is
independent of «, hence 9C,, ,/0x = 0 and there is no change in the
N.P. from that for unpowered flight.

(i) A true analysis of stability when both speed and « are changing
requires that the propulsive system controls (o.g. the throttle) be
kept fixed, whereas each point on the curves of Fig. 7.4a corresponds
to a different throttle setting. This parallels exactly the argument of
Sec. 6.4 concerning the elevator trim slope. For in fact, under the
stated conditions, the C,, — € curve is transformed into a curve of
0, 1w V8- ¥ by using the relations O = CpfCoyand Cp = W/}pV38s,
The slopes of C,, vs. C; and 04,1 V8- ¥V will vanish together.

If a graph of C,, vs. O be prepared for fixed throttle, then y will be a
variable along it, and its gradient dC,,[dC} is an index of stability, as shown
in Chapter 9. The two idealized cases of constant thrust and constant power
are of interest. If the thrust at fixed throttle does not change with speed,
then we casily find

T 2

C, ==0,22 a
Ty W L é ( )
and
dC,_v T2, " (7.3,6)
o, We
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If the power P is invariant, instead of the thrust, then T' = P[V and we
find

c Pz oy (c)
" W2 é . (7.3,6)
de 1 P P z
whence I — =2 (d)

dC, 2 W2uwCh ¢

Thus in the constant thrust case, the power-off C,, — Cp, graph simply has
its slope changed by the addition of thrust, and in the (for}stunt power ;&se
the shapo is changed as well. The form of these changes is 1IIu.strated in Fig.
7.4b and it is evident by comparison with 7.44 that the behavior of dC, [dCy,

is quite different in these two situations.

THE INFLUENCE OF RUNNING PROPELLERS

"The forces on a single propeller are illustrated in Fig. 7.5, where % is the
angle of attack of the local flow at the propeller. It is most c.onvenlentfo
resolve the resultant into the two components 7' along the axis, and N, in

r xXp >
AN,
: Airplane C.G.
| .—Propeller disk _&
Zp
T f )

/?ﬁ? \Thrust line —f

Fiu. 7.5 Forces on a propeller.

the plane of the propeller. The moment asociated with 7' has already becn
treated above, and does not affect C,, . That due to N is

—c, =5 7.3,7
AC,, =Cy, i ( )
where Cy == N [1pV28, and S, is the propelier disk area. To get the tot'ul
AC,, for soveral propellers, increments such as (7.3,7) must be culculuu?d 19r
each and summed. Theory shows (ref. 7.4) that for small angles Cy 18
H ] ¥ \

proportional to «,. Hence N, contributes to both C,, =~ and ¢, /ox. The
latter is .

0Cm, _ Sy %5 O, B2 (7.3,8)
O S ¢ Oa, Ox
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1f the propeller were situated fur from the flow field of the wing, then du ,/da
would be unity. However, for the common case of wing-mounted tractor
propellers with the propeller plane close to the wing, there is a strong upwash
€, at the propeller. Thus

®, = & + €, -+ const (a)
and % =14 sz ) (7.3,9)
Ox Ox

where the constant in (7.3,9a) is the angle of attack of the propeller axis
relative to the airplane zero-lift line. Finally,

aC'm Sy Ty aE, BCN
-t =— (l + ——)——’ (7.3,10)

de S 9] O

INCREASE OF WING LIFT

When a propeller is located ahead of a wing, the high-velocity slipstream
causes a distortion of the lift distribution, and an increase in the total lift.
This is a principal mechanism in obtaining high lift on so-called deflected
slipstream STOL airplanes. For accurate results that allow for the details
of wing and flap geometry powered-model testing is needed. However, for
some cases there are available theoretical results (refs. 7.5 to 7.7) suitable for
estimates Both theory and experiment show that the lift increment tends
to be linear in « for constant Cy, and henee has the effect of increasing a,,,
the lift-curve slope for the wing-body combination. From (6.3,36) this is
scen to reduce the effcet of the tail on the N.P. location, and can result in a
decrease of pitch stiffness.

EFFECTS ON THE TAIL

The propeller slipstream can affect the tail principally in two ways.
(1) Depending on how much if any of the tail lies in it, the effective values
of a, and a, will experience somne increase. (2) The downwash values €, and
O¢/0x may be appreciably altered in any case. Methods of estimating these
offects are at best uncertain, and powered-model testing is needed to get
results with engincering precision for most new configurations. However,
some empirical methods (refs. 7.8 to 7.10) are available that are suitable for
Bome cases.

EXAMPLE OF PROPELLER EFFECT

Figure 7.6 shows the large effects of thrust on a deflected-slipstream STOL
configuration. The data presented are from wind-tunuel tests reported in
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Fra. 7.6 Longitudinal charaoteristics of a deflected-slipstream STOL configuration
(from ref. 7.11). (a) Cpovs. a. (b)) O va. Cp. {e) C,y vs. a.

ref. 7.11. The configuration has two tractor propellers, full-span double
slotted flaps deflected 45°, and a high tail. The drag coefficient C'p plotted on
Fig. 7.6 is the net streamwise force, and includes the thrust as a negative
drag. The effect of the slipstreams on the downwash was large. For the case
shown, de/d« increased by 1009, between Cyp =0 and 1.25. At the same
time C L, increased from .068 to .130. A large decrease in static margin at

o = 0 due to adding thrust is found from the data:

C, .02
Cp=0 : K,=—_"__"_ 37

C,, 068

c, 0120
Cp=125 K, =— D82 =

C, 130

"This represents a forward movement of the N.P. of 289, ¢.

THE INFLUENCE OF JET ENGINES

The direct thrust moment of jet engines is treated as shown at the
beginning of this section, the constant-thrust idealization given in (7.3,6)
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often being adequate. In addition, however, there is a normal foree on jet
engines as well as on propellers.

Jet Normal Force. The air which passes through a propulsive duct
experiences, in general, changes in both the direction and magnitude of its
velocity. The change in magnitude is the principal source of the thrust, and
the dircetion change entails a force normal to the thrust line. The magnitude
and line of action of this force can be found from momentum considerations.
Let the mass flow through the duct be m' slugs per second, and the velocity

Engine air % \.’
. CG.

Kia. 7.7 Momoutum change of ongine air.

vectors ab the inlet and outlet be V; and V,. Application of the momeituin
principle then shows that the reaction on the airplane of the air Hlowing

through the duct is o
= (Y, V) +F

where F' is the resultant of the pressure forces acting across the inlet and
outlet arcas. For the present purpose, F* may be neglected, since it is approxi-
mately in the direction of the thrust . The component of F normal to the
thrust line is then found as in Fig. 7.7. It acts through the intersection of
V, and V,. The magnitude is given by

N;=m'V;sin@
or, for small angles,
N,=w'V0 (7.3,11)

In order 1o use this relation, both ¥, and 0 are required. It is assumed that
V. hus that direction which the flow would take in the abscnce of the cngine;
i.e. 0 equals the angle of attack of the thrust line oy plus the upwash angle
due to wing induction ¢;.

0=o;+ ¢ (7.3,12)
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It is further assumed that the magnitude V, is determined by the mass flow
and inlet area; thus
ml

V,=
A,p;

(7.3,13)

where 4; is the inlet arca, and p; the density in the inlet. We then get for
N, the expression

m'®

iPi

N, =

(a; + ‘;)

The corresponding pitching-moment coefficient is

m
AC, = =— % (a4 €,) (7.3,14)

Since the pitching moment given by (7.3,14) varies with a at constant
thrust, then there is a change in C,, given by
a

2
ac, =™ _1 [x (1 %4) Pl
© Ap dpViSe A\t Ox + aa] (7:3.15)

Tho quantities m' and p; can be determined from the engine performance
data, and for subsonic flow, de,[0ua is the same as the value de, [da used for
propellers. dxyf/da can be calculated from the geometry. .

let Induced Inflow. A sprcading jet entrains the air that surrounds it, as
illustrated in Fig. 7.8, thereby inducing a flow toward the jet axis. I’f a
tailplane is placed in the induced flow field, the angle of attack will be
modified by this inflow. A theory of this phenomenon which allows for the
curvature of the jet due to angle of attack has been formmulated by Ribner

Fia. 7.8 Jet-induced inflow.
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(ref.7.2). This inflow at the tail may vary with « sufliciently to reduce the
stability by a significant amount.

7.4 EFFECT OF STRUCTURAL FLEXIBILITY

Many vehicles when flying near their maximum speed are subject to
important aercelastic phenomena. Broadly speaking, we may define these
as the feedback effects upon the aerodynamic forces of changes in the
shape of the airframe caused by the aerodynamic forces. No real structure
is ideally rigid, and aircraft are no exception. Indeed the structures of flight
vehicles are very flexible when compared with bridges, buildings, and
earthbound wmachines. This flexibility is an inevitable characteristic of
structures designed to be as light as possible. The acroelastic phenomnena
which result may be subdivided under the headings static and dynamic.
The static cases are those in which we have steady-state distortions associated
with steady loads. Examples are aileron reversal, wing divergence, and the
reduction of longitudinal stability. Dynamic cases include buffeting and
flutter. In these the time dependence is an essential element. From the
practical design point of view, the clastic behavior of the airplane aftcets all
three of its basic characteristics: namely performance, stability, and
structural integrity. This subject occupies a well-established position as a
séparate branch of aeronautical engincering. For further information the
reader is referred to one of the books devoted to it (refs. 5.11 and 5.12).

In this section we take up by way of example a relatively simple aero-
clastic cffect; namely, the influence of fuselage flexibility on longitudinal
stiftness and control. Assume that the tail load L, benda the fuselage so that
the tail rotates through the angle Aa, = —kL, (Fig. 7.9) while the wing
angle of attack remains unaltered. The net angle of attack of the tail will
then be

a.:awb—e-i—’i‘—kll‘

L

Fia. 7.9 Tail rotation due to fuselage bouding.
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and the tail lift coeflicient at 8, = 0 will be
CL‘ = o, = ayla,, — € + 3, — kL)

But L, = C, 3pV?8S,, whence

Cp, = 8oy, — € + iy — kCp 3pV?8,) (74,1)
Solving for €y, we get
C, = _L__ — y
4T Tasgpr T Y 742

Comparison of (7.4,2) with (6.3,26) shows that the tail effectiveness has been.
reduced by the factor 1/[1 + ka,(p/2)V2S,]. The main variable in this
expression is V, and it is seen that the reduction is greatest at high speeds.
From (6.3,26), we find that the reduction in tail effectiveness causes the
neutral point to move forward. The shift is given by

Aa, - Oe
Ab, =2t p (1 — &
- ,,( aa) (7.4,3)
where Aa, = a,(—-—l— —1 (7.4,4)
1 + ka,}pV?S, -

'l‘h'e‘ elevator effectiveness is also reduced by the bending of the fuselage.
Tor, if we consider the case when 4, is different from zero, then (7.4,1) becomes
Cp,=aay, — €+, — kCp3pV?S,) + a9,

and (7.4,2) becomes
_ ae,, — ¢+ i) + a0,

c, -
1 + kajpl’s,

Thus the same factor 1/(1 + ka,4pV28,) which operates on the tail lift
slope a, also multiplics the elevator effectiveness a,.

7.5 GROUND EFFECT

At landing and take-off airplanes fly for very brief (but none the less
extremely hmportant) time intervals close to the ground. The presence of
the ground modifies the flow past the airplane significantly, so that large
changes may tuke place in the trim and stability. For conventional airplanes,
the take-off and lunding cases provide some of the governing design criteria.

The presence of the ground imnposes a boundary condition which inhibits
the downward flow of air normally associated with the lifting action of the
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wing and tail. The reduced downwash has three main eficcts, being in the
usual order of importance:

(i) A reduetion in ¢, the downwash angle at the tail.

(ii) An increase in the wing-body lift slope -

(iii) An increase in the tail lift slope a,.
The problem of ealculating the stability and control near the ground then
- resolves itself into estimating these three effects. When appropriate values
of de/da, a,,, and a, have been found, their use in the equations of the
foregoing sections will readily yield the required information. The most
important items to be determined are the elevator angle and stick force
required to maintain Gy _in level flight close to the ground. It will usually
be found that the ratio a,/a,, is decreased by the presence of the ground.
Lquation (6.3,36) shows that this would tend to move the neutral point
forward. However, the reduction in d¢/dux is usually so great that the net
effect is a large rearward shift of the neutral point. Since the value of Co, ..
is only slightly affected, it turns out that the clevator angle required to
trim ut €, is mugh larger than in flight remote from the ground. It
commonly happens that this is a critical design condition on the elevator,
and may govern the ratio S,/S,, or the forward C.G. limit (sce Sce. 7.6).

7.6 C.G. LIMITS

One of the dominant parameters of longitudinal stability and control has
been shown in Chapter 6 to be the fore-and-aft location of the C.G. The
question now arises as to what range of C.G. position is consistent with
satisfactory flying qualities. ‘This is a critical design problem, and one of the
most important aims of stability and control analysis is to provide the
answer to it. Since aircraft always curry some disposable load (c.g. fuel,
armaments), and since they are not always loaded identically to begin with
(variations in passenger and cargo load), it is always necessary to cater for a
variation in the C.G. position. The range to be provided for is kept to a
minimum by proper location of the items of variable load, but still it often
bocomes & dificult matter to keep the flying qualitics acceptable over the
whole C.G. range. Sometimes the problem is not solved, and the airplane is
subjected Lo restrictions on the fore-and-aft distribution of its variuble load
when operating at part load.

THE AFT LIMIT

The most rearward allowable location of the C.G. is determined by con-
siderations of longitudinal stability and control sensitivity. The behavior of
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Fia. 7.10  The five control gradients.

the five principal gradients discussed in Chapter 6 are summarized in Fi
7.10 for the case when the aerodynaimnic coefficients are independent lg%
speed. From the handling qualities point of view, none of thg radlie f
should bf’ “reversed,” i.e. they should have the signs associated gwith ln .
values of k. When the controls are reversible, this requires that A < &, 0;‘1,'
the_ controls are irreversible, and if the artificial feel system is 8 'tni)l
designed, then the control foree gradient 9P[3V can be kept ne a:f ) ty
valuesA of b > hy,, and the rear limit can be somewhat farther ll))uck tgl;m we't}(i
reversible controls. T'he magnitudes of the gradients are also im )ort: :V' If
they are allowed Lo lall to very small values the vehicle will be Lolo se “'t:'
to th«.s controls. When the cocfticients do not depend on speed, as :a,sls:sl lv((i,
for Fig. 7.10, the N.P. also gives the stability boundary (this ,is rovu:im?
Chapter 9), the vehicle becoming unstable for & > % with free cgnt el or
h > h, with fixed controls. 1f the coefficients are notnindependent of ': s*?ir
e.g. C,, = C, (M), then the C.G. boundary for stability will be diiferenz)i;d,
may be forward of the N.P. However (this is also shown in Chapter 9) the
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nature of the instability is very much dependent on whether € is greater
or less than zero, i.e. on whether the C.G. is forward or aft of the relevant
N.P. In the former case the instability is less severe than in the latter, and
hence the N.P. still provides a good practical criterion for stability.

By tho use of sutomatic control systems (see Chapter 11) it is possible to
increase the natural stability of a flight vehicle. Stability ‘augmentalion
systems (SAS) are in widespread use on a variety of airptanes and rotoreraft.
1f such a system is added to the longitudinal controls of an airplane, it
'permits the use of more rearward C.G. positions than otherwise, but the
risk of fuilure must be reckoned with, for then the airplane is reduced to its
“natural’” stability, and would still need to be manageablo by a human pilot.

THE FORWARD LIMIT

As the C.G. moves forward, the stability of the airplane increases, and
larger control movements and forces are required to maneuver or change the
trim. The forward C.G. limit is therefore based on control congiderations
and may be determined by any one of the following requirements:

(i) The stick force per gy shall not exceed a specified value.

(ii) 'I'he stick-force gradient at trim, 0PV, shall not exceced v specified
value.

(iii) 'The stick force required to land, from trim at the approuch speed,
shall not excced a specified value.

(iv) The elevator angle required to land shall not exceed maximum up
elevator.

(v) The elevator angle required to raise the nose-wheel off the ground at
tuke-off speed shall not exceed the maximum up elevator.

7.7 LONGITUDINAL AERODYNAMIC DERIVATIVES

The small-disturbance equations of motion given in Chapter 5 used the
technique of expressing aerodynamic forces and moments in terms of the
acrodynamic derivatives. The remainder of this chapter is devoted to a
discussion of these derivatives. Some of the main acrodynamic derivatives
have already been discussed in some detail in Chapter 6, ic. Up, Conp Chay
Cpp Cop and Gy, Of the remaining a derivatives, Cp i3 immediately
obtained from (6.1,2) as

Cp, = 2KCL 0L, ) (1.7.1)

where C,_ is the value of €y in the reference equilibrium flight condition.
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I'he thrust derivative Uy, 18 not readily predicted by theory, and would
usually be small enough to neglect. '

7.8 THE V DERIVATIVES (C,, Cp,. C,.C,» G,

llhm group of derivatives gives the changes that occur in the coefficient
when the flight spced V changes, while the other variables, i.e. « q 25, 0
h r 8-V 1> CK Y

remain constant. It is important to remember th i
at the
(e.g. the throttle) are also kept fixed. propulsion controls

THE DERIVATIVE Cr,

The derivative €',  depends on th i
¢ : vy e type of propulsion system, specifi
on how 7' varies with V¥ at fixed throttle. In general it is )g,iven byPecl el

Cp = %r 9y
Y 4 ‘v
_(@rjv),  er,
V.8 Lpb'8

_ @Tfav),
s 20y, (7.8,1)

0 .aV iPV2S °

=V

For constant-thrust propulsion, as for jet and rocket engines, dT/dV = 0

and CTV == —201.‘ 4

.
For constant-power propulsion, TV = const, whence

TdV 4+ VdT =0

8o that (y) = — T.:
av). v,
and Cp, = —30’:,.. © (7.8,2)

Note that, from (7.3,2)

v
-

Cp = (C“ + Cf tan y
’ I —aptany /s

For piston-engine-propeller systems, the usual fixed-control case implies

fixed Lhrottle and constant RPPM. I
. In that case the b i
constant, and the thrust is given by ke horepower is

TV = nPg (7.8,3)
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where 7 == propulsive ofliciency and P, is the engine shaft power. We then

have

Ay 4 VdT = P dy

on _ T, &(ai) | (78.4)
o )" v, v, \v)

= —3C,, + —i’*—(a”)

and CTV iPV‘ES —é—i; A

After substituting for P from (7.8,3) we get

v,
Cp, = —3Cp, + CT';(%E-V)‘ (7.8,5)

This relation is useful, since the variation of 7 with ¥ would normally be
known for a propeller-driven airplane.

THE DERIVATIVE C;;,

i 3 al
In order to include all the main effects of speed changes formally, w;[ sl:l 1
ut the drag cosflicient is a function of Mach number M, the

assume tl
dynamic pressure g 4V 7.8
and the thrust coefficient, i.e.
Cp = Cp(M, p,, Cy)
Then ‘
0| _y, CodM| |y Lulh| y L
Coy=Vegy .= eamar L™ "“op, v \. aC, v |
Since M = V/a, where a is the speed of sound, then
.aﬂ.—;l; QB";PV and V‘a_C_q._" :CTV
ov a OV ov |
L :p 4 ¢, &L (1.8,7)
s Op, =Myt i g, T O,

ic efl s o, term) i ikely to be large enough to
"The acroclastic effcet on €y, (the py tum.) is not likely g
need to be included in other than exceptional cases.
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THE DERIVATIVES C,,, C,,, C..,

The derivations for these three derivatives are exactly the same as for
Cp, sbove, and the resulls are exactly the saine as (7.8,7) except that Cpis
replaced by the appropriate coefficient.

The Much number effeet on these three derivatives can be calculated from
aerodynamic theory for both subsonic and supersonic flow. Tt is quite
sensitive to the shape of the wing, high-aspect ratio straight wings being
most affected by M, and highly-swept and delta wings being least affected.
An upper limit is obtained by considering two-dimensional flow. For subsonic
edges, the Prandtl-Glauert theoryt and simple sweep theory combine to give
for an infinite wing of sweepback angle A

¢
ax

T (1 — M2cos® A)%’
where a; is the lift-curve slope in incompressible flow. Whence
m%r _ M2 cos® A
) oM 1 — Mfcos® A
In level flight, with L = W, M2C, is a constant, so that M 3C,/9M varies
as I/(1 — M¢? cos? A). The theory of course breaks down at M ~ sec A where
an infinite value would be predicted, but nevertheless large values of

M 9C,/0M may be expected near that Mach number. At supersonic speeds,
two-dimensional theory for swept wings gives the result

Cp ‘Mcos A <1

(7.8.8)

4a co.
CLZTaiA——l, MCOSA>1 @
(M? cos® A — 1)*
After differentiating with respect to M, the result obtained is again (7.8,8),
which therefore applics for infinite yawed wings at both subsonic and
supersonic speeds. The results given above derive from a linear theory that
predicts proportional changes in the pressure distribution when M is
changed—i.e. the pressure distributions remain unaltered in form, but
changed in magnitude. Hence the results for C,, and C,, would be of the same
form, i.e.
C M2 al
M % —ﬂAT ¢, =0 (1.8,9)
OM 1 — Mfcos® A ™
ac, M?®cos® A
M= e —————C,,
OM 1 — M?cos® A

t A. M. Kuetho and J. D, Schetzor, Foundations of Aerodynamics, Soes. 11.6, 11,14,

and (1.8,10)
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"The vanishing of 9C,,/dM will hold only for truly subsonic und truly super-
sonic flows. In the transition region between them there is u very important
redistribution of pressure, such that the center of pressure on two-dimensional
wings moves from .25¢ in subsonic flow to .50¢ in supersonic flow. This
would lead to a negative 9C,[9M, possibly of large magnitude, in the
transonic range. The vagaries of transonic flow are such that test results are
the only way to get reasonably reliable results in this speed range. .

No gencral rules can be given for the derivatives with respect to p, or Cpr.
Aeroelustic analysis or wind-tunnel testing must be used to find these. By
way of example, we can calculate the contribution to 3C,,[0p, associated with
the fusclage bending treated in Sec. 7 4. We found there that the lift coefficient
of the tail is given by

@

C. = (g — € + ) (7.8,11)
L 1 + ka,p,S, ’ ‘

The pitching moment contributed by the tail is (6.3,8)

Cm‘ = _V}ICL‘
Hence (20_) — v, % (1.8,12)
0p, Jant opy

When (7.8,11) is differentiated with respect to p, and simplified, und the
resulting expression is substituted into (7.8,12), we obtain the result

(8_9‘_.,.) — o, —FaS (7.8,13)
0p; /it ‘1 + kapS,

The corresponding contribution to C,, s

2p ka,S,
(Cmy)tnll: ¢ Pa=e

—C,, (7.8,14)
1 + kap,S,

All the factors in this expression are positive, except for C,, , which may be
of either sign. The contribution of the tail to C,, may therefore be either
positive or negative. The tail pitehing moment is usually positive at high
speeds and negative at low speeds. Therefore its contribution to C,, 18
usually negative at high speeds.and positive at low speeds. Since the dynamic
pressure oceurs as a multiplying factor in (7.8,14), then the aerolustic eftect
on C,, goes up with specd and down with altitude.

Figure 7.6 shows the large effects of thrust coefficient on Cy, €y, C,, and
values of the associated derivatives 9C ]0C 4 ete. can be found from data
in this form.
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7.9 THE q DERIVATIVES (C,..C,.C.,)

l‘hf:sc derivatives rvepresent the aerodynamic effects th;xt acco.
rotat!on of the airplane about a spanwise axis through the C.G ulq')lalny
remains zero. An example of this kind of motion was treated i'n 'S:(’: “6013
g..e. the steu('ly pul.l-up). Figure 7.116 shows the general case in whicix t.he
.Igllt puth is arbitrary. This should be contrasted with the situati
illustrated in Fig. 7.11a, whore ¢ == 0 while « is changing © suation

Vel

(a)
/
(b)
Fia. 7.11

(@) Motion with zero ¢, but varying «. (b) Motion with zero «, but varying ¢

J Bo.th the wing un'd the tail are affected by the rotation, although, when
the alrpluxfe has a tail, the wing contribution to C;_and C,, is often neéligible
in comparison with that of the tail. In such cases it is common practice to

mncrease talle tull eﬂcct by an ar bltl‘ul‘y amount, Of tlle [®) del Of 10 to allow
> T Ah

CONTRIBUTIONS OF A TAIL

Als ilI{lst\~uwd in ig. 7.12, the main effect of ¢ on the tuil is to increase its
angle of attack by (gl,/V) radians. It is this change in a, that accounts for
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\4

2sin' ¢ )2 e
Aay = sin Vcos(x a) v

2l

Fia. 7.12  Effoct of piteh velocity on tail angle of attack.

the changed forees on the tail. The assumption is imp?i(:it in the follofVlflg
derivations that the instantancous forces on the tail correspond to ll:s
instantancous angle of attuck; i.e. no aceount is taken of the fuct that it
takes a finite time for the tail lift to build up to its steady:stute value
following a sudden change in g. [A method of including t,!xis refinement t!ms
been given by Tobak (ref. 7.12).] The derivatives obtained are therefore

quasistatic.
C., OF A TAIL

 The change in tail lift associated with g is

gl
ACy, = a Ba, = o Ly“‘

and the corresponding change in total lift coeflicient is

S, d,

S
ACL =;§‘ACL¢=alS V
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1t follows that the tuil contribution to Oy, is

AC, AC, 2V
=2V, (7.9,1)

C., OF A TAIL
The increment in C,, corresponding to AC L, 18

AC, = —VyAC,
and it follows easily that
AC,, l

Conay = —2 = —2a,2V (7.9,2)
d é
THE DERIVATIVE C,,

For a tail elevator, the change in «, produces a change in hinge moment
given by [see (6.5,1)]

i

ACIu = bl %;‘
whenee it follows that C,“q = Aj’“ = 2b, L
é

CONTRIBUTIONS OF A WING

As previously remarked, on airplanes with tails the wing contributions
to the g derivatives are frequently negligible. However, if the wing is highly
swept or of low aspect ratio, it may have significant values of ¢ L and C, ;
and of course, on tailless airplunes, the wing supplies the major contribution.
The q derivatives of wings alone are therefore of great engineering importance.

Unfortunately, no simple formulas can be given, because of the complicated
dependence on the wing planform and the Mach number. However, the follow-
ing discussion of the physical aspects of the flow indicates how linearized
wing theory can be applied to the problem. Consider a plane lifting surface,
at zero a, with forward specd ¥V and angular velocity q about a spanwise
axis (Ifig. 7.13). Buch point in the wing has a velocity component, relative
to the resting atmosphere, of gz normul to the surface. This velocity dis-
tribution is shown in the figure for the central and tip chords. Now there is an
equivalent cambored wing which would have the identical distribution of
velocities normal to its surface when in rectilinear translation at speed V.
This is illustrated in Fig. 7.14a. The cross section of the curved surface S is
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! }1 ' .
A ¥ia. 7.14 Thoe equivalent cambered wing.
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shown in (b). The normal velocity distribution will be the same as in Fig. 7.13
if

oz q
V—-—=¢qzx or — =<z
oz ? x ¥
Henco =18 (7.9.4)
2V

and the cross section of 8 is a parabolic arc. In linearized wing theory, both
subsonic and supersonic, the boundary condition is the same for the original
plane wing with rotation g and the equivalent curved wing in rectilinear flight.

The problem of finding the ¢ derivatives then is reduced to that of finding .

the pressure distribution over the equivalent cambered wing. Because of the

form of (7.9,4), the pressures are proportional to ¢/V. From the pressure .

distribution, Cp, C,, , and C,, can all be calculated. The derivatives can in
principle also be found by experiment, by testing a model of the equivalent
wing.

The values obtained by this approach are quasistatic; i.e. they are steady-
state values corresponding to « = 0 and a small constant value of ¢. This
implies that the flight path is a circle (as in Fig. 6.32), and hence that the
vortex wake is not rectilinear. Now both the linearized theory and the wind-
tunnel measurement apply to a straight wake, and to this extent are
approximate. Since the values of the derivatives obtained are in the end
applied to arbitrary Hight paths, as in Fig. 7.11b, there is little point in
correcting them for the curvature of the wake.

The error involved in the application of the quasistatic derivatives to
unsteady Hight is not so great as might be expected. It has been shown
that, when the flight path is a sine wave, the quasistatic derivatives apply
so long as the reduced frequency is small, i.e.

lc=-;°—;<l

where w is the eircular frequency of the pitching oscillation. 1f ! is the
wavelength of the flight path, then

k=mxw

o~ ith

so that the condition £ < 1 implies that the wavelength must be long
compared to the chord, e.g. I > 60¢ for k < .05.

DEPENDENCE ON h

Because the axis of rotation, Fig. 7.13, passes through the C.G., the
results obtained are dependent on A. The nature of this variation is found as
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AC,
— __gé8h

= —

\% g - T——__1 Wing

/ \J
Mean aero. ctr. (hn,,;)

Normal velocity A
Normal velocity B

®
Fio. 7.16 Effect of C.G. location on Cp, O,y .

follows. Let the axis of rotation be at 4, Fig. 7.15, and let the associated
lift and momeont be

; = 7.9,6

CL‘=CL¢A ’ C’"‘—O q ( )

me,

Now let the axis of rotation be moved to B, with the change in norn'ml
velocity distribution shown on the figure. Since the two n.ormal_ volocity
distributions differ by a constant, (the upward translation ¢é Ah). the
difference between the two pressure distributions is that. associated with a
flat plate at angle of attack

«=— QV_EAI; o (7.9,6)

This angle of attack introduces a lift increment acting at the wing aero-
dynamic center of amount

AC, =Cpa=— ‘!‘7° AKCL_ (7.9,7)

so that for axis of rotation B,
Cp,= CL"Q — 20L¢ Akg
or ACy, = —2C'L‘ Ah (7.9,8)
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ie. (,'L‘ is linear in A. ‘The incremental moment dbout B is
AC,, = CL"Q Ak + ACp(h, — h"“)
= [CLu Ak — 201,, Ah(h, — h,,m)]q
and AC"_' ={Cp — 2C'L_(h8 — h,,")] Ak (7.9,9)

whence Cm, is quadratic in k. Fromn (7.9,8) and (7.9,9) by taking the limit
as Ab — 0 we get

oc
= = 20, (@)
ac (7.9,10)
—e =0, —20.(h—h b
22 = Oy, — 20, (h — hy,) (®)
By integrating (7.9,10)
Cp, = —2Cy (b — ho) (@)

7.9,11
Co, = 0,"' — 20 (h — k)2 ( )
The forms of €, and C,,, are sketched on Fig. 7.16b. h, is the C.G. position
for zero Cp , kb that for maximum C,, and C, is the maximum (least
negative) vulue of Cm,- From (7.9,10b) and (7.9,11a), we find

h=}hy+ b, ) (7.9,12)
Tho linear theory of two-dimensional thin wings gives for supersonic fow:
hy =h = i
2
0, =—— o (7.9,13)
3JME— 1
and for subsonic flow: g -
hy =} )
b=} (7.9,14)
0, =0 :

PITCH DAMPING OF PROPULSIVE JETS

When gases flow at high velocity inside jet or rocket engines, there is a
consequent rate of change of moment of inertia which leads to an inertia
term in the moment squation [ju"-'u in (5.6,7)]. Instead of retaining it as a
term on the r.Lis,, it is convenicnt to transpose it to the Lh.s. and treat it as

an external moment AG,, = -5 . Considering only pitching motion,
0
w, = |9 (7.9,15)
0
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the corresponding terms in the scalur momont equations (5.6,8) are

AL =14
AM = —1g (7.9,16)
AN =14

The corresponding ¢ derivatives are therefore

AL, =1,
AM, = —1, (7.9.17)
AN, =1,

Wae restrict ourselves to consideration only of propulsion systems that have

inertial symmetry with respect to the xz plane, so I, = I,,=0, &;ld o:(lj/1
AM, remains. Figure 7.16 shows three types of propulsion system, for e
e

@
o \
! . ul
3
; U\
> u —

(a)

uz

) S S|

(c)

Fia. 7.16 Mechanism of jot damping.
(¢) Liquid fuel rocket.

(a) Jot ongine and duct. (b) Solid fuel rucket.
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of which we ussume that the velocities are uniformn across surfaces 1 and 2.
For the jot engine 1 is the air inlet and for the rockets it is the moving
boundury of the fuel. u, is the jet exit velocity, u, is the inlet velocity for the
jot, and the rate of movement of the relevant interface for the rockets.

The Oxz coordiate system of Fig. 7.16 is taken fixed to the solid part of
the vehiele, and we focus our attention on the material system comprising
the solid, liquid, and gaseous constituents of the vehicle at time zero. The
boundaries of this system move in a time dt as illustrated ; as a result its mass
center moves away from the origin 0, and its moment of inertia changes.
Let I, be the moment of inertia around 0, and I, be that around the displaced
mass center, at coordinates (%, Z). By the parallel axis theorem for moment
of inertia we have

I,=1,—m(@ + 7

where 1 is, of course, the fotal vehicle mass. It follows that

_dz  _d;
L=1 - 2m(x—- + z_)
v d  dt
and at ¢ =0, when Z=2 =0, I, = 1,. Thus the movement of the mass
centor associated with the jet fow does not contribute to the jet damping
effect explicitly. The change in I, in time d¢ is given by

dl, = dtJ~ Pate(T,® + 2,%) dA, — dtJ~ pr(z,® + 2,%)dd4, (7.9,18)
Aa P’ §
In the second term, for a jet engine, p, is, of course, the density of the inlet
air. For a rocket it is, strictly speaking, the difference in density between the
fuel and the adjacent gas. For all practical purposes the latter can clearly
be ncglected. If %2 and 22 are the component mean-square distances to the
surfaces 4, and 4,, (7.9,18) can be expressed as

1, = pu,dy(E2 + Z%) — poudy(Z)* + 7,%) (7.9,19)

Now p,u;4; is the mass flux across 4,, and may be taken constant for all
three types of system (the fuel mass flow in jet engines is much smaller than
the air mass flow). Thus

1, = w32 — 72) + (22 — 5, (7.9,20)

where m’ = A,p.u; is the mass flow rate out of the jet. In many practical
cases, for clongated slender vehicles, the 22 terms may be negligibly small.
The result for the pitch damping in that case is

AM, = —m'(Z2 — 7,?) (7.9,21)
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Tt will be negative, corresponding to positive damping, whenever the C.G. is
closer to the inlet or the fuel surface than to the nozzle exit. For compactness
we may write &2 for (Z,® — %3 + (2,2 — Z,*) 80 that

AM, = —m'E? . (7.9,22)
The nondimensional coeflicient follows a8
' 2
AC, = — 4 5_2 (7.9,23)
‘ pVSé

It varics inversely as speed for constant propulsive mass flow m’. The thrust
of the engine is given by
T=mYV,

where ¥, is the final velocity of the jet relative to the vehicle, so that (7.9,23)
can be rewritten in terms of 7' instead of m'. The result is
AC,, = —20r 3 (7.9,24)

For jet airplanes in cruising flight this contribution to C,, 18 usually
negligible. Only at high values of Cp, and when the C,, of the rest of the air-
plane is small, would it be significant. On the other hand, a rocket booster at

lift-off, when the speed is low, has practically zero external aerodynamic
damping and the jet damping becomes very important.

7.10 THE & DERIVATIVES (Cry Cusr Caud)

The & derivatives owe their existence to the fact that the pressure dis-
tribution on & wing or tail does not adjust itself instantaneously to its
equilibriuin  value when the angle of attack is suddenly changed. The
caleulation of this effect, or its meusurement, involves unsteady flow. In
this respect, the & derivatives are very different from those discussed
previously, which can all be determined on the basis of steady-state
aerodynamics.

CONTRIBUTIONS OF A WING

Consider o wing in horizontal flight at zero a. Let it be subjected to a
downward impulse, so that it suddenly acquires a constant downward
velocity component. Then, as shown in Fig. 7.17, its angle of attack undergoes
a step increass. The lift then responds in a transient munner (the indicial
response) the form of which depends on whether M is greater or less than 1.

Impulse
——am»————!—
) \4
o
: i w
o
10
5 zorf
C
"1 -Impulse function ,Asymptote
M=0
5 ?

./Asymptote

Subsonic, M >0

C

/ Steady-state value

Supersonic

o -7

G
Fra. 7.17 Lift respouse to step change in a. (After Tobak, NACA Rept. 1188.)

277



278 Dynamics of atmospheric flight

In subsonic flight, the vortices which the wing leaves behind it can influence
it at all future times, so that the steady state is approached only asymptot-
ically. In supersonic flight, the upstreamn traveling disturbances move more
slowly than the wing, so that it outstrips the disturbance field of the initial
impulse in a finite time ¢,. From that time on the lift remains constant.

In order to find the lift associated with &, let us consider the motion of an
airfoil with a small constant &, but with ¢ = 0. The motion, and the angle
of attuck, are shown in Fig. 7.18. The method used follows that introduced
by Tobuk (ref. 7.12). We assume that the differential equation which relates
O (f) with «(f) is linear. Hence the method of superposition may be used to
derive the response to a linear a(f). Lot the admittance be A(f). Then,
[cf. (5.11,2)], the lilt coefficient at time { is

{
Cid) :——f At — 7)a'(7) dr
r=0

Since a'(1) == Da = constant, then

t
C () = Daf A@f—7)dr (7.10,1)

=0
The ultimate Cp, responso to a unit-step @ input is Cp, . Let the lift defect
be f(i): i.e.
A = ¢y — [
Then (7.10,1) becomes

{
C.Li) = DaC'L“l‘ — Daf fE—7)dr
r=0
=Cpa— 8 Da (7.10,2)

where §(f) = f=0f(i — 7)dr. The term S Da is shown on Fig. 7.18. Now,
if the idea ol representing the lift by means of aerodynamic derivatives is to
be valid, we must be able to write, for the motion in question,

O = Cpald) + Cp Da (7.10,3)
where C; and Cp are constants. Comparing (7.10,2 and 3), we find that
CLQ = —8(i), a function of time. Hence, during the initial part of the motion,

as alveady pointed out in Sec. 5.11 the derivalive concept is invalid. However,
for all finite wings,t the area S(f) converges to a finite value as { increases
indefinitely. In fact, for supersonie wings, S reaches its limiting value in a
finite time, as is evident from Fig. 7.17. Thus (7.10,3) is valid,} with constunt

1 For two-dimensional incompressible flow, the area S([) diverges as ¢ — «0. That is,
the derivative concept is definitely not applicable to that case.
1 Exactly for supersonic wings, and approximately for subsonic wings.
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/ M>1

(o]
-

(c)

Fia. 7.18 Lift associated with ¢.

Cp,» for vulues of { greater than a certain minimum. This minimum is not
lurge, being the time required for the wing to travel a few chord lengths. In
the time range where S is constant, or differs only infinitesimally fromn its
asymptotic value, the €' (f) curve of Fig. 7.18¢ is parallel to C_a. A similar
situation exists with respect to C,, and C,,. -

We see from Fig. 7.18 that Cp; which is the lim — S(f) can be positive
for M == 0 and negative for larger values ol M. b
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There is a second usclul approach to the & derivatives, and that is via
consideration of oscillating wings. This method has been widely used
experimentally, and extensive treatments of wings in oscillatory motion are
available in the literature,f primarily in relation to flutter problems. Because
of the time lag previously noted, the amplitude and phase of the oscillatory
lift will be different from the quasisteandy values. Let us represent tho
periodic angle of attack and lift coefficient by the complex numnbers

=0 and Cp=Cpe** (1.10,4)
where o, is the amplitude (real) of «, and C_ is a complex number such that

|Cp,| is the amplitude of the €y response, and arg Cy_is its phase angle. The
relation between O and «, appropriate to the low frequencies characteristic

im
LWy
g R
s - e
\l"’;~ S Fila. 7.19  Vootor dingram of lift response
\CLu to oscillatory a.

of dynamic stability is illustrated in Fig. 7.19. In tcrms of these vectors, we
may derive the value of Cf, as follows. The & vecetor is

& = iwoye'™
Thus ¢';, may be expressed as

C,, = R[CL)é™ -+ il[Cr e
a

= RlCL )2 + 10y
%y

wa,
o _ 10
La ™ 3adf2V) ko

or, if the amplitude oy is unity, Cp = IOy |k, where &k is the reduced

Hence

(7.10,3)

frequency wéf2V.

To assist in forming a physical picture of the behavior of a wing under
these conditions, we give here the results for a two-dimensional} airfoil in

t Seo bibliogruphy.

1 Rodden und Giesing (ref. 7.15) have oxtended und goneralizod this method. Ta
purticulur they give results for finite wings.
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Fra. 7.20 Lift on oscillating two-dimensional airfoil.

incompressible flow. The motion of the airfoil is a plunging oscillation; i.e.
it is like that shown in Fig. 7.11a, except that the flight path is a sine wave.
The instantaneous lift on the airfoil is given in two parts (see Fig. 7.20):

CL=Cp, +0p,

where 014 = 2n[aF(k) + (Eﬁ)g@] (7.10,6)

2V) k
ac
‘r "(2V)
and F(k) and G(k) are the rcal and imaginary parts of the Theodorsen
function C(k), plotted in Fig. 7.21. The lift that acts at the midchord is
proportional to & = Z/V, where z is the translation (vertically downward) of
the airfoil. That is, it represents a force opposing the downward acceleration
of the airfoil. This force is exactly that which is required to impart an
acceleration Z to a mass of air contained in a cylinder, the dianeter of which
equals the chord ¢. This is known as the “apparent additional mass.”’ It is as
though the mass of the airfoil were increased Ly this amount. Except in
cases of very low relative density p = 2m/[pS¢, this added mass is small
compared to that of the airplane itself, and hence the force C L, is relatively
unimportant. Physically, the origin of this force is in the reaction of the air
which is associated with its downward acceleration. The other component,
Cp,, which acts at the } chord point, is associated with the cireulation around
the airfoil, and is a consequence of the imposition of the Kutta~Joukowski
condition at the trailing edge. It is seen that it contains one term proportional

to a and another proportional to &. From Fig. 7.19, the pitching-moment
coefficient about the C.G. is obtained as

I

Cow=CpLh~— 1+ Cprh—}) (1.10,7)
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Fiu. 7.21  Tho Thoodorsen function.

From (7.10,6 and 7), the following derivatives are found for frequency k.

;. = 2aP(k)

a(k)
Cro=7+12m T
(7.10,8)
C,, = 2aF(k}(h — 1)
Qlk
C,, =7k —})+ 2#‘(—"2 -1

The awkward situation is evident, from (7.10,8), that the derivatives wre
frequoncy-dependent. That is, in free oscillations one does not know the
value of the derivative until the solution to the motion (i.e. the [requency)
is known. In cases of forced oscillations at a given frequency, this difticulty
is not present.

When dealing with the rigid-body motions of llight vehicles, the churucl.ul.'-
istic nondimensional frequencies k are usually small, k << L. Hence it is
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reasonable to use the F(k) und (k) corresponding to k — 0. For the two-

dimensional incompressible case described above, lim F(k)y =1, so that
k—0 .
Cp = 2x and C, = 2m(h —'}), the theorctical steady-flow values. This
(3 a

conclusion, that ¢ and C,_are the quasistatic values, also holds for
tinite wings at all Mach nmmbers. The results for €y and C,., are not so
clear, however, since lim @(k)/k given abové is infinite. This singularity is
marked for the example of two-dimensional flow given above, but is not
evident for finite wings at moderate aspect ratio. Miles (refs. 7.13, 7.14)
indicates that the k log k term responsible for the singularity is not significant

for aspect ratios less than 10, and the numerical calculations of Rodden and.

Giesing (ref. 7.16) show no difficulty at values of k as low as .001. Filotas,
(ref. 7.16) more recent solutions for finite wings bear out Miles’ contention.
Thus for finite wings definite values of C L, 8nd C, can be associated with

small but nonvanishing values of k. If the airfoil has a control flap, the hinge
moment associated with ‘«, C,, , behaves like €7 and C,, . The limiting
values described above can be obtained from a first-order-in-frequency
analysis of an oscillating wing. To summarize, the a derivatives of ¢ wing
alone may be computed from the indicial responses of lift, pitching moment,
and hinge moment, or from first-order-in-frequency analysis of harmonically
plunging wings.

CONTRIBUTIONS OF A TAIL

There is an approximate method for evaluating the contributions of a
tail surface, which is satisfactory in many cages. This is based on the concept
of the lag of the downwash. It neglects entirely the nonstationary character
of the lift response of the tail to changes in tail angle of attack, and attributes
the result entirely to the fact that the downwash at the tail does not respond
instantaneously to changes in wing angle of attack. The downwash is assumed
to be dependent primarily on the strength of the wing’s trailing vortices in
the neighborhood of the tail. Since the vorticity is convected with the
stream, then a change in the circulation at the wing will not be felt as a
change in downwash at the tail until a time At = [,/V has elapsed, where [,
is the tail leugth (Fig. 6.10). It is therefore assumed that the instantancous
downwash at the tail, €(t), corresponds to the wing a at time (¢ — At). The
corrections Lo the quasistatic downwash and tail angle of attack are therefore

Ae = —?-fdAt= —gf-:ii‘-
Odx da V
= —Aa, (7.10,9)



S e b e

284 Dynwmics of utmospheric flight

C,, OF A TAIL

The correction to the tail lift coefficient for the downwash lag is

b, Oe
Aa,ﬁ: @, Aa, = ag —I; % (7.10,10)
The correction to the airplane lift is therefore
AC b 0e 8,
=a8== =
LY 0a 8
ac O¢
and Crdan= —= = -2V % (7.10,11)

a(""—é
)
c,.. .OF A TAIL

ma

The correction to the pitching moment is obtained from AC, as

. Oel,

AC,, = -V, AC, = —a,aa—av Vu
Therefore a_a%" = —aVy l‘_, :.f
and (Condian = a?(;;:) = —2aV !;—z—i (7.10,12)
2V
é,,,a OF A TAIL

The correction to a, produces a change in the elevator hinge moment

de 1
ACIu - Ghul Aat = Clnz“ 3“ « "7

aC del
Therefore _ééi-‘ = Chey, 5 ;;
il 0 )
and Chu = ﬁ(:l_ =20, = % (7.10,13)

T G F S
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7.11  AERODYNAMIC TRANSFER FUNCTIONS

Finally, it should be remarked that there is no need to accept the small
inaccuracy associated with tho use of unsteady derivatives such as Cp , ete.

In Sec. 5.11 it was shown how the use of serodynamic transfer functions
could avoid this difficulty entirely, and equations (5.14,1 to 3) were presented
for this purpose. To obtain a transfer function from the indicial response,
(6.11,6) can be applied. Thus if the step-function response of Fig. 7.17 is
designated 4, ,(f), then

QL (8) = sd [ (9)

and similarly for all other transfer functions that appear in (5.14,1 to 3).

When the information available is in the form of a frequency-response
analysis or measurement, then the transfer function can be obtained from it
directly. From (3.4,25) we have the general relation for frequency response
of a lincar systemn in terms of the transfer function. Thus, let G, (s) be the
transfer function relating any aerodynamic coefficient C, to any state
variable » and @, (k) be the frequency-response vector giving C, for periodic
v. Q(3) is obtained from Q(ik) by replacing ik by s, or k by —is.

7.12 THE z DERIVATIVES (Cy,Cp,.Cr,.C.)

There are two main classes of z derivatives; those that are associated with
ground proximity, and those that are associated with vertical gradients in
the properties of the atmosphere. Of the latter the density gradient is the
most important, und others can probably be ignored nost of the timne.

We have described some of the effects of ground proximity in Sec. 7.5.
To calculate the associated z derivatives one needs the data, either theoretical
or experimental, on the variation of the various coefficients with height
above ground. For configurations with large power effects, i.e. strong
slipstreams or jets inpinging on the ground, testing is generally required to
get good results. The ground effects can be very large, and the z derivatives
can exert a very important influence on the vehicle dynamics at landing
and take-oft.

As to the effects of atmosplieric gradients, the gradient dp/dz has already
been explicity included in the equations of motion (5.13,16), so that if 7', D,
L, M all vary exactly as p when the speed is constant then Cs etc. will all
be zero. This assumption is probably good enough for D, L, and M, but not
always for 7". If the vehicle uses air-breathing engines, then 7' oc p is reason-
able, and Cr, = V; but if & constant-thrust rocket is used, then we have
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oT0z = 0, and from the analysis on p. 183,
P
Cyp, = —Cp =E (7.12,1)
0z
The only other atmospherie gradients that might need to be included are
those associated with Reynolds number R, and Mach number M. Sometimes,
for very high altitudes the particulate nature of air becomes a factor. The
Knudson number
K ==

A
n l_
whero 4 is the mean free path and [ is a characteristic length of the vehicle,
may then be used as an aerodynamic parameter. It is not a new independent
variable, being related to M and R,:

K 1.26 /v M

n— \/}' R‘
where y is the ratio of specific heats. For air a rough approximation is
K, ~ M/R, The circumstances when these gradients might be important
are those involving very rapid changes of the flow field with the parameter
in question—for example, ncar M = 1, the variations of M with height due
to sound-speed gradient; and near the R, for boundary layer transition.
A typical derivative would be ealculated thus. Let C, stand for any of

Cp---0C,,; then
C, = Q.(.)i == a_(L’ _a_I_V_[ 90, ok, (7.12,2)
* 2 oM 0 OR, 0%
oM ¢d (V) Vé oa é Oa
where — =l - =e = M=
0 20z\a 2a® 0z 2a 0z
oR, ¢0 (Vl) éVl oy é ov
and =)= === —-R, - —
0¢ 20z\» 29? 0z 2y 0z
Finally, - C, =-M ¢ 900, R ¢ o» 90, (7.12,3)

20 0:0M  ° 2» 0z 3R,

7.13 AEROELASTIC DERIVATIVES

In Scc. 5.12 there were introduced certain acrodynamic derivatives
associated with the deformations of the airplane. These are of two kinds:
those that appear in the rigid-body equations, and those that appear in the
added equations of the elastic degrees of freedom. These are illustrated in
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C.G. of deformed
airplane

2z

Fia. 7.22  Symmetrical wing bending.

this section by counsideration of the hypothetical vibration mode shown in
Fig. 7.22. In this mode it is assumed that the fuselage and tail are rigid, and
have a motion of vertical translation only. The flexibility is all in the wing,
and it bends without twisting. The functions describing the mnode (5.12,1) are
therefore : ,

=z —-2y=0

Y =y—yo=0 (7.13,1)

2 =z — zy = h(y)zq

For the generalized coordinate, we have used the wing-tip deflection Zyp.
h(y) is then a normalized function describing the wing bending mode.

In view of the fact that the elastic degrees of freedoin are only important
in relation to stability and control when their frequencies are relatively low,
approaching those of the rigid-body modes, then it is reasonable to use the
samne approximation for the aerodynamic forces as is used in calculating
stability derivatives. That is, if quasisteady flow theory is adequate for the
serodynamic forces associated with the rigid-body motions, then we may
use Lhe same theory for the clastic motions.

In the example chosen, we assume that the only significant forces are
those on the wing and tail, und that these are to be computed from quasisteady
flow theory. In the light of these assuinptions, some of the representative
derivatives of both types are discussed below. As a preliminary, the forces
induced on the wing and tail by the elastic motion are treated first.

FORCES ON THE WING
The vertical velocity of the wing section distant y from the center line is

i = h(y)ip (1.13,2)
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and the corresponding change in wing angle of attack is

Aa(y) = b(y)iylV (7.13,3)
"I'his ungle-of-attack distribution can be nsed with any applicable steady-flow
wing theory to caleulate the incremental local section lift. (It will of course
be proportional to z,/V.) Let it be denoted in coofficient. form by Ciy)eql ¥,
and the corresponding increment in wing total lift coefficient by CroiqlV.
Ci(y) and Cp, are thus the values corresponding to unit value of the non-
dimensional quantity zZ,/V.

FORCE ON THE TAIL

The tail experiences a downward velocity £(0)Z., and also, because of the
altered wing lift distribution, a downwash change (Je/0%)ip. Hence the
net change in tail angle of attack is

A, = hO)iglV — 25 2,
02,

L
- [;.(o) — 0 Y (7.13,4)
oGr/V)IV
"This produces an increment in the tail lift coefficient of amount
AC;, = a,| k() — O iz (1.13,5)
‘ oz, V)lvV

THE DERIVATIVE L,

This derivative describes the contribution of wing bending velocity to the
lift acting on the airplane. A suitable nondimensional form is 0C;[0(24/V):

. de 2,8
AC, = ¢, h(0) — fr
L=y + “‘['( ) 3(z’T/V)] Vs
oC de 8
and hence L =(Cy, +o [’L(O) — ]—5 (7.13,6)
Weglvy AiglV) ]S

THE DERIVATIVE A,

This derivative (seo 5.12,12) represents the contribution Lo the generalized
force in the bending degree of freedom, associated with a change in the
angle of attuck of the airplane. A suituble nondimensional form is obtained

. _F
TV

by defining

Then the appropriate nondimensional derivative is Cy .

e i e ghae

e T T e A
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Let the wing lift distribution due to a perturbation « in the angle of attack
‘(conutan.t across the span) be given by C, (m)a. Then in a virtual displacoment
in the wing bending mode 8z, the work done by this wing loading is

b/2
oW = —f b/ga(}"'(y)h(y) oz} pVie(y) dy
where ¢(y) is the local wing chord. The corresponding contribution to & is

oW b/2
o, = eV O Whh(y)ely) dy

0z,
and to Cf. is
1w 1 "/20 X
iPV2S azT oo - S f~b/a la(y) (y)c(?/) d!/ (7-13,7)

Tl'le tail also contributes to this derivative. For the tail lift associated with
«is '

a,a(l — _a_e_) }pV’S,
o

and the work done by this force during the virtual displacement is

/ 0
~——a,a(l — a_:) 1pV28,h(0) b2,

Therefore the contribution to C is

06\ S
—aafl — =)= k0
t“( aa)S (0)
and to Cy_is

S 0
a2 h(O)(l - 5—‘) (1.13,8)

(*3

The total value of C5  is then the sum of (7.13,7 and 8.)

THE DERIVATIVE b,, (SEE 5.12,12)

This derivative identifics the contribution of z5 to the generalized aero-
dynamic force in the distortion degree of freedom. We have defined the
associated wing load distribution above by the local lift coefficient Ciy)pl V.
As in the case of the derivative 4, above, the work done by this loading is
calculated, with the result that the‘wing contributes

Wy _ 1 W 1B,
AirlV)  }pV'S dzp 0GigfV) 8 f—m iWhe)ely)dy  (713,9)
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Ozl a gzlc;‘ Likewise, the contribution of the tail is caleulated here as for 4,, and is
[0 © |
o, — | vz | &8 found to be
h“ E: < I‘° ) ~ o S g a .
u © e ) €
< € O : < ] —a, 2 n(0)| o) — L (7.13,10)
1 - ~ a S o(zp/[V) '
§|§ < The total value of 9C4/9(z,f V) is theu the sum of (7.13,9 and 10.).
*
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Lateral aerodynamic

characteristics

CHAPTER 8

In the preceding two chapters we have discussed the aerodynamic character-
istics of symmetrical configurations flying with the velocity vector in the
plane of symmetry. As a result the only nonzero motion variables were V, a,
and g, and the only nonzero forces and moments were 7', D, L,and M. We
now turn to the cases in which the velocity vector is not in the plane of
symmetry, and in which rolling and yawing motions (#, p, r) are present.
Phe associated force and moment coefticients are C or C,, Cy, and C,, (see
Table 5.1).

One of the simplifying aspects of the longitudinal motion is that the
rotation is about one axis only (the y axis), and hence the rotutionul stiffuess
about that axis is a very important criterion for the dynamic behavior.
This simplicity is lost when we go to the lateral motions, for then the rotation
takes place about two axes (z and z). The moments associated with these
rotations are cross-coupled, i.e. roll rotation p produces yawing moments C,,
as well as rolling moment €, and yaw displacements § and rate r both
produce rolling and yawing moments. Furthermore, the roll and yaw
controls are also often cross-coupled—deflection of the ailerons can produce
gignificant yawing moments, and deflection of the rudder can produce
significant rolling moments.

Another important difference between the two cases is that in “normal”
flight—i.e. steady rectilinear symmetric motion, all the lateral motion and
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force variables are zero. Hence there is no fundamental trimming problem—
the ailerons and rudder would be nominally undeflected. In actuality of
course, these controls do have a secondary trimming function whenever the
vehicle has either geometric or inertial asymmetries—e.g. one engine off, or
multiple propellers all rotating the same way. Because the gravity vector
in normal flight also lies in the plane of symmetry, the C.G. position is not a
dominant parameter for the lateral eharacteristics as it is for the longitudinal.
Thus the C.G. limits, as discussed in Sec. 7.6 are governed by considerations
deriving from the longitudinal characteristics.

8.1 YAW STIFFNESS (WEATHERCOCK STABILITY)

By exactly the same argumnent as used for pitch stiffness (Sec. 6.2), we
conclude that flight vehicles should have positive yaw stiffness, i.e. (see Fig.
8.1) 9C,/3B > 0. For then a perturbation in B will produce a restoring
moment N that tends to keep the veloeity vector in the plane of symunetry.

Flight-path tangent

Fia. 8.1 Sideslip angle and yawing moment.
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X

CG.

Qe

Ve

Mean aerodynamic K\/’L,-

center of ——

fin and rudder
/sL,

Fla. 8.2 Vortical-tail sign conventions.

c

when these are not available, can be estimated by synthesising the contri-
butious of the various components of the vehicle. The principal contributions
are those of the body and the tail. By contrast with C,, , the wing makes a
relatively small contribution to C, "

o, is found from wind-tunnel measurcments of the yuwing moment, or

In Fig. 8.2 are shown the relevant geometry and the lift force L acting
on the vertical tail surface. 1f the surfuce were alone in an airstream, the
velocity vector V 4 would be that of the free stream, so that (cf. Iig. 8.1) ap
would be equal to — 8. When installed on an airplane, however, changes in
both magnitude and direction of the local flow at the tail take place. These
changes may bo caused by the propellor slipstream, and by the wing and
fuselage when the airplane is yawed. The angular deflection is allowed for b.y
introdueing the sidewash angle o, analogous to the downwash angle €. o is
positive when it corresponds to a flow in the y dircction: i.e. when it tends to

i zm‘
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increuse a . Thus the angle of attack is

ap=—f+ao (8.1,1)
and in the lineur case the lify coeflicient of the vertical-tail surface is
CL, = ap(—f + o) + a9, (8.1,2)
The lift is then
Lp.=C,, ’5’ Vs, (8.1,3)

Just as with the horizontal tail, any difference between V , and V is absorbed -

into the coeflicients a , and a,. The yawing moment is

Ny =—C;, fz’ VS ulp

S ‘l Al
whence C,, =—C; Liad J

nr 2 (8.1,4)

The ratio S4l,[8b is analogous to the horizontal-tail volume ratio, and is
therefore called the vertical-tail volume ratio, denoted here by V. Equation
(8.1,4) then reads

¢, =—V,Cy, (8.1,6)

and the corresponding contribution to the weathercock stability is

aC"_ aCI ( a(’)
C lein = o =y, Ty g (1 =& 8.1,6
nplt 3 ] T Vyag P 8.1 )‘

The Sidewash Factor do[df. Generally speaking the sidewash is difficult
to estimate with engineering precision. Suitable wind-tunnel tests are required
for this purpuse. The contribution from the fuselage arises through its
behavior as a lifting body when yawed. Associated with the side force that
develops is u vortex wake which induces a lateral-flow field at the tail. The

sidewash from the propeller is associated with the side force which acts -

upon it when yawed, and may be estimated by the meothod of ref. 7.3,
previously cited in Sec. 7.3. The contribution from the wing is associated
with the asymmetric structure of the flow that develops when the airplane
is yawed. This phenomenon is especially pronounced with low-aspect-ratio
swept wings. It is illustrated in Ifig. 8.3.

The Velocity Ratio V,/V. When the vertical tail is not in a propeller
slipstream, V [V is unity. When it is in a slipstream, the effective velocity
increment may be dealt with as for a horizontal tail (see Sec. 7.3).
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Fia. 8.3 Vortox wake of yawed wing.

Contribution of Propeller Normal Force. The yawing moment produced
by the normal force which acts on the yawed propeller is calculated in the
same way as the pitching-moment increment dealt with in Sec. 7.3. The
result is similar to (7.3,10)

Cuy _ _ %38,y (8.1,7)
ap b 8 Oa,

This is known as the propeller fin effect, and is negative, i.e. destabilizing,
when the propeller is forward of the C.G., but is usually positive for pusher
propellers.

8.2 YAW CONTROL

In most fight conditions it is desired to maintain the sideslip angle cqual
to zero. If the airplane has positive weathercock stability, and is truly
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symmetrical, then it will tend to fly in this condition. However, yawing
moments may act upou the airplane as a result of unsymmetrical thrust
(e.g. one engine inoperative). slipstream rotation, or the unsymmetrical flow
field associated with turning flight. Under these circumstances, # can be kept
zero only by the application of a eontrol noment. The control that provides
this is the rudder. Another condition requiring the use of the rudder is the
steady side-slip, a maneuver sometimes used, particularly with light aircraft,
to increase the drag and hence the glide path angle. From (8.1,2 and 5), the
rate of change of yawing moment with rudder deflection is given by

Cﬂ = aC” = _VV aCL’
s 20, 38,

This derivative is sometimes called the “rudder power.”” It must be large
enough to make it possible to maintain zero sideslip under the most extreme
conditions of asymmetric thrust and turning flight.

A sccond nseful index of the rudder control is the steady sideslip angle
which could be maintained by a given rudder angle if the aileron angle, roll
rate, and yaw rate were all zero. The total yawing moment would then be

=—aVy (8.2,1)

Cu=Cpf + C,0, (8.2.2)
For steady motion, C,, = 0, and hence the desired ratio is
Cl
i =— (8.2,3)
o, C,,‘

The rudder hinge moment and control force are treated in a manner
similur to that employed for the elevator. Let the rudder hinge-inoment
coefficicnt be given by

Cyy = bap + 0,6, (8.2,4)
The rudder pedal force will then be given by

P=a § V28, (bay + bed,)

= GV b(~F + o) +b:0,)] (8.2,5)

where ( is the rudder system gearing.
The clieet of a free rudder on the yaw stiffness is found by setting C,, = 0
in (8.2,4). "Then the rudder floating angle is

8, = —La, (8.2,6)

free b.;
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The vertical-tail lift coeflicient with rudder free is found from (8.1,2) to be

C'L, = apap — “rlﬁ Ay
b,
= aﬁ-ap(l — & I—)—l) . . (8.1,3)
ayb,

The free control factor for the rudder is thus seen to be of the same form as
that for the clevator (see Sec. 6.6) and to have a similar effect.

8.3 ROLL STIFFNESS

Consider a vehicle constrained, as on bearings in a wind tunnel, to one
degree of freedom-rolling about the x axis. The forces und moments resulting
from a fixed displacement ¢ are fundamentally different in character from
those associated with the rotations « and 8 about the other two axes. In the
first place if the « axis coincides with the velocity vector V, no aerodynamic
change whatsoever follows from the fixed rotation ¢ (sce VFig. 8.4). The
aerodynamic field remains symmotrical with respect to the plane of symmetry,
the resultant acrodynamic force remains in that plane, and no changes oceur
in uny of the acrodynamic cooflicients. Thus the roll stiffuess C,‘ is zero in
that casc.

Roliing moment, L.

| W (weight)

Fio. 8.4 Rolled airplano.
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If the 2 axis does not coinecide with V, then a sccond-order roll stiffness
rc'sultu through the medium of the derivative C\,. Let the angle of attack
of the x axis be «, (Iig. 4.4), then the velocity vector when ¢ = 0 is

Vcos o,
vV, = 0 (8.3.1)
V sin a,
After rolling through angle ¢ about Oz, the velocity vector is (cf. Sec. 4.5)
V cos a,
Vy = Ly($)V, = | ¥V sin o 5in ¢ (8.3,2)
V sin a, cos ¢

Thus the sideslip component is v = V sin «. si idesli i
= in ¢, and the sid
3, £ 8in ¢ he sideslip angle is
. v . . . |
B = sin™! 7= sin™" (sin a, sin ) (8.3,3)
As B result of this positive 8, and the usually negative C there is a restoring
rolling moment C',ﬂﬂ ie. g

AC, = C’,ﬂ sin~! (sin «, sin ¢) (8.3,4a)
For small «,, we get the approximate result
AC, = C',ﬁ sin™! (o, sin @) == C’,ﬂa, sin ¢ (8.3,4b)
and if ¢ also is small,
AC, = C’,ﬂa:qﬁ (8.3,4¢)
The stiffuess derivative for rolling about Oz is then from (8.3,4a)
aC, —C 8in o, cos ¢
o¢ (1 — sin® a, sin® $)f (8.3.5a)
or for a, << 1,
ac,
ﬁ = C,ﬂaz cos ¢ (8.3,5b)
or fora, ¢ <<1
oc; .
5$ = C,ﬂa, (8.3,5¢)

Thus there is a roll stiffness that resists rolling if «, is >0, and would tend
to kecp the wings level. 1f rolling occurs about a wind axis, the stiffness is
zero wnd the vehiclo has no preferred roll angle. If a, < 0, then the stiffness
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is negative and the vehicle would roll to the position ¢ = 180°, at which
point ¢, == 0 and U‘¢ < 0.

The above discussion applies to a vehicle constrained, as stated, to one
degree of freedom. It should not be thought that the derivative (), so deduced
should be introduced into the rolling moment equativn (5.13,175)! The rolling
moment we have discussed above arises solely from the acrodynamic effect
of 8, and as such is already included in the terin C) B of the equation. The
usefulness of the above point of view is that it helps one to understand the
behavior of free motions that consist principally of rolling about an axis in
the plane of symmetry.

Having shown above that airplanes have no first-order aerodynamic roll
stiftness, it is worthwhile to digress at this point to show why they neverthe-
less have an inherent tendency to fly with wings level. They do so because of
a secondary effect, involving gravity and C, . When rolled to an angle ¢,
there is a weight component mg sin ¢ in the y direction (Fig. 8.4). This
induces a sideslip velocity to the right, with consequent § > 0, and a rolling
moment Ot,ﬁ that tends to bring the wings level. The rolling and yawing
motions that result from such an initial condition are however strongly
conpled, so no significant conclusions can be drawn about the behavior
except by a dynamic analysis (see Chapter 9).

8.4 ROLLING CONTROL

The angle of bank of the airplane is controlled by the ailerons. The primary
fumction of these controls is to produce a rolling moment, although they
frequently introduce a yawing moment as well. The effectivencss of the
ailerons in producing rolling and yawing moments is deseribed by the two
control derivatives 9C,[/84, and 8C,,[04,. The aileron angle 8, is defined as the
mean value of the angular displacements of the two ailerons. 1t is positive
when the right aileron movement is downward (sce Ilig. 8.5). The derivative
aC,[d4, is normally negative, right aileron down producing u coll to the left.

For simple flap-type ailerons, the increase in lift on the right side and the
deercase on the left side produce a drag differential which gives a positive
(nose-right) yawing moment. Since the normal reason for moving the right
ailcron down is to initiate a turn to the left, then the yawing moment iy scen
to be in just the wrong direction. It is therefore called aileron adverse yaw.
On high-aspect-ratio airplanes this tendeney may introduce decided difli-
culties in lateral control. Mceans for avoiding this particular difficulty include
the use of spoilers and Frise ailerons. Spoilers are illustrated in Iiig. 8.6.
They achicve the desired result by reducing the lift and increasing the drag
on the side where the spoiler is raised. Thus the rolling and yawing moments
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2=} (6)+ 53)

Fia. 8.6 Ailerou angle.

d.eveloped are mutually complementary with respect to turning. Frise
ailerons (Iig. 6.23) diminish the adverse yaw or eliminate it entirely by
increasing the drag on the side of the upgoing aileron. This is achieved by the
shaping of Flne aileron nose and the choice of hinge location. When deflected
upward, the gap between the control surface and the wing is increased, and

t,-he relatively sharp nose protrudes into the stream. Both these geometrical
factors produce a drag increase.

Section through spoiler

Fia. 8.6 Spoilers.
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The deflection of the ailcrons leads to still additional yawing woments
once the airplane acquires a roll rate. These are caused by the altered flow
about the wing and tail. These effects are discussed in Sec. 8.6 (C,, ), and
arc iHustrated in Figs. 8.12 and 8.15.

A finul vemark about aileron controls is in ovder. They are functionally
distinct from the other two controls in that they are rate controls. It the
airplane is restricted only to rotation about the wind axis, then the appli-
cation of a constant aileron angle results in a steady rate of roll. The elevator
and rudder, on the other hand, are displacement controls. When the airplane
is constrained to the relevant single-uxis degree of freedom, & constant
deflection of these controls produces a constant angular displacement of the
airplunc. It appears that both rate and displacement controls are acceptable
to pilots.

AILERON REVERSAL

"Phers is an important aeroclastic effect on roll control by ailerons that is
gignificant on most conventional airplanes at both subsonic and supersonic
speeds. This results from the elastic distortion of the wing structure associated
with tho acrodynamie load increment produced by the control. As illustrated
in Fig. 6.22, the incremental loud caused by deflecting a eontrol flup at
subsonic speeds has a centroid somewhere near the middle of the wing chord.
At suporsonic speeds the control lowd acts mainly oun the deflected surface
itsctf, and hence has its centroid even farther to the rear. I this load centroid
is behind the clastic axis of the wing structure, then a nose-down twist of the
main wing surfuce results. The reduction of angle of attack corresponding
10 8 > 0 causes a reduction in lift on the surface us compared with the rigid
case, and a consequent reduction in the control effectiveness. The form of
the variation of Cy,, with {p V2 for example can be seen by considering an
idealized model of the phenomenon. Let the acrodynamic torsional moment
resulting from equal deflection of the two ailerons be T'(y) oc $pV*4, and
let 7'(y) be antisymmetric, 7'(y) = —T(—y). The twist distribution corre-
sponding to 7'(y) is 0(y), also antisymmetric, such that 0(y) is proportional
to T at any reference station, and hence proportional to §pV34,. Finally,
the antisymmetric twist causes an antisymmetric increment in the lift
distribution, giving u proportional rolling moment increment AC, = kip =3,
The totad rolling moment due to aileron dellection is then

AC, = (4 Jrigiabs + kip V0, (8.4,1)
and the control clfectivencss is

Cy,, = (Cyy Jergia 1 klpV? (8.4,2)
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A‘s noted above, (("la,)"uld is negative, and k is positive if the centroid of the
aileron-induced lift is aft of the wing elastic axis, the common case. Hence

|(,,a | diminishes with increasing speed, and vanishes at some spwd Ve the
aileron reversal speed. Hence

0 = (C,, Jeiga + £1oV 5"

or k== — (Cu.)mm/ Vi (84.3)
Substitution of (8.4,3) into (8.4,2) yields

V2

¢, = (0,‘“),,‘”(1 - F) (8.4,4)
R

This result, of course, applies strictly only if the basic aerodynamics are not

Mach-number dependent, i.e. so long as Vi, is at a value of M appreciably

below 1.0. Otherwise k and (C,, ) a 8re both functions of M, and the

equation eorresponding to (8.4,4) is

k(M) Ve
#M e M,) 8.4,5
ton CoJaaMay  (B40)
where M, is the reversal Mach number.

It is evident from (8.4,4) that the torsional stiffness of the wing has to be
great enough to keep Vi, appreciably higher than the maximum flight speed
if unacceptable loss of aileron eontrol is to be avoided.

Clau(lﬂ) = (Cla.)r;gm(M) -

8.5 THE g DERIVATIVES (C Cugr Cary)

"ﬂ' lﬂ’ ny

The sideslip derivatives are all obtainable from static wind-tunnel tests
on yawed models. Generally speaking, estimation methods are not very
reliable, and testing is needed for accurate results.

THE DERIVATIVE Cyﬁ

We shall assume that the thrust vector remains in the xz plane, so that it
does not contribute to the Y foree. Then in terms of C, and C, (see Fig. 4.5)
we have

C,= —Cgcos f — Cpsin

. BC'
and €, = (C’ ,8in f — cos Cpcos B —. )
n C B ﬂ B—Cpcosf 3 [3 —2 sin e,
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whoere g,, the equilibrium value, is zero. Hence

g, %

C 8.5,1
s 5 (8.5,1)

The main eontributions to Cg usually come from the boudy and the tail, the
wing contribution being minor. That from the tail is readily estimated. From
(8.1,3) we have :

(AC),y = —Cy, g Vi,

and (ACQ)yn= —C1, %
S oC Sy d
whence ©, )un = I el 7 _"aF(l — __(.I_) (8.5,2)
£ S op N op

The ), term of (8.5,1) would often be small compared to the tail contribution
(8.5,2), and the whole derivative C,’ often has negligible effect on the vehicle

dynamies.

THE DERIVATIVE C,“

By contrast with € " the derivative C,#, known as the dihedral effect, is of
paramount importance. We have already noted its relation to roll stiffness
and to the tendency of airplanes to fly with wings level. The primary con-
tribution to C; 5 is from the wing—its dihedral angle, uspect ratio, and sweep
all being iinportant parameters.

The effect of wing diliedral is illustrated in Fig. 8.7. With the coordinate
system shown, the normal veloeity component ¥V, on the right wing panel
(R) is, for small dihedral angle T,

V,=wcos ' + vsin I’

= 4 o[* .

and that on the other panel is w — »1". The texms -+-vI'[V = -}- 81" represent
opposite changes in the angle of attack of the two panels resulting from
sideslip. The “upwind” panel has its angle of attack and therefore its lift
increased, and vice versa. The result is a rolling moment approximately
linear in both g and I', and hence a fixed value of C‘# tor a given I". This part
of C'u is essentially independent of wing angle of attack so long as the flow

remainy attached.

Wing-chord plane

v Velocity
Pt components
of wing
z

Fia. 8.7 Dihedral effect.

V, = normal velocity of panel R

=woos Y + vein "= w 4 oI

s Aa of R due to dihedral == % = _V_ﬂ_P = AI'

N
L/\/

Vortex wake

Fia. 8.8 Yawod lifting wing.

305
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Kven in the absence of dihedral, u flat lifting wing panel has a (,',ﬂ pro-
portional to €. Consider the case of Fig. 8.8. The vertieal induced velocity
(downwash) of the vortex wake is greater ut L than at R simply by virtue
of the geometry of the wake. Hence the local wing angle of attack and lift
arc less at L than at R, and a negative C, results. Since this offect depends,
essentially linearly, on the strength of the vortex wake, which is itsclf
proportional to the wing C, then the result is AC‘# o O

INFLUENCE OF FUSELAGE ON C,p

The flow field of the body interacts with the wing in such a way as to
modify its dihedral effect. To illustrate this, consider a long cylindrical body,
of cireulur cross section, yawed with respect to the main stream. Consider
only the cross-low component of the stream, of magnitude ¥V, and the flow
puttern which it produces about the body. This is illustrated in Fig. 8.9. 1t

High wing
““““ =N
- — V8
— — -~

_____ M S

Low wing

Fia. 8.9 Iufluence of budy on U,ﬂ.

is clearly seen that the body induces vertical velocities which, when combined
with the mainstream velocity, ulter the local angle of attack of the wing.
When the wing is at the top of the body (high-wing), then the angle-of-attack
distribution is such as to produce a negative rolling moment: i.e. the dehedral
effect is enhanced. Conversely, when the airplane has a low wing, the dihedral
effect is diminished by the fusclage interference. The magnitude of the cftect
is dependent upon the fuselage length ahead of the wing, ils cross-section
shape, and the planform and location of the wing. Generally, this cxplains
why high-wing airplancs usually have less wing dihedral than low-wing
airplanes.

INFLUENCE OF SWEEP ON C,‘

Wing sweep is a major parameter affecting Cl,,' Consider the swept yawed
wing illustrated in Fig. 8.10. According to simple sweep theory it is the velocity
V,, normal to a wing reference line (} chord line for subsonic, l.e. for super-
sonic) that determines the lift. It follows obviously that the lift is greater
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Fia. 8.10  Dihedral offect of a swept wing.

on the right half of the wing shown than on the left half, and hence that
there is a negative rolling moment. The rolling moment would be expected

for smull B to be proportional to
CLlVuDewe = (Vo) = Cp V¥cos? (A — ) — cost (A + )]
= 20 B sin 2A
The proportionality with O, and B is correct, but the sin 2A factor is not a
good approximation to the variation with A. The result is a C, , o Cy, that
can be caleulated by the methods of linear wing theory.

INFLUENCE OF FIN ON C,ﬂ

The sideslipping airplane gives rise to  side foree on the vertical tail as
explained in See. 8.1, When the acrodynamic center of the vertical surface
is appreciably offset from the rolling axis (Fig. 8.11) then this force may
produce a significant rolling moment. From (8.1,2 and 3) with 4, = 0 this

-~ +
CG.

Fia. 8.11 Dihodral offect of the vertical tail.
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moment is found to be

ap(—p + o) g VS 2y

whence AC, = ay(—B + 0) Spzp
Sb
“and AC, = _a,.(l — ?i’)igiz—" (8.5,3)
op) Sb

THE DERIVATIVE C,,#

This is the yaw stiffness derivative, already treated in detail in Sec. 8.1.

THE DERIVATIVE Gy,

This derivative gives the rudder hinge moment due to sideslip. 1t is
analogous to the clevator hinge moment due to angle of attack. Tt is given

b

Y Cy _ o oy
aﬂ LM aﬂ

where (,, is the appropriste coefficient—see (6.5,1). By using (8.1,1) we

ap
get 3
g
Cllrp = —Cn,.’(l - 53) (8.5,4)

8.6 THE p DERIVATIVES (C,,.C,, C.,» Cu, Cir)

When an airplane rolls with angular velocity p about its x axis in the
referencestate (the flight direction for wind axes), its motion is instantaneously
like that of a screw. This motion affects the airflow (local angle of attack) at all
stations of the wing and tail surfaces. This is illustrated in Fig. 8.12 for two
points: a wing tip and the fin tip. It should be noted that the non-dimensional
rate of roll, p = pbj2V is, for small p, the angle (in radians) of the helix
traced by the wing tip. These angle-of _attack changes bring about alterations
in the serodynamic load distribution over the surfaces, and thereby introduce
perturbations in the forces and moments. The change in the wing load
distribution also causes a modification to the trailing vortex sheet. The
vorticity distribution in it is no longer symmetrical about the z axis, and a
sidewash (positive, i.e. to the right) is induced at & vertical tail conventionally
placed. This further modifies the angle-of-attack distribution on the vertical-
tail surface. This sidewash due to rolling is characterized by the derivative
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Lift distribution
when rolling

Fia. 8.12  Angle of attack changes due to p.

00/0p. Tt has been studied theoretically and experimentally by Michael
(ref. 8.. 1), who has shown its importance in relation to correct esti)r’nation :f
the tail (fonh'ibuﬁons to the rolling derivatives. Finally, the helical motion
of the wing produces a trailing vortex sheet which is r;ot flat, but helical
For the small rates of roll adinissible in & linear theory, this e,ﬁ'ect may b .
neglected with respect to both wing and tail forces. ’ e

THE DERIVATIVE C,

"l‘he side force due to rolling is often negligible. When it is not, the con-
trlbllxtions that need to be considered are those from the wingt anti from the
vertical tail. The vertical-tail offect may be estimated in the light of ita
angle-of—attack change (Fig. 8.12) as follows. Let the mean chan o in
(Fig. 8.2) due to the rolling veloeity be ’ o

Aa, = — P2F 4 ?g
¥ V—Ipap

where z;. is an appropriate mean height of the fin. Introducing the

t For the effoct of the wing at low speeds, see ref. (8.4).
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nondimensionul rate of roll, we may rewrite this as

g2k 00 (8.6,1)
L= —pf2%F = 6,
Ay = —2 ( b 313)
The incremental side-foree cocflicient on the fin is obtained .from Aoy,
= giw % 8.0,2)
AC,, = ap Doy = —aﬂa( * ap) (

where ap is the lift-curve slope of the vertical tail. The incremental sido
force on the airplane is then given by

. Spfo 2z 00
ac, =5rac,, = —a,,.ﬁ—ﬁ(2—" - _)

S s\ b 9
Sp [,z 00 .
whence (C)un = —@r —Sﬁ (z _5 - 'aT,i) (8.6,3)

THE DERIVATIVE C,

¢y, is known as the d_mnping-in-roll derivative. 1t vxpresses the rcsist,m_lce
of the airplane to rolling. Except in unusual circumstances, on‘l.y Lho.wmg
contributes significantly to this derivative. As can be seen from Fig. 8.12, t:lw
angle of attack duo to p varies linenrly ucross the span, fl'Ol?l the vuh!c pb/z' 4
at the right wing tip to —pb[2V at the left tip. This ulllilfsylll.llw.h‘lc @ dis-
tribution produces an antisymmetric increment in the lift distribution us
shown in Fig. 8.13. In the linear range this is superimposed on the symmetric

>y

z

¥ia. 8.13 Spanwise lift distribution duo to rolling.
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lift distribution associated with the wing angle of attack in undisturbed
flight. The large rolling moment L produced by this lift distribution is
proportional to the tip angle of attack $, and C,, is a negative constant, so
long as the local angle of attuck remains below the local stulling angle.

If the wing angle of attack at the center line, o, (0), is large, then the
incremental value due to p may take some sections of the wing beyond the
stalling augle, as shown in Fig. 8.14. [Actually, for finite span wings, there is

- |

s |

s !

§ |

8 |

£ |

= |

g |

£ Stalled

= alled portion
\ of wing

o aul-3) a0  au})

Net section angle of attack

Fia. 8.14  Reduction of €, due to wing stall.

an additional induced angle of attack distribution «(y) due to the vortex
wake that modifies the net scctional value still further. We neglect this
correction here in the interest of making the main point.] When this happens
|C,,B] is reduced in magnitude from the linear value and if a,(0) is large
enough, will even change sign. When this happens, the wing will autorotate,
the main characteristic of spinning flight.

THE DERIVATIVE C,

The yawing moment produced by the rolling motion is one of the so called
cross derivalives. 1t is tho existence of these cross derivatives that causes the
rolling and yawing inotions to be so closely coupled. The wing and tail both
contribute to C, .

The wing contribution is in two purts. The first comes from the change in
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profile drag associated with the change in wing angle of attack. The wing «
is increased on the right-hand side and decrcased on the left-hand side.
These changes will normally be accompanied by an increase in profile drag
on the right side, and a decreuse on the lelt side, combining to produce a
positive (nose-right) yawing moment. The second wing effect is associated
with the fore-and-aft inclination of the lift vector which is caused by the
rolling in subsonic flight and in supersonic flight when the leading cdge is
subsonic. Its existence depends on the leading edge suction. The physical
situation is illustrated in Fig. 8.15. The directions of motion of two typical

y

Fia. 8.15  1uclination of C; vector due to rolling.

wing clements are shown inclined by the angles - 0 == py/V from the
dircetion of the vector Y. Sinco the lgcal lift is perpendicular to the local
relative wind, then the lift vector on the right half of the wing is inclined
forward, and that on the left half buckward. The result is a negative yawing
couple, proportional to the product Cpp. If the wing leading edges are
supersonic, then the leading-edge suction is not present, and the local force
remains normal to the surface. The increased angle of attack on the right
side causcs an increase in this normal force there, while the opposite happens
on the loft side. The result is a positive yawing couple proportional to P.

The tail contribution to O, is easily found from the tail side foree given
previously (8.6,2). The incremental C,, is given by

Sply

(Aau)[nil = _Aav‘,- —bT b

o o et
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where 1, is the distance shown in Fig. 8.2, Therefore

(AC) .y = app &‘I—F (2 Zr _ _a_‘f)

s\ 2
and (O’,,’)tm:aFV,,( E;E—g_;) (8.6,4)

where ¥V, is the vertical-tail volume ratio.

THE DERIVATIVE C,,,

This derivative gives the change of aileron hinge moment due to rolling.
It occurs because of the change in wing angle of attack at the ailerons, and
because C,_of the ailerons is usually nonzero. Let y, be the spanwise co-

fn'dinate of the right hand mid-aileron section. Then the approximate change
in angle of attack at the right hand aileron is

Ag =P
| 4
and . AC,, = C,, PYa
sy
Therefo =2
re O’M’ = —bi'O’M‘ (8.6,6)

THE DERIVATIVE C,,,

The change in vertical-tail angle of attack brought about by p produces a
change in the rudder hinge moment. This is given by

Therefore Cy, = —oh,.’(2 F _ a—") (8.6,6)

When O’,.,G’ is negative, as for a simple flap control, then a positive roll
produces a positive rudder hinge moment.

8.7 THE r DERIVATIVES (C,,. C,. C,. G,. C,,)

When an airplane has a rate of yaw r superimposed on the forward motion
V, its velocity field is altered significantly. This is illustrated for the wing
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and vertical tail in Vig. 8.16. The situation on the wing is clearly very
complicated when it has mueh sweepback. The main feature howoever, is
that the velocity of the } chord line normal to itself is increased by the
yawing on the left-hand side, and decreased on the right si(?c. The uero-
dynamic forces at each section (lift, drag, moment) are therelore increased
on the left-hand side, and decreased on the right-hand side. As in the case

I'1a. 8.16  Veloeity field due to yawing. Al = volosity veetor due to rate of yuw r.

of the rolling wing, the unsymnetrical lift distribution leads to an unsym-
metrical trailing vortex sheet, and hence a sidewash at the tail. The incre-
mental tail angle of attack is then

: e da
A = _li 44 r —
o 4 or

Aol  Oa
or Aoy == 7(2 _ll;. + 5) (8.7,1)

PR ==y
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THE DERIVATIVE C,

The only contribution to €, that is normally important is that of the tail.
From the angle-ol-attack change wo find the incremental C, to be

N Spf, !l da
= e S2{e 24 %)
. Spf,ly 0o
Whenee (Cy ) = 6y E"(2 -i— + 5;) (8.7,2)

THE DERIVATIVE C,

This is another important cross derivative; the rolling moment due to
yawing. The increase in lift on the left wing, and the decrease on the right
wing combine to produce a positive rolling moment proportional to the
original lift coeflicient C;. Hence this derivative is largest at low specd.
Aspeet ratio, taper ratio, and sweepback are all important parameters.

When the vertical tail is large, its contribution may be significant. A
formula for it can be derived in the same way as for the previous tail
contributions, with the result

Spzpfoly | Oo
(€ ) = ap —b:_ %{(2‘5‘ + 5) (8.7,3)

THE DERIVATIVE C,,

¢, is the damping-in-yaw derivative, and is always negative. The body
adds a negligible amount to C, except when it is very large. The important
contributions for airplanes are those of the wing and tail. The increases in
both the profile and induced drag on the left wing and the decreases on the
right wing give a negative yawing moment and hence a resistance to the
motion. The magnitude of the effect depends onl the aspect ratio, taper ratio,
and sweepback. For extremely large sweepback, of the order of 60°, the
yawing moment associated with the induced drag may be positive: i.e.
produce a reduction in the damnping.
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The side force on the tail also provides a negative yawing moment. The
calculation is similar to that for the preceding tuil contributions, with the

ly, 0o
(Cn,)llil = - a“'VV (2f -}— b—":)

result
(8.7,4)

Just as with €, , there is a damping-in-yaw provided by the propulsive
jet on jet and rocket vehicles. The calculation of AC,, applies exactly to this
case as well if M be replaced by N, and ¢ by r. The result is the same as
(7.9,20 and 22), i.e.

AN, = —2m'l§
and AC, =—4Cy, L4 % (8.7,5)
r V,é

THE DERIVATIVE C,,

The change in aileron hinge moment due to yawing velocity is a consequence
of the velocity differential between the right and left ailerons. Let the hinge-
moment coeflicient of the right-hand aileron, at zero aileron angle, be Cy,.
Then the corresponding hinge moment, with no yawing, is Cha (p[2) V28 0.
This hinge moment is normally balanced by that on the left aileron, so. that
no load is carried to the pilot’s control. Now, when yawing is added, the mean
forward velocity at the right-hand aileron is changed from V to (V — ry.),
so that the hinge moment is approximately Cro P2V — 1y, )80, To the
first order in 7, the incremental hinge moment is

All« = - Chuuprya VSucu

On the left-hand side, the increment in H is equal to the above but opposite
in sign, so that the two are additive with respect to the stick force, just as
though the ailerons were deflected through a small positive angle. The
coeflicient of AH, is

AC,, = —2C,,, -’T’j = —4F % Cas

Since €, is defined as the hinge moment on one aileron then

Cra, = —4 yf"’n«.. (8.7,6)

Table 8.1
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b X.A. means no convenient formula available.

@ * denotes & contribution from the tail only.
¢ Neg. means usually negligible.
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THE DERIVATIVE C,,,

The change in the vertical-tail angle of attack (8.7,1) induces a change in
the rudder hinge moment. This is given by

A l F aO’
Ay, = Oy, Aay =0, ¢ (2 ®y 5;)

where C,, is the derivative, with respect to the vertical-tail angle of attack
2 -
of the rudder hinge-moment coefficient. Hence

l do
=0 [2E4+— (8.7,7)
Chr, O .’( b + a;)

8.8 SUMMARY OF THE FORMULAE

Table 8.1 contains a summary of useful formulae used for estimation
purposes.

-

—— S
Byt

Stability of steady flight

CHAPTER 9

The preceding chapters have provided the analytical and aerodynamic
tools needed to analyze the dynamic behavior of flight vehicles. We now
apply them to a consideration of the stability of small disturbances from
steady flight. This is an extremely important property of aircraft—first,
because steady flight conditions mnake up most of the flight time of airplanes,
and second, because the disturbances in this condition must be small for a
satisfactory vehicle. If they were not it would be unaccoptable for either
commercial or military use. The required dynamic behavior is ensured by
design—by making the small-disturbance properties of concern (the natural
modes, Fig. 8.6) such that either human or automatic control can keep the
disturbances that ensue from atmospheric motion, movement of passengers,
ete., to an acceptubly small level. Finally, as pointed out in Sec. 5.10, the
small-disturbance model is actually valid for disturbance magnitudes that
secm quite violent to human occupants.

To study the stability of the linearfinvariant systems that result from the
small-disturbance approximation, we necd ouly the eigenvalues of the system.
If the real purts are negative, the system is stable. More complete information
about the characteristic modes is usually wanted, however, and is supplied
by the cigenvectors. The complete solution for arbitrary initial conditions
in the autonomous case follows directly from the eigenvalues and cigen-
vectors—it is given by any of (3.3,9), (3.3,13), or (3.3,49).
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320 Dyramics of almospheric flight

For the most part, the equations of motion are too complicated, even when
linearized und simplified as far as is reasonable, to arrive at analytical results
of general validity. Hence the technique we use is to demonstrate repre-
sentative behavior by numerical examples. From these, certain useful
analytical approximations can be inferred.

9.1 LONGITUDINAL MODES; FLAT-EARTH
APPROXIMATION

Many useful results and insights can be obtained using the flat-Earth
approximation. As we showed in Chapter 5, this approximation is valid
for a wide range ol flight conditions. We begin with the longitudinal modes,
for which the relevant small-disturbance equations in nondimensional form
are (5.13,18 and 19). We shall consider first a subsonic transport airplane
in a reforence steady state of horizontal flight, (y, = 0) and initially neglect
the z derivatives as well. This is an approximation that is almost universally
made in dealing with the flight of airplancs at subsonie speeds. [ts significance
is explored in Sec. 9.4. Thus the relevant equations are (5.13,19) withy, = 0.

For this class of vehicle there is little error entailed by assuming that the
inclination of the thrust vector, ay, is zero, and we make this assumption.

Sinee we are concerned with stability of a steady state, i.c. with autono-
mous behavior, all the elements of the control vector—the last column on
the r.hs. of (5.13,19)—are zero as well. We are left then with an autonomons
lincar/invariant system with the matrix shown on the facing page.

The general theory for such systems has been given in Sec. 3.3, where it
was pointed out that the central elements of the solutions for free motion
are the cigenvalues and eigenvectors. To obtain the natural modes of a
vehicle, subject to the approximations and restrictions implicit in (9.1,1), it
then remains to assign numerical values to the clements of A and to caleulate
its eigenvalues and cigenvectors.

Numerical Example. The following data pertain to a hypothetical jet
transport airplanc flying at high altitude.

W == 100,000 1b 8 = 1667 ft*  W/[S = 60 psf
A=1 ¢ = 1640 ft p, — AOUBBY (approx.
30,000 ft altitude)
V == 500 mph = 733 fps po= 272 i," = Tu
Cyp, = Cy, = 20 Cp, = 0188 t* = 0105 sec
2

(9.1,1)

Cip,
2u
0
0
0

0
2u -Cp,
2u + CLa

C

-— CD,
2u
Cr. +Cp,
2u+Cy,

¢y

A

The state vector is, of course, [AV, Aq, §, Af].

CTV - CD;-
2u
CLv + 2Cy
2u+Cp,

1
I,
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322  Dynamics of atmospheric flight

1t iy assumed that the thrust of the jet engines does not vary with speed, i.e.
971/9V == 0, and that there are no speed effects on the acrodynamic deri-
vatives. The remaining data needed for (9.1,1) are given for this particular
vehicle us (sco Tuble 7.1)

CLG = 4.88; C"la = _488("1& - h); .(hn —h) = ]5
20y,

Cp, = — Cras Cry= 0; C,, = —4.20
1w

¢, =0; C, =—229; Cp, =—207,=—20p,
Cy, = Cp, =Cm, = 0.

Using the above data, the coefficients of A were calculated, and the eigen-
values und eigenvectors found by library subroutinest available for the
UTIAS 1BM 1130 computer. Let the eigenvalues be 1 = 4 4+ i@ where the -
denotes nondimensional values (note that the independent variable of the
differential equations is § = tft*). The properties of interest are then, in real
time:

2
Period, 7" = t* _‘1
@
69316
'lmll = —" a
A
Ny = byl T
The results obtained are as follows:
EIGENVALUES
Mode I': 4 = —.3065 x 10~ 4- .573 x 10734

Mode 2: 1 = —.1161 x 107! -t 1881 x 10714

The corresponding periods and damping times are given in Table 9.1. We
note that the phugoid mode is of long poriod (about 2 nin) and lightly
damped, whercas the short-period mode is quite rapid and very heavily
damped. The characteristic transionts of theso two modes are shown in
Tig. 9.1,

1 Proparoed by Dr. P. C. Hughes. It is porhaps indicative of the tinos that most of the
digital computation needed for this and tho following examples was perforined, using
theso subroutines, by & high-school student, David Alexander Etkin.

e Rt

Table 9.1
Mode Name Period fuait Nuait
(sec) (sec) (cycles)
1 Phugoid 116 237 2.00
2 Short-period 3.48 .626 .18

4 The phugoid mode was first described by Lanchester
(ref. 1.1), who also named it. The name comes from the Greek
root for flee as in fugitive. Actually Lanchester wanted the

root f(?r Jly- Appropriate or not, the word phugoid has become
established in aeronautical jargon.

115 sec.

[} \//\\//\\//\\//\‘ .

(a)

3.48 sec.

(2]
Fi1a. 9.1 Characteristio transients. (a) Phugoid mode. (b) Short-period (pitohing) mode.
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324  Dynamics of atmospheric flight

EIGENVECTORS

The eigenvectors corresponding to the above modes are given in the Table
9.2. They are not normaulized, being to an arbitrury scale. The first and third
columns correspond to & > 0, the second and fourth to & < 0.

Table 9.2
Eigenmatrix [uy]
Phugoid Short-Period
AV |—.227 x 100 | —.227 x 107! 279 x 102 279 x 1072
+.28) 4 —.281 4 +.180 x 10-25 | —.180 x 10724
Ax | 639 x 1073 .639 x 103 .333 .333
-.629 x 10723] -1-.629 x 10724 ] -+.196¢ —.1954
§ |--t15 x 1074 —.1156 x 104 —.466 x 1072 — 455 x 107%
F.202 x 10°34] —.202 x 10734 | +.678 x 1072¢ | —.578 x 10724
A0 | 353 .363 .329 .329
4116 x 10724| —.116 x 10724 | 1383 x 10704 | —.383 x 107 ¢

Figure 9.2 is the Argand diagram of the vectors in columns 1 and 3. This
is & very cffective form of displuying modal characteristics. Since the actual
magnitudes of eigenvectors are arbitrary, only the relative lengths of the
vectors arc shown, taking that of A0 == L.0. The vectors shown can be
imagined as rotating and shrinking (just as in Fig. 3.6e except that here we
only have those with @ positive); and their projections on the Re axis can
be thought of as the real valucs of the indicated variables.

The phugoid is seen to be a motion in which the gpeed and pitch angle 6
are the main variables, the former leading the latter by roughly 90° in phase,
while the angle of attack and the pitch rate remain virtually constant at
their reference values. The flight-puth angle Ay is related to A0 and Aa by
(5.10,22), Ay = A0 — Aa, so that in the plugoid Ay = A0, and the oscilla-
tory flight-path angle lags the speed by about 90°.

In the short-period mode, by contrast, there is negligible speed variation,
while the angle of attack oscillates with an amplitude and phase not much
different from that of A0. The dilference veetor Ay is also shown in the figure.
This modo as well is one that proceeds cssentially in two degrees of freedom,

Aa and A0.

a Im

q
(not visible)

AP =079

Re

i \ 20=10
J

Aa (not visible)

(a)

g (not visible) . _
AV (not visible) Ba =117

Ay = 0.472L

(b)
Kia. 0.2 (a) Vecior diagrum of phogoid mode. (b) Vestor diagram of short-period mode.
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326 Dynamics of atmospheric flight

FLIGHT PATHS IN THE CHARACTERISTIC MODES

Additional insight into the modes is gained by studying the flight path.
With the atmosphere at rest, the differential equations for the position of
the C.G. in F are given by (6.18,19), with y, = 0, i.e.

Diy =1+ AV

9.1,2
Dig= —(A0 — Ax) .1.2)

In o characteristic oscillatory mode with eigenvalues 4, 2* the variations of
AV, AD, and A« aro {cf. (3.3,30)]
N ”
AV = ‘ul,eu + up€ !
i*
Da = uye® + ube (9.1,3)
; *
Af = u‘,ej‘ + up€ !
whero the constants u;, are the components of the eigenvector corresponding
to 1. For the previous numerical example, they are the complex numbers
given in Table 9.2 with j = 1 for the phugoid and j = 3 for the short-period
mode. After substituting (9.1,3) in (9.1,2) and integrating we get
*

2=it B4 Y

*

-

*
e‘ ! + const

Nl

=i+ 2% Re [

:-»l..g

! e‘M] -+ const (9.1,4)
ty = 2¢™ Re [Ez—’—i—ri‘—' e“:’l] 4 const

where Re denotes the real part of the complex number in the square brackets.
The dimensional coordinates are obtained by using the additional relations

by 2y = szb L= t*
Tor the numerical data of the above example (9.1,4) and (9.1,5) have been
used to caleulate the flight paths in the two modes, plotted in Fig. 9.3. The
magnitudes of the eigenvectors were chosen so that 0., is approximately 4°
in the phugoid mode, and 10° in the short-period mode. ¢ = 0 corresponds
to the configuration of variables in Fig. 9.2, and the arbitrary constants of
(9.1,4) are zero. The latter choice makes the initial point of the flight paths
differ from the origin, but they both appronch the z,; axis us ¢ — co. Figure
9.34 shows that the phugoid is an undulating Hight of very long wavelength.

(9.1,5)

ZE=

0o o

40,820° 43,380

oy N P, 8 /\’l‘/looo"'

1 10 20 30 40 60 70 90 100 110 120 130~—140
2§2,/1000, tt
(a)
/ By
500 ' 1000
500
3
1000
2z, 1t
(b)

TS coaamy

1000 1200 1400 1600 1800 2000

x, ft

100

z,, ft

(c)

Fia. .9.3 (¢) Phugoid flight path (fixed reference fraine). (b) Phugoid flight path
{moving reference frame). (c) Short-period flight path.
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328 Dynuamics of atmospheric flight

Since A == 0, the vehicle “flies like un arrow,” i.c. has its = axis approxi-
mately tangent to the trajectory. The mode diagram, Fig. 9.2¢ shows that
the speed leads the pitch angle by about 90°, from which we can inler that
V is largest at the bottom of the wave and least at the top. This variation
in speed results in different distances being traversed during the upper and
lower halves of the cyole, as shown in Fig. 9.3a. For larger amplitude oscil-
lations, this lack of syminetry in the oscillation beecomes much more pro-
nounced (although the linear theory then fails to describe it accuratcly) until
ultimately the upper part becomes first a cusp and then a loop (sce Micle,
ref. 1.7, p. 273). The motion (see Sec. 9.2) is approximately one of constant
total energy, the rising and falling corresponding to an exchange between
kinctic and potential encrgy. Figure 9.2b shows the phugoid motion relative
to axes moving at the reference speed V,. This is the relative path that would
be secn by an observer flying alongside at speed V.

Figure 9.2¢ shows the path for the short-period mode. The disturbunce is
s0 rapidly damped that the transient has virtually disappeared within
1000 ft of tlight, ¢ven though the initial Aa and A0 were very large. The
deviation of the path from a straight line is small, the principal feature of
the motion heing the rapid rotation in pitch.

9.2 APPROXIMATE EQUATIONS FOR THE
LONGITUDINAL MODES

It is frequently useful and desirable to have approximate analytical
expressions for the periods and dampings of the characteristic modes. These
are convenient for assessing the influence of the main flight and vehicle
paramcters that affect the modes, und are especially useful when con-
ventional methods of servomechanisin analysis are applied to sutumatic
control systems (ref. 9.4). There are two approaches generally used to arrive
at these approximations. One is to write out a literal expression for the

~ characteristic equation and, by studying the order of magnitude of the
terms in it, to arrive at approximate linear or quadratic factors. For example,
if the characteristic equation

ey e s+ 6 =10

is known to have a “small” real root, an approximation to it may be obtained
by neglecting all the higher powers of s, i.e.

8+ =10

Or if there is a “large” complex root, it may be approximated by keeping

—
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only the first three terms, i.c.
8 4 cg8+ =0
This method is frequently useful, and sometimes the only reascnable way
to get an approximation.

The second method, which has the advantage of providing more physical
insight, proceeds from a foreknowledge of the modal characteristics to arrive
at approximute system equations of lower order than the exact ones. For
the longitudinal modes we use the second method (see below), and for the
lateral iodes (see Sec. 9.6,1) both methods are needed.

1t should be noted that no simple analytical approximations can be relied
on to give uccurate results under all circumnstances. Machine solutions of the
exact matrix is the only certain way. The value of the approximations is
indicated by examples in the following.

To proceed now to the phugoid and short-period modes, we saw in Fig. 9.2
that some state variables are negligibly small in each of the two modes.
This fuct suggests certain approximations to them based on reduced sets of

equations of motion. These approximations, which are quite useful, are
developed below.

PHUGOID MODE

Lanchester’s (ref. 1.1) original solution for the phugoid used the assumptions
that Aa =0 and 7' — D = 0. 1t follows that there is no net aerodynamic
force tangent to the flight path, and hence no work done on the vehicle
except by gravity. The motion is then one of constant total energy, as
suggested previously. This simplification makes it possible to treat the most
general case with large disturbances in speed and flight-path angle (see
Micle, ref. 1.7, p. 271 et seq.). Here we content ourselves with a treatment
of only the corresponding small-disturbance case, for comparison with the
exacl numerical result given earlier. The energy condition is

E = }mV? — mgz, = const
or V2= V.24 29z, (9.2,1)

where the origin of ¥, is 50 chosen that ¥ = V, when z, = 0. With a
constant, and in addition neglecting the effect of ¢ on €y, then O is constant
at the value for steady horizontal flight, i.e. Of = Cp,=Cy, and L=
Cy pV28 or, in view of (9.2,1), )

L= Cy3pV 28 + (Cy.pgSizy = W + kg (9.2,2)

Thus the lift is secn to vary linearly with the height in such a manner as
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always to drive the vehicle back to its reference height, the “spring constant”
being
k = Cy pyS ’ 9.2,3)

The equation of motion in the vertical direction is clearly, when ' — D =0,

W — L cos 0 = mZ,,
or for small 0,
W — L =miy, (9.2,4)

On combining (9.2,2) and (9.2,4) we get
miy + kzyy =0

which identifies a simple harmonic motion of period

P = 2m [P =2m [
k C,p98

Since Cyy, == mg[tpV 28, this becotnes
T = ﬂ\/g-‘;—' (9.2,5)

a boautifully simple result, suggesting that the phugoid period depends only
on the speed of flight, and not at all on the airplane or the altitude! For the

" above example, V, = 733 fps, and (9.2,5) gives 7' = 101 sce, o value 1229
different from the correct result, 115 see.

Although (9.2,5) is a very useful result for the period, the above theory
cannot give any information at all sbout the damping, since thrust and drag
were climinated from consideration and it is preciscly theso that cause the
amplitude of the oscillation to change. For a better approximation, we return
to the equations of motion and incorporate a simplification suggested by
Fig. 9.24, i.e. Aa == 0. Note that this is one of Lanchester’s two assumnptions.
If we drop one variable, we must also drop one equation of motion. Now the
zero A« may be considered to imply zero pitching moment of inertia, so
that pitch equilibrium is always maintained throughout the motion, and
this suggests that it is the pitching moment equation that should be dropped.
With Aa and the C,, equation missing, (9.1,1) reduces to

ol | 2w i 0 _________
0| = 2u—~ 0y, (9.2,6)
Do 10,

1
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N . . . .

For consistency with the previous numerical example, we neglect as well the
e v

derivatives Oy, , €y, , Cy,, Cp,. Now the sccond of the three equations is an

algebraic relation, i.e. with the preceding approximations

_gl'_’:Af/ 5=
u +¢=0 (9.2,7)

After using (9.2,7) to eliminate ¢ from (9.2,6) we get the second-order system

R _Cl' . CW-
) o 2 || AV
Do || oy, 0 AB

The characteristic equation is therefore

=%
(91'_3) _Cw,

2u 2u
=0
C
W, —s
u
The expansion gives the quadratic
C 2
& — TT—'s—i—C-—W‘ =0
2u 2u (9.2,9)
or S 4 2Ubs+ 0,2=0
which has the roots
A=h+id
where A= —{, = Cry
4u
b = (0, — a4
R 1 C
W, = — e
2 p
and the damping ratio is
i ¢,
= —— 1 (9.2,10)
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The “undamped” period is seen to be

T,,=2—’1t"‘
@
;_2\/5—;7' m é
Cy, pS(E2) 2V,

After eliminating Cjy, this reduces exactly to (9.2,5) so that the Lanchester
result is recovered from (9.2,9) when Cp = 0.

For the caso of horizontal flight under consideration here, Cp, depends
only on the reference drag cocfticient and the type of propulsion system
(sce Sce. 7.8). For the example airplane in horizontal flight Cy == — 20,
and in that case the damping coefficicnt is

To this approximation, { will always vary inversely as the (LfD) ratio, but
for constant-power propulsion (instead of constant thrust) the constant is
3/2V/2 (instead of 1/V2).

The accuracy of the approximation given by (9.2,9) is illustrated on Figs.
9.4a, 9.8, and 9.16.

Another approximation that gives better results for the period, but not
necessarily for the damping, is one originally due to Bairstow (vef. 1.4) [the
derivation is given by Ashkenas and McRuer (ref. 9.5)}. When converted
to the notation of this work, it gives

. Cw,[Cm,(CW. +14Cr,) — }C,,,,(CL‘—l- CD-)] "
= [ p124C,n, + C,,(Cr, + Cp))]
Cp+ iCDy iCD.C'"v

2u  2uC, +Cn(Cr,+Cb)

(9.2,11)

n =
This also is compared with exact results in the figures that follow.

SHORT-PERIOD MODE

Figure 9.2b shows that the speed remains subatantially constant in the
short-period mode, and this Buggests an approximation to the equations in
which AP = 0. Again, one equation must be dropped from the set, and the
correct choice is the speed equation of motion. The reduced equations are

s e o

e
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then, after neglecting the same derivatives as before,

(€t Cp)
Da 2u : Aa
Dy = 1_(0'“ — ‘M) e 1o yo 7100212
po| |L\T % 5, ™ ™0 Hag
= 0 1
The characteristic equation is then
(Cro.t+Cp)
- T — 8 1
Ll I - =0 (9.2,13)
l( . Cma(CLu + CD,)) 1 (C + C ) —3
I,, " 2“‘ }: m, my
This expands to give the cubie equation
s(s* s+ c)=0
where 00 = — 2uC,, + me;CL, +Cp,)
2ul,
. IV(CL, + CD,) - 2#(0m' + ama.) (92’14)
=
2yj,

of which the second-degree factor is the approximation for the short-p!eriod
roots. The zero root is of no interest. With the numerical values of the
preceding example, the roots obtained from (8.2,14) are

A= —.1162 x 107 L .1892 x 1074
which are to be compared to the exact values
—.1161 x 10! 4 .1891 X 10714

The errors are seen to be very small, less than £5% in both the damping
and the period. Equations (9.2,14) give a good approximation to the im-
portant short-period oscillation over a wide range of flight and vehicle
parameters.

Because of the large influence of C.G. position on C,, , a critical C.G.
position is indicated by (9.2,14) when ‘

2uC,,, + Cp (CL + Cp,) =10
At this condition, ¢, vanishes, and the oharacteristic equation becomes

s(s+1¢)=0

(9 2,15)
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with roots 1 = 0; —e¢,. The latter corresponds to a damped exponential
maode, and the zero root identifies one that is a constant state in the two
variables Ax and ¢. This state, a longitndinal motion at constant speed, o
and ¢ is none other thun the steady pull-up treated in See. 6.10. The criticul
C.G. position is found from (9.2,15) thus

2”CL¢(hcrlt. - hn) + Cm,,(CLa "*; Cl).) =0

—h Cm"(CL, + Cl),)

(9.2,16)
crit 2I‘CL¢

or h

Comparison of (9.2,16) and (6.10,8) shows that k., above would be exactly
k,, (the control-fixed mancuver point) if €'y, were zero in the former and .C’,‘q
zero in the latter. In fact these cquations both describe the same flight
condition, and the differences between them are entirely due to differences in
the detailed assumptions made in their derivations. Specifically, Cp, was
neglected in (9.2,12) and no component of the thrust normal to V.wus
included in the derivation of (6.10,8). Had the assumptions been strictly
compatible, the results would have been identicul.

The above analysis shows that the steady pull-up at constant speed cun
oceur without motion of the controls at this C.G. position, and hence it is
indeed the condition of zero control motion per g. We can further deduce
that movement of the ‘C.G. farther aft causes a reversal of sign of ¢ and
henee corresponds to a “‘static instability’” as in a muss-upring-dufnptfr with
a “negative” spring. In this light the control-fixed maneuver point is seen
as a criterion for the divergence of the short-period mode.

9.3 GENERAL THEORY OF STATIC LONGITUDINAL
STABILITY

The concept of static stability was introduced in Chapter 3, \\'ln:r‘c it was
identificd with the nature of the exponential characteristic modes (Figs. 3.6¢
and b)."[u Sec. 3.3 (p. 70) it was pointed out that the vanishing of the
constant term in the characteristic equation of u linearfinvariant system
provides u boundary between asymptotic stability and slatic instubi!ifzy.
This is the criterion that we discuss in this section, and relute to the stability
criterin presented carlier in Chapter 6.

The characteristic cquation [see (3.3,7)] is

[sT — A} =
and clearly the constant term is found by setting s = 0, i.e.

¢, = |—A|
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The criterion for static stability is then
|—A| >0 (9.3,1y
The upplication of this criterion is in prineiple straightforward for any of
the lincarfinvariant systems (5.13,18 to 20) that describe the longitudinal
and laterul motions. In the interests of deriving a simple usable analytical
result, however, we shall treat the special case represented by (9.1,1), in

which the equilibrium flight path is horizontal, and z derivatives are neglected.
When |—A] is expanded wé get

Cy,

CO T e

2ul (2u C'L‘_)

Sinee the fuctor outside the square brackets is always positive (Cf. could
a

not be <—2u for any reasonable heavier-than-air vehicle) the stability
criterion becomes

[(CLG + CD,)Cmy - Cma(CLy -+ 20"")] (9'312)

(Cry + Cp)0n, — Co(Cr, + 2Cip) >0 (9.3,3)

When comparing (9.3,3) with the static stability criteria discussed in Chapter
6, a minor difference in basic ussumptions must be noted. In the preceding
devclopment, it was specifically assumed that the thrust vector rotates
with the vehicle when o is changed. In the development leading to (6.4,24)
by coutrast, there is an implicit assumption that the thrust provides no
component of force perpendicular to V [see (6.4,18)]. 1t is this diffcrence
thut leads to the presence of €y, in (9.3,3) whereas there is no corresponding
term in the numerator of (6.4,2:1). Had the assumptions been the sume, the
expressions would be strictly compatible. In any case, C}, is usually small
compared to C; , so thut the difference is not important. We see that the
justification for the statement made in Sec. 6.4, that the slope of the elevator
trim eurve (€6,4,1,/d P), is o criterion of static stability, is provided by (9.3,3).
[Note that €y, = C in (9.3,3).]

Another stui)ility criterion referred Lo in Chapter 6 is the derivalive
dC,[dCy (6.3,21). It was pointed out there that this derivative can only be
said to exist if cnough constraints are imposed on the independent variables
a, ¥, 8,, q, ete.,, on which €, and C separately depend. Such a situation
results if we postulaie that the vehicle is in rectilinear motion (¢ = 0) at
constunt clevator angle and throttle setting, with L = W, but with varying
speed and angle of attack. Such a condition cannot, of course, actually occur
in flight because the pitching moment could be zero at only one speed, but
it can readily te simulated in a wind tunnel where the model is restrained
by a balance. [The argument that follows is quite similar to that of (6.4,18)
et seq.] With the above stipulations, C,, and € reduce to functions of the
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two variables ¥ und a, and incremental changes from a reference state (),

are given by N
dC’l‘ = CLa da + CLde

\ (9.3,4)
dcm = Cm,. da + Cmy av
The required derivative is then .
d
© Oyt O
dCy _ da (9.3.5)
dCy, ap
Cp +-Cp —
£+ Cr da

provided di’/da exists. This is guaranteed by the rcmaining condition
imposed, i.e. L = W (implying ay = 0). For then we have
W = Cr(a, P)3pV2S = const
from which we readily derive
(Cp, da + Cp, dV)kpV 28 + CppV 8dV =0 (9.3,6)

From (9.3,6)
(Cp, +20.)dV + Cp da=0

or ‘EX = — -——qi——- (9.3,7)
da CLy + 20[,,
After substituting (9.3,7) into (9.3,6) and simplifying we get
dC, 1 (Cu(Cr, +2C) — €, 00)  (938)

dCp\L-w B 2CL.0L¢

On comparing (9.3,8) with (9.3,3), again neglecting €, therein for compu.t.il.)il-
ity of assumnptions, and noting that Gy, = Cy, , wesee that the static stability
criterion is

e, <0 (9.3,9)

dCp lp-w
provided that dC, [dC  is calculated with the constraints Ad, = .A" =q= 0
and L = W. [The quantity on the left side of (9.3,8) and (9.3,9) iy sc{nuctunef
referred Lo as speed stability in the USA, by contrust with “angle o.l uttuck.
stability. In Great Britain, this term usually has o differcnt meaning, as In
See. 11.5.] . ‘
On using the definition of h, given in (6.4,26) we find from (9.3,8) that

dc,,
ey,

CL
=1+ _v—)u. — b, (9:3,10)
L=V ( 20y,
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i.e. that it is proportional to the “stability margin,” and when € <20, , is
equal to it. )

Finally, we must check on the significanee of the *‘pitch stiffness” parameter
C,.» W which great importance was attached in Chapter 6. We seo from

9.3,3 that when € and O, sre zero, C,, < 0 does indeed provide an exact

criterion for static stability. Even when C L, 8nd C,, ure not zero, we shall

see fromn the examples to follow that C,, <0 is still a useful and significant
criterion.

9.4 EFFECT OF FLIGHT CONDITION ON THE
LONGITUDINAL MODES OF A SUBSONIC JET
TRANSPORT

In Sec. 9.1 we gave the representative characteristic modes of a hypo-
thetical subsonio jet airplane for a single set of parameters. It is of consider-
able interest to enquire into how these characteristics are affected by changes
in the major flight variables—speed, altitude, angle of elimb, and stability
margin. It is also of interest to establish the nature of the approximation

dpfdZ == 0. In this scction we present numnerical results that illustrate the
above featurcs.

9.4.1 EFFECT OF SPEED

When the speed is changed in horizontal fight, the matrix (8.1,1) previously
used is still applicable. All the assuinptions made in Sec. 9.1 are retained—in
particular, no Mach number effects are included—and hence the only
quantitics that vary are Cp , Cp, Cp,, Cp , and t*. The eigenvalues and
eigenvectors of (9.1,1) have been calculated for a range of speeds, and the
variations of the period and dainping of the two modes are given in Fig. 9.4.
The Lanchester approximation to the phugoid period (9.2,5) is shown for
comparison, as well as approximations (9.2,9), (9.2,11), and (9.2,14) to the
phugoid and short-period modes, respectively.

The speed domain shown corresponds to a range of Oy, from .2 to 1.8.
This is somewhat larger than that over which one might expect the theory
to be accurate. The highest speed corresponds to M = .82 at which com-
pressibility effects would bo expected to be present in Cp, Cp , and Cp,
and possibility in € and C,, . On the other hand, at the large O corre-
sponding tc the lowest speed, flow separation effeots might be expected to

occur on the cruise configuration in the absence of boundary layer control,
affecting several of the derivatives.
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The phugoid period is seen to behave qualitatively as predicted by Lan-
chester’s theory, and the usefulness of the approximate theories for pre-
dicting it is evident. Not so for the damping of the phugoid however, for
which the approximate theories fail to predict the severe loss of damping
at low speeds, where the number of cycles to half amplitude increases to
nearly six.

The short-period mode has essentially constant nondimensional eigen-
values [note that Cyy,, does not appear in (9.2,14)]. The variation shown in T'
comes shnost entirely from that of ¢* = §/2¥,. The approximation given by
(9.2,14) is to the accuraey of the graph indistinguishable from the exact
solution. _

At the lowest speed the separation of the periods of the two modes is
much less than at high speeds, their ratio at 274 fps being only 3.9 by
contrast with 34.8 at 821 fps. ,

Figure 9.5 shows the root-locus of the phugoid mode. That for the short-
period mode is virtually a pair of conjugate points and is not shown.

Figure 9.6 shows how the modal characteristics (the eigenvectors) have
changed at the lowest speed. The most significant feature is that appreciable
Aa has appeared in the phugoid and AP in the short-period mode. This can
be traced to the fact that the periods of the two modes are much eloser to
one another at this speed, and hence that the coupling between the previously

~
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lightly-coupled degrees of freedom is stronger. That is to say, u variation of
a at the short-period frequency can induce an appreciable speed change-
under these conditions snd the pitching moment variation during the phugoid
(associated mainly with C,, §) can induce appreciable changes in o. Now we
arrived at the appruximatio;ls (9.2,9) and (9.2,14) by ignoring A« in one mode
and AP in the other. It therefore follows that the approximations might
be poorer at low speed than at high speed. This is clearly shown for the
phugoid damping in Fig. 9.4a, but the approximations to the phugoid period,
and to the short-period mode, are not appreciably worse at low speed than
at high speed.

9.42 EFFECT OF ALTITUDE

When the altitude is varied at constant Cyy, and constant static margin
the density change has two separate effects. The first is on u and I, which
are both smaller at lower altitude, and the second is on the true speed V,,
which also decreases with decrease of altitude. The matrix (9.1,1) is still
applicable, and with the same assumptions as used before the only quantities
in it that change are u and I,. Computations were carried out for the altitude
range 0 to 40,000 ft for Uw, = .26 and K, = .10. The results are shown on
Figs. 9.7 to 9.11. As with the speed variation previously discussed, the
results would not be expected to be accurate at the highest altitude, where
the speed is about 900 fps, i.e. M == .93, since compressibility effects were
not included in the aerodynamic derivatives. The speed is seen in Fig. 9.7
to vary over a range of 2:1 as the height changes, and this has a large effect
on the phugoid periods. This is evident in Fig. 9.8, where the period is seen
to vary with height in the same way as does the speed, qualitatively as
predicted by the Lanchester formula. ¥rom (9.2,14) it follows that &, for

the short-period varies approximately as v/ ;, and hence that 7' varies

t I 1 1 1 1 ! 1 1
0 5000 10,000 15000 20,000 25000 30000 35000 40,000 45,000
Altitude, tt

Fia. 9.7 Variation of ¥, with altitude-horizontal flight. Cy, =Cy, = .25.
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approximately as (\/;; V,)-). Since p, V.2 is a constant at constunt Cyy.  the
short-period is expected to vary only slightly with height, and this is evident
in Fig. 9.9. The damping of both modes is higher in the denser lower atmos-
phere. This is predicted for the short-period mode by (9.2,14), but not for
the phugoid by (9.2,9). The nondimensional roots show large and qualitatively
similar varistions for both modes in Figs. 9.10 and 11.

9.43 EFFECT OF FLIGHT-PATH ANGLE

To calculate the stability characteristics for nonhorizontal flight it is
necessary to neglect all the z derivatives, and use the system matrix of
(5.13,19). The basic aerodynamie assumptions made in the following caleu-
lutions are the same as those used in Sec. 9.1 but the following important
difference should be noted—the thrust and lift are no longer equul to the
drag and the weight, respectively. Instead at angle of climb y, we have, when
o =0, Cyp, = Cp, + Cpy, viny, 041
Cr, = Oy, co87,

Since with the assumptions of the model used, Cp, = —2Cy , this derivative,
and hence the coefficient a,, of the matrix, vary strongly with y,. 1t is also

T 11 1 1 1 1T 1 1771 —y 1 1 1,7 11171 34
-132

l
i -130
140} i 28

1 Naousie {26
J24
22
20
18

120}~

100t
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40}~ |

|
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201- extended “r’ flight

3 et

-20* ~-16 —-12 -8 -4 0 4 8 12 16 20°

F1a. 9.12  Variation of phugoid mode parametors with y.C,, == .26, altitude = 30,000 ft.
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necessary to note that for negative flight-path angles (diving flight) greater
than a few degrees (9.4,1) would require negative thrust. For this range of.
¥, Wo have assumed for the purposes of the exumple that 7', is zero and that
dive brukes are extended to provide the necessary drag, i.e. that

Cu. = —CW‘ sin y, (9.4,2)

Thus for y, less than the power-off glide angle, 4, = (C)y [u) siny,. The
main results of calculations of the eigenvalues are shown on Figs. 9.12 and
9.13 for the constant values Cy,, = .25, p, = .000889, K, = .10. The short-

5000 -
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ilh,h,.
\
i
\
\
L
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=, ~—
I 1 Il + | N 1 L
20 16 12 8 12 16 20

Fia. .13 Variation of the time to half amplitude of the phugoid mode with y.

period mode is not significantly affected by y,, but the phugoid is very much. -
Figure 9.12 shows the variation of its period and damping over the range
—20 <y, < 20° Although the period varies only slightly, the damping
deteriorates rapidly with increasing climb angle until the mode becomes
unstable above 10.8°. At 20° climb angle the number of cycles to double
amplitude has decreased to about 2.2, but because of the long period the
time to double, as shown on Fig. 9.13, is still very long—289 sec.

This behavior of the phugoid damping is approximately predicted by the
two-degree-of-freedom analysis. If y, be retained from the beginning, with
Cp, = —2C,, for constant-thrust powered flight, the samne method that
was used Lo obtain (9.2,9) yields for this case the characteristic equation

1 Cy
&+ 2_ (201,‘ — 0,,,_ sin y,)s + ?"—2- (C,,,' cos® o 01)‘ siny,) =0 (9.4,3)
7 @

The coeflicient of s, which gives the damping, decreases as y, increases, and



346 Dynamics of almospheric flight

vanishes at the critical angle

120,

Voou = sin (9.4,4)

W,
For the example, this is 8.6°, somewhat less than the correct value of 10.8°
obtained from the complete system of equations. ‘

The unstable phugoid can be shown to be entirely a conscgucence of the
thrust law assumed. If the propulsion system were one of constant power
7'V instead of constant thrust T', the value of Cy, would be —3C,, instead
of —2C;, [sec (1.8,5)]. In that case the coefficient of s in (9.4,3) turns out

" to be 3C), [2p, 8 positive number alnost independent of climb angle, and

the approximate theory indicates no important change of phugoid char-
acteristics with angle of climb. Values of Cyp, intermediate between the two
values used above would give less reduction in the damping than shown in
Wig. 9.12.

9.4.4 EFFECT OF VERTICAL DENSITY-GRADIENT

The effect of the vertical gradient in atmospheric density on the char-
acteristic modes of horizontal flight was first discussed by Scheabel (ref. 9.1),
and luter in move detail by Neumark (ref. 9.2) and Walkowicz (ref. 9.3).
Their principal conclusions were that the short-period motion is unchanged
by the density gradient, but that the phugoid period is appreciably shortened
by an amount that increases with specd. Neumark also pointed out thut the
characteristic equation for this case is of the fifth degree and that the extra
root is a small one corresponding to the tendency of the vehicle to seck or
depart from its cquilibrium altitude, depending on whether or not the root
is negative. Neumark concluded, based on examples in which the thrust
was independent of height, that the damping of the phugoid was unaffected
by dp/dz. In fact, the phugoid damping is very sensitive to the thrust law,
and as shown in the example that follows, in which 7' oc p so that Cyp, =0
{a reasonable approximation for jet engines), the damping can be very much
reduced at all speeds by the density gradient. Before proceeding to the
numerical solutions of the complete equations however, it is instructive to
present Seheubels extension of the simple Lanchester analysis of the phugoid
period. 1n Sec. 9.2 we saw that with Lanchester’s approximations there is a
vertical “spring stiffness” & given by (9.2,3) that governs the period. When
the density varies there is a second “stiffness” &’ resulting from the fact
that the increased density when the vehicle is below its reference altitude
incrcuses the lift, and vice versa. This incrementul lift associated with a
density change is

AL == C,3V2S Ap
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50 that AL
k= =0, 3,28 @
0z 2L dz

From the definitions of g, £ and noting that C; = C};, we get
Wi '
¢ di

Tll:le deu.sit.y variation in the atmosphere is closely exponential over appreci-
zn (;: ;l,::“]gei :u;lf;;s(,) :io d ﬁ/;li = (1/pMdp/dZ) is roughly constant. Thus we
p ok vm.ilels ‘;rla‘):t;, y constant, \.vhereas k frox.n (9.2,3) depends on
| WP hich v o8 or const,n.nt weight. The density gradient therefore
s its bxglutcst relative effect at high speed. The correetion factor for the
period, which varies inversely as the square root of the stiffness, iy

% (k A 1
| k+H)“u+ym% (9.4,6)
80 that the period with density gradient is 77 = K1 i i
of k and &’ this becomes y gradien llS = KT. With the given values

) G S—

(l " V_,z @)% (9.4,7)
4 ' gé d2
in wlucl: the principal variable is seen to be the speed, occurring in the form
:; L(};)e4l' ;)ot;:)i:’:l number (V,2/gé). The reduction in phugoid period predicted

4, he ex irplane i ° ich i
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In order to provide a complete comparison with the approximation based

on const,.unt density, we use the fifth-order system (5.13,18) to make nuinerical
cal(fulu%lon for the same conditions as hold in Figs. 9.4 and 9.5. All t.h:;az
gerw.amvc.s (?T., c D, Cr,C., huvte been assumed to be zero, and the only
. ensft.y-gx adicnt effects are embodied in the dp/dz terms. Note that Cp =
implies a propulsion system in which the thrusi is proportional to 'p.T'W—iLh
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The value of dpfdZ was obtained from the tables for the U.S. Standard
Atmosphere (ref. 9.14) as follows:

dp _ 1 éedp _ Edlogp (9.4,9)

dz P.2 dz 2 dk

where h is the altitude. From the tabulated data, dlog p/dh at about
30,000 ft altitude is found to be —4.16 X 108 and hence dpfdi =
1(15.40)(4.16)107% = .000320. With this value, the eigenvalues of (9.4,8)
lLave been calculated for the same range of speeds as used in Figs. 9.4 and 9.5.
The short-period mode is found to be unchanged to three significant digits,
in agreement with Neumark, the phugoid damping and period are both
altered, and a new stable nonoscillatory mode of long time constant appears.
Figure 9.14 shows the quite substantial effects on the phugoid. It is clear
from these graphs that neglect of atmnospheric density gradient can lead to
considerable error. This is especially signiticant with respect to the dumping
since the constunt-density approximation gives unconservative results.

The fifth root of the characteristic equation is negative, corresponding
to a stable subsidence. 1ts characteristic time, plotted on Fig. 9.15, is scen
to be very long. This mode is related to the weak tendency of the vehiele
to fly at its equilibrium altitude (note that there is no preferred altitude in
the constant-density case). The eigenvector of this mode for V, = 561 mph
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Fia. 9.15 Time to damp of altitude-convergence mode.

is found to be AP:Aa:§:A0:%; = —.161 x 10-3:.187 x 10-7: —.398 X
107%:.199 x 107*:1 which shows that, like the phugoid, it is a mode with
negligible Aa and ¢. That is, it is an “arrow” mode, in which the vehicle
axis is closely aligned with the velocity vector while it drifts slowly back
to its equilibrium altitude. The principal degree of freedom is clearly zj.
The relative magnitudes are u little deceptive however because of the sm:il
!ength (€/2) used to make zy nondimensional. For this vehicle, a decrease
in altitude of 1000 ft in this mode would correspond to AZ, = 130 and a
AV of —2%.

It is instructive to examine the approximation obtained by neglecting
Aa and the C,, equation, just us was done previously with the fourth-order
system. For additional generality, to allow for other than jet engines, we
retain the term Cyp in the first equation. When the same procedure is
followed as led to (9.2,9) the result is the cubic characteristic equation

Cp
S5 l'-}—s
2

Cywl? Cy dp Cp dp
w. _I__;_V_,__P) (CT, Ty P) Cw, _ (9.4,10)

2t | 2 di T2 az) e
When the thrust is independent of height and speed, as for a rocket engine,
Cy, 18 given by (7.12,1) as Cp, = —Cy, dpfdZ and Cyp, = —2C7 . The last
term of (9.4,10) then disappears, one root is zero, and the remaining two
are given by

Cy, C,,? 5
PR Sk (_"'i__}_o""d_f) =0
2u 2u 2u d?

Without the djfdZ term, this is exactly the phugoid approximation (9.2,9),
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and the constant term can be identified exactly us the augmented “spring-
constant” that led to (9.4,7)—notc that the rutio of the last two terms is

V2dp
gé d

.C_'_;:i ‘E - C.___"," o=
2u di " 24t

It is clear that the approximation to the fifth root in this case is 1 — 0, and
that the phugoid is changed only to the extent of the reduced period. The
damping term Cq [2u I8 unaffected by the presence of the density gradient.
This is consistent with Neumark’s finding for examples in which T'is constant.
When the propulsion system is comprised of jet engines, a reasonable
approximation is 7' oc p and independent of V, in which case Cq, = 20, =
—-2Cp, and Cp = 0. The last term of (9.4,10) is then (CD‘(/‘W./2;4“)(dﬁ/di),
a small positive constant. An approximation to the fifth root is obtuined by
neglecting the s® and &® terms of (9.4,10) with the result
Cp, 0p[02
95
0z
This actuully gives a very good approximation to this root for the example
troated. Lt is seen to correspond to o stable convergence. Tho effect on the
remaining phugoid roots cun now be inferved. The coceflicient of the next-to-
the-highest order term in any characteristic equation is cqual to the negative
of the sum of the roots.t Since the imaginary parts cancel the result is the
“sum of the dampings.” In this case this yiclds

As= — (9.4,11)

Cw,+n

1
Cp, _ Ch,

2'ﬁph + 15 == .
2u 2

where the phugoid roots are i, -+ id,. It follows that the “sum of the
dampings” is a coustant, und hence that the prosence of the stable fifth root
must be accompanied by a reduction in the damping of the phugoid.

Specifically
. 1/ Cp,
Ay = —f — —
vh 2( “ 5)

For the exumple case ut Cypy, = .20, this gives the reduction in phugoid
damping from the constant-density case, Af,ff,,, within about 19,.

in summary, it is clear that even ut subsonic spoeds the classical “stubility
quartic” derived from a uniform-atmosphere model can be significantly in

(9.4,12)

t Verify by compuring Lha. snd rhs. of (s — LMe — A<+ s — 4,) = o -
€ 8™ A et 6p —Cana is equal to the trace of the system matrix A, Le. to the sum
of its diagonal elemonts.

i o

<2 i O Py et bl e
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ervor »'vil.h respect to the phugoid roots, and the design of autopilot systems
to maintain speed andfor altitude may require the use of the more accurate
model. At supersonic speeds the effect of density gradient is larger still.
However it should be noted that the flat-Earth model itself becomes inade-
quate at high supersonic speeds (see Sec. 9.10).

9.45 EFFECT OF STATIC MARGIN

1t was i.ndica.tcd in Chapter 6 that the single most important aerodynamie
f_:l\_u_.rm.:tenstle for longitudinal stability is the pitch stiffness C,, , and that
it varies strongly with the C.G. position, i.e. ' :

Cm, = C.La(h - hn)

where the static margin is K, = h, — h. The effect of this parameter is
demonstrated by using (9.1,1) with variable K,. The results for all other
data the same as in Sec. 9.1 are shown on Figs. 9.16 to 9.19. Figure 9.16
shows that the phugoid period and damping vary rapidly at low static¢
margin, and that the approximation (9.2,9), which does not include the effect
of the pitch stiffness, is useful only at large K,. Approximation (9.2,11)
however, gives the trends with K, quite well. The period goes to zero, a.n(i
N, to infinity at a value of K, slightly greater than zero. Figure 9.17 shows
the variation of the short-period roots. These too vary strongly with pitch
stiffuess, the mode becoming nonoscillatory at K, slightly greater than .01.

422
Eq. (92,9
250 |- __fao29 Ny 20
’—_—E _________ N ’i— 18
- 92,11
200 |- Bact ~_ 462,11 16
Pl
24 14
wor Exact, and (9 14
T, se act, and (9.2, 11)
c / ~10™
e T |
100 €3 92,9) 08
Jos
S0r 104
Ho2
0 i i 1 1 1 { 1

0
0 002 004 006 008 010 012 014 016
Static margin, K,

F1a. 9.16 Variation of period and damping of phugoid mode with static margin.
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1 Yo !lcnco .t,here is no simple approximation to it. Since the range of C.G. positions
} B in which Llflu.mude occurs is that for which there is already one unstable
2r - 0.4 ‘ root (DE), it is of academic interest only. )
H oz & ThIt was shown in Sec. 9.3 that the criterion for static stability is (9.3,3).
ok don i : e calculations presented in Fig. 9.18b verify this conclusion, since in the
- - ol8 e:sample C,, = 0 and the criterion reduces to K, > 0. When the C.G. is
.. % 1ol ; ;{t of the N.P. the rate of divergence of the unstable mode is as shown in
T, sec . ; dlg. 9.1'9 ((:I?rve for C,,, = 0). The time to double rapidly decreases with
ecre. .
6 b don 1 asing K, to values-too short to be manageable by a human pilot.
i Exact, and Eq. (9.2, 14) J
} Oscillatory -10.10 F) ¢ 015
4 _Non- 1008 v ' /Root locus 1004
oscillatory T {006 |- —1.6
\ 0.10 ’
2| E -1 004 ‘ol
[ - 002 ‘
0 (YU S NS S SN N NS RN MR T N E E Static margin, (ks = h) —1-2
0 001 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.10 0.1 012013 014015 / gin. (ha = b)

Static margin, Ka 0.05

I'1a. 9.17 Variation of period and dumnping of short-period mode with static margin. Oscillation branch/

The approximation of (9.2,14) is seen to be excellent over the whole oscillatory 002

range.

Additional insight into the behuvior of the modes is obtained from the
root-locus plots of Fig. 9.18. Figuro 0.184 shows that the damping 7 of the
short-period inode remains essentially constant as K, decreases, while the fre-
quoncy @ decreases to zero at K, between .01 and .02 (point A). The root
locus then splits into a pair of real roots, branches AB and AC of the locus.
These represent damped aperiodic modes, or subsidences. Figure 9.18b shows
that the phugoid mode behaves similarly as the C.G. is moved backwards
towards the neutral point. At point D, when the C.G. is just forward of the .
N.P., the oscillatory phugoid also degencrates into a pair of aperiodic modes,
the branches DF and DE of the locus. DF is a subsidence and that portion
of DE to the right of the origin represents a divergence—i.e. the airplane
is statically unstable when K, is negative.

The behavior of the roots is quite intercsting for k > h, 4 .02. The branch
AB of the short-period mode and the branch DF of the phugoid “collide”
at F when the C.G. is between 2 and 2}%, of € bebind the N.P. A new oscil-
latory mode then appears corresponding to the branches FQ of the locus.
This is & stable oscillation whose dumping und period are iutcrmediate
betwoen those of the two parent modes. The eigenvector for this mode shows
that all three degrees of freedom AV, Aa, Af are significantly excited, and

Subsidence branch2 \

| —ooz 0 ) ognfon | o | —oe ~
—24 ;20 -16 -12l4 -08 -04 B |0 1007

|

(a)

Fia. 0..18 (@) Locus of short-period roots, varying C.G. pasition. C,,, = 0. (b) Locus of
phugoid roots, varying C.G. position. ¢, = 0. "
4
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9.4.6 EFFECT OF SPEED DERIVATIVES

In the preceding examples, all the speed derivatives except g were
assumed to be zero. Now speed effects are highly dependent on the con-
figuration, and for subsonic airplanes result from both aeroclustic and com-
pressibility effects. They vary widely from one vehicle to nn‘other, and can
chaunge rapidly with Mach number (implying that the sma]l-.dlsturbul.lce
theory is very restricted in that case). It is not therefore feasible to give

gt

<
R
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F1a. 9.19 Time to double of the divergent mode.

any generally useful results for speed effects. There is one point, however,
which is worth exploring, and that is the effect of C,,, on the roots. Equation
(9.3,3) shows that this derivative can affect the static stability, negative
values producing a reduction in the stability boundary h, [see (6.4,26)].
To illustrate this, the value of C,, has been set equal to —.10 in (9.1,1) and
the eigenvalucs found for the same range of K, as used in the previous
example. This value of C,, is quite representative of what may occur at
high subsoni¢c Mach number. The root loci obtained look much like those
presented in Fig. 9.18. The short-period mode is changed only slightly, but
the phugoid has an important difference; namely, the divergent branch DE
crosses the uxis ut K, == .20 instead of at zero. Thus there is an unstable
divergence over the whole of the C.G. range used in the example. The nature
of this divergence is seen in Fig. 9.19, which shows the time to double
amplitude. The divergence associated with this value of C,, is not very
rapid for reasonable design values of K, i.e. K, > .03, for then tg4y10 > 8
see and the airplane would not be unmanageable. The unstable mode is one
involving primarily the speed and flight-path angle (of opposite sign) so
that it represcnts either a climb at increasing climb angle and decreasing
speed, or a dive of increasing speed and dive angle. The latter is what was
called a “‘compressibility dive” at the end of World War II. The nonlinear
features rapidly take over control of these motions as AV increases. For the
climb divergence, the reduction of speed and Mach number take the vehicle
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buck toward the incompressible regime and a reduction in |C,, | whercus
the dive case leads to increasing M and possibly an aggravation of the
divergence.

9.5 LONGITUDINAL CHARACTERISTICS OF A STOL
AIRPLANE '

The curves of Figs. 9.4 and 9.5 show that the characteristic modes of an
airplane vary markedly with speed, i.e. with the equilibrium weight coeflicient
Cy, In particular, the two churacteristic periods begin to approach one
another as C}y, becomes large. 1t is of interest Lo explore this range more
fully by considering an STOL airplane, operating in the ‘‘powered-lift”
region for which Cy may be much larger. To this end the data given in
ref. 7.11, part of which is shown in Fig. 7.6, has been used to obtain &
repruuentutive set of coefficients for 2.0 < CW' < 5,0."1‘he flight condition
assumed is horizontul steady flight, so that Ch = 0 (see Fig. 7.6b). (The
particulur data used from the reference was that for the aircraft with a
large tail in the high position, i, = 0, and 4, = 45°.) From the given curves,
and from cross-plots of the coefficients €., Cpand C, vs. Cp at constant a,
the data in Table 9.3 was derived for the equilibrium condition. Smooth
curves were used for interpolation. Since this is not u tilt-wing airplane, ap
is not large in the cases considered, and has been assumed to be zero.

Table 9.3
Basic Daia for STOL Airplane
oC, oCy, aC,,

C C, ¢ cpt b} —= — =
we o La Da " 3Cy aCp 9C,y
2.0 0.53 5.756 1.19 .500 .705 285 —.080
2.5 0.72 6.20 1.80 475 .790 328 —.070
3.0 0.90 6.65 2.41 .450 .875 370 —.050
3.5 1.09 710 3.02 424 955 411 —.030
4.0 1.28 7.565 3.63 398 1.025 460 —.010
4.6 1.46 8.00 4.24 371 1.097 488 i .010
5.0 1.5 8.45 4.85 .346 1.165 525 +4-.030

3,

tCo, =35, Cte

th, =30 —CpfCy,
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Fia. 9.20 Root locus—short-period mode, STOL airplane.

Si’nce aerf)elastic and compressibility effects are negligible at the low speeds
of STOL flight the required speed derivatives are given by (see Table 7.1)

Cp =, L2, ¢, =c, %, ¢ ac

VaCT' Ly — TV-aFT’ "'V=CTva_C::

For » propcllcr-driven airplane, the value of Oy, is given by (7.8,5), and an
examination of the data on 7 for a typical constant-speed propeller at low
speedt showed .t,hn.t; (V.n,)(0n/dV), is close to unity. Hence we have used
Cyp, = —2Cyp, in this example.

Using the formulae of Table 7.1, the following estimates were made of the
g and a derivatives:

O, =14, C,=-119, 0y =55 C

e Mg = —13
Finally the following inertial and geometric characteristics were assumed:
W = 40,000 b, S = 1000 ft?, A4 =542, ¢ = 13.60 fﬁ
u="168 I ,=38, h=.30
With the a.bov.e data, the coefficients of the system matrix (9.1,1) were
evaluated, and 1'ts eigenvalues and eigenvectors calculated. The main results
are shown on lnbr.s. 9.20 to 9.24. Figures 9.20 and 9.21 show the loci of the
roots as Oy, varies between 2 and 5. The effect of Cy, is seen to be large

on both modes, the short-pceriod mode becoming nonoscillatory at a value of
Cyy, somewhat greater than 3.5, and the damping of the phugoid increasing

1 The De Havilland Buffalo airplane.
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Fia. 9.24 (Contd.)

rapidly at the same time. Figure 9.22 shows the two periods,.and t.l\ttt, t.he?:
actually cross over at Cyy, = 3.4. The concept of thc.: plnfgold ‘as a Iong.
period oscillation is evidently not applicable in this sll;uut}on! The approxi-
mations (9.2,11) to the phugoid, and (9.2,14) to the pchluns mode are also
shown for comparison. It is seen that they give the two .pcrlods qullje w'ell,
and that (9.2,14) also depicts quite accurately the damping of the pitching
oscillation and of the two nonperiodic modes into which it degenerates at
high C;, . The phugoid damping, however, is not at all .well predfcted by t,h]e
approximate solution, and (9.2,9) gives even lu.rg(.sr dlslcrepancles for both
period and damping. Figure 9.23 shows the damnping times for the modes,
and they are all seen to be heavily damped over thg \Yholc range.

The eigenvectors for the two modes are shown on Fig. 9.?4 for ‘()w. = 3.5,
the condition of nearly equal periods. The relative configurations of the
veetors are seen to be quite similar to those for the jet transport t?t Cy,=18
(Ifig. 9.6), but the magnitudes of Aa in the phugoid, and AV in the short-
period mode are appreciably larger.

Stability of steady flight 361

Finally, since we have very substantial speed derivatives in this example,
(e.g. C,, = 4095 at ¢}, = 2.0) the static stability boundary &, might be
expected to be appreciably different from the neutral point &, (see Sec. 9.3).
Equalion (6.4,26) gives the relationship between them:

c
h,=h, + ——
" Cy, + 2Cy,

With the given data, the difference (k, — &,) is actually small, varying from
+.028 at Cpy| = 2.0 to —.016 at Oy, = 5.0. We see that the approximate
static stability criterion C,, < 0 is satisfactory in this case.

9.6 LATERAL CHARACTERISTICS OF A SUBSONIC JET
TRANSPORT

The stability characteristica for small lateral disturbances of an airplane
from steady flight are found from the system matrix of (6.13,20). The
procedure for finding the eigenvalues and eigenvectors is just the same as
in the preceding examples of longitudinal motion. The same jet transport
that was treated in Secs. 9.1 to 9.4 is used again for the following example.
The pertinent data are as follows:

W =100,0001b S =1667ftt  W/S = 60 psf
é=154011t b =108 ft A=1
Wing sweep: A = 30°
Principal moments of inertia: I,’ = 856,000 slug ft?
1,, = 2,160,000 slug i3

Angle between principal x axis and zy,: € = —(.019 4- C £,/4.88) radians
[sce also (5.4,200)}

C,,=—168 €, =0 0, =.192
Cpy=—(024.10C,) € = —d3
C,, = 0077 + 25C,_ C,p = 036 + 040, 2

C,, = 008 — 100 C,, = —(.116 + .020C, ?)

With the definition of Table 5.1 for the nondimensional inertia coeflicients,
withy, = 0, Oy, = 0.25 and p = .00088Y (altitude approximately 30,000 ft)
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the coeflicients of the system matrix were evalusted, and the cigenvalues
and cigenvectors calculuted. The results are ay follows:
EIGENVALUES

Mode 1: 4 = —.1060 x 1072 £ 9759 x 107%

Mode 2: 1 = —.1672 x 107!

Mode 3: 1 = —.6886 x 10~

The corresponding modal characteristics are given in Table 9.4.

TABLE 9.4
Period Ui Nule
Mode Name (sec.) (sec.) (cycles)
1 Lateral oscillation 6.76 6.85 1.01
or Duteh roll
U Rolling convorgence — 434 —
3 Spiral — 105.5 -

The ubove ure quite typical of the lateral modes of conventional airplunes
in cruising flight—i.e. one lightly damped oscillation of some seconds period,
one heavily damped convergence, and one “weak’ mode of long time constant
which as we shall see can be either stable or unstable.

EIGENVECTORS

The eigenmatrix corresponding to the above eigenvalues is given in Table
9.5. The first two columns give the conjugate pair of cigenvectors corre-
sponding to the roots # + i and % — i respectively, and the last two are,
of course, real eigenvectors. In addition to the basic 4 X 4 eigenmatrix,
Table 9.5 contains two extra rows that show the values of the two state
variables p and § . These are related to the preceding elements of the matrix
by the cquations given in (5.13,20), i.e.

1,
Dy = — Fsecy, (a) (9.6,1)

Dyy=f+ peosy, (b

Thus in the jth characteristic mode, when the ith state variable is of the form

MODE |: THE LATERAL OSCILLATION
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TABLE 9.5
Eigenmatrix [u;,]
Dutch Roll Dutch Roll Rolling
 + i) (s — i) Convergence Spiral
B —.1482 —.1482
—.079 x 10°% | 4.879 x 104 .678 x 1073 ~.205 x 1073
5 1794 x 107 1794 x 1071
+.226 x 1078 | —.226 x 10-% | —-499 x 107 1073 x 10-°
a| -7 <102 1 747 x 1072
+.878 x 1072 | —.878 x 10°% (1455 % 1072 [ —.715 x 107
¢ 446 x 1072 446 x 102
—.263i +.263% 427 —.223
v 1389 .1389
4+.045 x 1073 | —.945 x 1073 | 1244 x 1071 | 1.482
ix .447 447
El 4 o164 9168 .702 —2.16 x 10t
1
u;;e"4, the values of  and ¥, in the jth column are
secy, .
w —
A2, (9.6,2)
. B cosy
4 P [
=7+ 1
A
_ E N 1 . (9.6,3)
A, Al

The vector dingram for this mode is shown in Fig. 9.25. 1t is seen that the

three angle variubles 8, ¢, p are of the same order of magnitude, that p

and 7 are an order smaller, and that # und y are alnost equal and opposite
It follows from (9.6,1b) that D, is nearly zero. In dimensional terms.
whcu.|4>| == 20°, lypl = 10 ft, whercas the wavelength of the oscillation i;
5000 ft. The vehicle muss center is seen to follow a nearly rectilincar path

|
|
'
i
3
¢
o
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Jra. 9.25  Voctor dingram of latoral oscillation. C,, = .26. Altitude = 30,000 ft.

in this mode, the motion consisting mainly of yawing and rolling, the latter

lagging the former by about 130° in phase.

MODE 2: THE ROLLING CONVERGENCE
Tile ratios of the angle variables in this mode are, from Table 9.5,
Bid:yp = 00159:1: —.0291

The mode is evidently one of almost pure rotation around the z axis, and
hence its name. The variables that are significant for aerodynamic forces

(8, B, #) are in the ratios
f:p:7 = .0136:1:.0291

so that the principal rolling moment in this mode of motion is C, p, the f
and # contributions being megligible by comparison.

MODE 3: THE SPIRAL MODE
From Table 9.5, we find the ratios of the angle variables in the spiral mode

to be ﬂi‘l’i#’: —.00138: —.1505:1
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80 that the motion is scen to consist mainly of yawing at nearly zero sideslip
with some roll. This is, of course, the condition for a truly banked turn,
and this inode can be thought of as a variable-radius turn. The acrodynamic-
ally important variables are »

Bip:F=1:—.052:.36

and the largest of these, #, has already been seen to be negligibly small for
moderate values of ¢ and y. The acrodynamic forces in this mode are therefore
very small, and it may be termed a “weak’ mode. This is consistent with its
long time constant.

The flight path in the spiral mode can readily be constructed for any given
initial yaw angle from the eigenvector. For example, with an initial y of
20° we have from Table 9.5

Ig = — 2__'15 _X 10t ( 20 )e—.oéuxw-al

1482 \673
while the forward displacement is given by
=1
Xy
Unstable
Stable spiral
|.29.000 1t 039000 G

Fia. 9.26  Flight path in spiral mode.
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In dimeinisional terms,

Y = —39,000¢-00835¢ fi
xy = 133 ft

Figure 9.26 shows the path—it is secn to be a long smooth return to th‘e
reference flight path, corresponding to y; = 0. When the spiral mode is
unstable, p, ¢, and y, are all of the same sign, and of course all increase
with time instead of decreasing, as shown in the figure.

9.6.! EFFECT OF SPEED

By varying the value of C), we can determine how the churucteris.:t.ics
change with flight speed. Using a range 0.2 < (), < 1.8, the stability
derivatives and inertia coefficients were evaluated, and the eigenvalue
solutions of (5.13,20) obtained. The results are shown in Figs. 9.27 and 9.28,

14 T T T T T T T
Approx. 1 -
12} @78 \
\
Exact \ ]
10} N
ApProx. 2" N3
o 08} (9.7,11) <3 g
X
Xoel- .
04} N
02} B
0
(a)
300
|
|
|
| .
200} |
o tdouble : Ehalf
4 |
I .
100 |
|
Unstable SLaRIe l l , |
1 1 {
0100 200 300 400 500 600 700 800
Ve fps
(b)

Fia. 9.27 Variation of damping of nonoscillatory modes with speed, altitude == 30,000 ft.
(¢) Rolling eonvorgeneo. (b) Spiral mode-oxaoct and approximate, Kqs. (9.7, 1) or
(.7, 11).
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26 ;

4}

Mean approx.\ .

22} v
\ \Approx. (9.7,15)
) \

18

16|~

121

104+

Ve fps

Fra. 8.28  Variation of latoral oscillution with upeed. Altitude 30,000 ft.

and speed is seen to bo un extremely important parameter for the lateral
modes. The damping of all three modes decreases with reducing speed, the
spiral actually becoming divergent below 400 fps. The period of the lateral
oscillation varies only a little over the whole range of speed.

9.6.2 EFFECT OF ALTITUDE

The variation of altitude at constant Cyy, vesults in changes in the inertia
parameters g, I, I, and I, which all vary inversely with p, and in ¢* which
varies at V' p. The results for Cyy, = .50 and y, = 0 are shown in Figs. 9.29
and 9.30. Figure 9.29 shows that the damping of all modes reduces markedly
with increasing height, and Fig. 9.30 shows that the period of the oscillatory
mode is practically unchanged with altitude. The similurity in shape of the
three curves of Fig. 9.29 is seen to be quite striking when they are replotted
as on Fig. 9.31, which shows the relative damping of the modes as functions
of a~*. For both the spiral and rolling modes we have very nearly that

tyg oc g~
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m -
m |-
Sec
m -
I £double
1004/ !
by
Stable Unstable
| 1 ] | 1 1 { | 1 1 —

—20° -16 —-12 -8 -4 0 4 8 12 16 2°
Angle of climb, ¥

. i i i = i 30,000 ft.
¥1a. 9.33 Variation of spiral damping with olimb angle. Cyy, = .5. Altitude 30,

and for Lhe lateral oscillation
tyg=a -+ b
The constancy of the lateral period, and the above laws for the damping

can be explained by the analyticul approximations for the modes given in
See. 9.7.

9.6.3 EFFECT OF FLIGHT-PATH ANGLE

Keeping p constant and Cy,, = .50 in (5.13,?0) and varying y, pfoduces
the results shown in Figs. 9.32 and 9.33. The rolling mode‘and the oscl_llutm}'ly
period are not appreciably affected by angle of c.limb. or glide, but th.e Dl;tcb -
roll and spiral damping are. The spiral damping i3 adversely .a.ﬂoec;e g y
climbing, this mode going unstable in this example for Ve > 6‘:5 . ;13 ]
respect it qualitatively resembles the behavior of the phugoid, Fig. 9.13.

9.7 APPROXIMATE EQUATIONS FOR THE LATERAL
MODES

As with the longitudinal modes (Scc. 9.2) we should likt? 11 poaslblc.t() Iulwtz
uscful analytical approximutions to the lateral characteristics. We lm‘d LAIB
there are reasonable approxiinations to all three mod-cs, l'):xt .Lhe application
of all such approximations must be made with caution. Their accuracy can
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really be verified only a posteriori, by comparison with exact solutions. They
can only be used with confidence in situations similar to those in which they -
huve previously been found to work well.

SPIRAL MODE

Comparison of the eigenvalues in Sec. 9.6 shows that 1 for the spiral mode
is two orders of magnitude smaller than the next larger one. This suggests

that a good approximation to this root may be obtained by keeping only the
two lowest-order terms in the characteristic equation, i.e.

08 + 6 =0 (9.7,1)

or Ag = —Gofty

where 1 denotes the real root for the spiral mode. Before deriving expressions
for ¢, and ¢,, we rewrite the matrix of (5.13,20) in a more compact notation
for convenience, including the approximation C, =0

r(‘/7/11 0 qy,- gl’ cos y,
2
‘.(Zl‘ '(t,l‘ '(Zr 0
A=tw, ¥, &, 0 (9.7,2)
1 1
0 Z Z tan yp, 0

The meanings of the symbols in (9.7,2) are obtained by comparison with
(6.13,20), e.g.

C
G — N ’
JI‘ - I“, + qu"”

x

- and in the special case when the wind axes are also principal axes, I,,=0and

Ciy
Al

£, =

""‘,.With the notation of (9.7,2), expanding det (sI — A) yields

C y -
Co = 2:4# [(-([,,./V,. — .(/',._,',»”) cos p, - (_‘[r/y'” - _(/1”_/',.") sin p,] (@)
u

ol
: C,.
==t (Lyoosy b iy ) YL, — L) (973)
Ap
+ YLy — Lyl) )
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When the orders of the various terms in ¢, ure compared, it is found that
the sccond ean be neglected entirely and C, can be neglected in Y,. The
approximation that then results is
. _Cw - 1 .
¢ = — e (Lyeosy, + Agsn yo) + =Ly — L, A5 (9.74)
24u A :

The results obtained from (9.7,1), (9.7,34), and (9.7,4) for the jet transport
example of Fig. 9.27b cannot be distinguished, to the accuracy of the curve,
from the exact results. Equation (9.7,1) clearly gives a good approximation
to the spiral mode when the root is very small.

It will be recalled that the coeficient ¢, has special significance with re-
spect to static stability (see Sec. 9.3). We note here that in consequence of
(9.7,1) the spiral mode is the one that may exhibit exponential growth, and
that the criterion for static lateral stability is

(Lo, — LN p) cosy, + (L N p— LpN ) siny, > 0 (9.7,5)
On substituting the expanded expressions for 74 P ete., (9.7,5) reduces to
(Clﬂon, - Clronp) COB ¥, + (Cl,Cnl,

Since some of the derivatives in (9.7,6) depend on Cp , the static stability
will vary with flight speed. Tt is not at all unusual, as shown in Figs. 9.27b
and 9.33, for the spiral mode to be unstable in some flight conditions.

ROLLING MODE

ft was observed in Sec. 9.6 that the rolling convergence is a motion of
almost a single degree of freedom, rotation about the z, axis. This suggests
that it can be approximated with the cquation obtained from (5.13,20) by
putting g = # = 0, and considering only the second row, i.c.

Dp = 2.5 ' ©17)

which gives the approximate eigenvalue

p=%,= Iq—' + 1.0, 9.1,8)
x
This approximation is comnpared with the exact solution on Fig. 9.27a. It
is seen to be very good at high speed, but becomos progressively worse at
low speeds. The reason for this is mainly that the ratios f:9 and #: in the
roll mode cigenvector are larger at low speed.
An alternative approximation has been given by Ashkenas and McRuer

(ref. 9.5). This approximation is one that gives a second-order system, the

—¢,0,)siny, >0 (O7T6)

23

Yol

;2 for the elements of the 4 x 1 matrix of (5.13
* appea y i ‘
> appears at first glance to be of third order, it is actually only second ord
er.

: The characteristie equation is then obtained from the d
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tw i i
cas(:: :03:,: (l)(t; (:\;:1(:)1 urebapproxunat.ions to the roll and spiral modes. In some
oo lt,‘te»,.yl e c.om[flcx, corresponding to a “lateral phugoid”—
iy period lak ra lo:'lclllu,t,lon.. The approximation corresponds to the
physicul vas di[”:‘n that L!ne side-force due to gravity plus any control
vt with |(-)u, Angr(; .c'ombme to produce the same yaw rate r that woul(:i

= (0. onally €, and C,, are neglecte

mation to the rollin i d- With no approxi-
; g and yawing mox i pproxt
for Lorizontal flight 1 g moinent equations the system that results

1, ¢
0=— 34 Yw
y, + 2 ¢ + A%, (a)
Dp=2Lp+ 2,0+ L + A2, )]
Di=ApB+ N B+ N+ AN, (¢} (9.7.9)
1 >
D¢ = — 3
¢ 27 ()

I the
n 856 equutrlonﬂ tlle contr Ol ter ms W]trh subs(:llptavc are a COlnp&cta notatl(m

,20). Although the system

By using (a), # can be eliminated from

then of the form (6) and (o). Equations (c) and (d) are

D¢ = f(B, B, $) + control terms (c)
D¢ = f(#) (@)

Equating these pr
produces g = f(#, R
() finally yiclds ) and (4 in {] ,f fﬁ:.,: control terms. Eliminating 8 from

Dp = f(B, $) + control terms
1
D = —
¢ i

a Becolld-()l der Hyst’eln. A Blmp]er pl‘ocedule, hO wever, 18 to write t‘he Lap]aCe

[0 1w Tl a7 ]
iy AT,
Ly (L,—s) 2, ofl? AZ
’/- v . = — ¢
Ny A, (A, —35) 0| # AN (9.7,10)
0 -l 0 °
L - 6
4 | R B L

ef.fsﬂgipant of the
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4 X 4 matrix as

ot o 0 =0 (@

where =N | o
0y = (LpH 'y — Loh ) — c;_,;‘gp o OT
" 02_:! (Eph e = ZN) (@)

It should be noted that except for a factor 1/4, (9.7,11) gives the same
values of ¢, and ¢, as do (8.7,3a) and (9.7,4) when y, = 0. The same approxi-
mation to the spiral root as given previously will therefore be obtamfzd f'rom
(9.7,11) when the root is “small.” When it is, the remaining root 18 given
approximately by

C £ Cw.

lo= 2= — ”(m — ~—) (9.7,12)
B Cy * Ny ’ 2u

The approximation given by (9.7,11) is also shown on l“ig‘ 9.27a, and is

seen to be virtually exact for the spiral mode, and appreciably better for

the roll mode than approximation 1.

DUTCH-ROLL MODE

A physical model that gives an approximation to the lateral oscillation is a
“flat” yawing/sideslipping motion in which rolling is suppressed. The
corresponding equations are obtained from (6.13,20) by setting p = ¢ =0

and dropping the second (rolling moment) equation. The term in C, is also

neglected in the first cquation. The result is
Df = ‘!ﬂ,ﬁ-—;;f—{-A‘f%
D# =./V‘,ﬂ 4+ A, r+ AN,
The corresponding characteristic equation is readily found to be
$— Yy AN s + (W,JV, + “’—;li‘) =0
The period and damping obtained from (9.7,13) ure shown on [ig. 9.28,

Although the period is predicted well, the damping is very much in error
except ut the highest speeds.

(9.7,13)

An alternative approximation for the dumping in this mode is obt,_ained -
as follows. 1t was pointed out on p. 350 that the sum of the roots i3 the :
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trace of the system matrix. Hence using the complete system (5.13,20), we
get

Zipp + A+ s =Y, + L, + A,

or fpp =¥+ L, + N, — (g + L)} (97,14)

But the approximation (9.7,11) for the roll and spiral modes gives precisely

1R+13=—&

Ca

On using (9.7,12) we get the expression

. 1 2, Cw,
ipn 2[@, + AN m,( g )] (9.7,16)
which is to be compared with }(#%, +- A4",) given by (9.7,13). The damping
given by (9.7,15) is also shown on Fig. 9.28 and is seen to be a little better
at the higher spceds, but not very useful at low speeds. A better result than
either (9.7,13) or (9.7,15) is obtained by simply averaging the two, as shown
by the curve labeled “mean approximation.” None of the approximations
are really useful at low speed, however.

9.8 LATERAL CHARACTERISTICS OF A STOL
CONFIGURATION

We saw in Sec. 9.5 that vehicles flying at speeds too low for all the lift

“ to be provided entirely by the classical wing effect—i.e. the downward
_deflection of ambient air by the inclined surface—have longitudinal dynamic
- charaeteristics quite different from conventional ‘“cruisers.” Of course the
- details of these differences are highly dependent on the nature of the powered-

life system. Here we look at the lateral characteristics of a vehicle essentially
like that of See. 9.5. For the lateral case, however, the data is only partly

_based on wind-tunnel testsf—not all of the test information needed was
- available. The values of Cy, for given Cy, were taken to be the same as for
" the longitudinal case (Sec. 9.5) and the values of C, " C

1 C,,ﬂ were based on
the tests referrcd to. The remaining six p and r derivatives were estimated
g P

v roughly by unpublished methods devised by T. R. Nettleton and others} for

this class of configuration. The values of all the derivatives are given in

% Table 9.6—they are considered to be typical of what may be expected for

1 Unpublished tests courtesy of the Do Havilland Aircraft Co. of Canada. ‘The tests

. were not of & model of any De Havilland airplane.

$ Do Havilland Aircrafs Co. of Canada.
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TABLE 9.6 i
i o
Aerodynamic Derivatives of STOL Configuration f' i
; g 50}
cw' | Cp, | Cop Cy | Cy | o, c, Co, | O, | 0| ca / i -
20| 63| —1.40 | —030 ) .1756 | —031 ! —.46 | —.020{ 48| .37 | —.22 {§
26 | 72| —l40 | —.0156 | .40} —031 | —41 | —050| .50 .45 | —.23 1 F 401
30| 90| —185 ) 00| —.031 | —36 | —.080] .62 ) 53 | —.24 g 8
36 | 1.09 | —2.00 | 4.015 ] .085 | —.031 | —.31 | —.110] .54 .60 | —.26 3
40 [ 128 | —245 ) f+.010] 120 ] —031 | —.26 | —.a40( 56| 67 | —.26 A 8, sec
45 | 146 | —300 | —.005 | 285 | —.031§ —.21 | —a70| .68 .74 | —.28 ¢ 4 30k
Spiral mode
an airplane of this type. Looking at the data in the table, one sees large tdouble
and irregular effects of the combination of high Cp and high C;, on many 201
of the derivatives. Three are of particular importance. One is the dihedral
effect €, , which should be negative for spiral stability, and large enough Rolling mode, ¢5;
to make ¢, > 0 in (9.7,3). In fact we see that C;, > 0 over part of the range. 1.0 /‘-\
The other two are the “cross’ derivatives C, and C, , which are very large
0 1 i I 1 1
0 10 20 3.0 4.0 5.0
Cy,
12}~ Fia. .36 Time constants of nonoscillatory modes—STOL configuration.
10}- compared to their values for the subsonic jet. The other pertinent data for
the vehicle are:
T, sec
al- W = 40,000 Ib §=1000ft* é=1241t
A=65 u=842 I, =155 [ =380 I,=0
6} ' The reference flight path was taken to' be horizontal (consistent with the
O, values in Table 9.6), i.e. y, = 0. The eigenvalues were calculated from
Ne(x 10) " the matrix of (5.13,20) using the above numerical data, and the results are
41 % - ghown in Figs. 9.34 and 9.35. There are three characteristic modes, just as
" for the jet transport (Sec. 9.6)—a damped oscillation, a convergent roll
mode, and a spiral mode—in this case unstable. The irregular nature of the
2 ourves is a direct result of the nonlinearity of the derivatives w.r.t. C5, and
O, The period of the oscillation is seen to be somewhat longer than that
of the jet transport, and the damping noticeably better, with cycles to half
s 1'0 2'0 310 410 5'0 amplitude being < .56. The roll-mode time constant is again of the order of

1 sec, but the spiral mode, which is unstable over the whole range of CW.,

) has a very rapid time to double.
Fia. 9.34  Characteristics of lateral oscillation—STOL airplane.
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Becuuse of this rather severe instability, the configuration represented by
the above data s not acceptable for sustained flight over the whole range of
C,y, used—although it might be marginally satisfactory for transient flight
at these conditions. Basic aerodynamic modifications would be nceded to
avoid serious handling-qualitics problems. lmprovements in stability can
also be obtained by the use of a feedback control system—a “stability
augmentation system” (SAS)—and we return to this point in Sec. 11.4.

9.9 EFFECTS OF VERTICAL WIND GRADIENT

In all the preceding examples, the atmosphore has been assumed to be
at rest or to have a velocity uniform in space and constant in time. Since this
is the exceptional rather than the usual cage, it is necessary to examine the
effects of nonuniform and unsteady motion of the atmosphere on the be-
havior of flight vehicles. The principal effects are thosc associated with
atmospherie turbulence, and these are treated at some length in Chapter 13.
However, quite apart from turbulenee, the wind may have a mean structure
which is not uniform in space, that is, there can be spatial gradients in the
time-averaged velocity. The example of most concern is the boundury layer
next to the ground produced by the wind blowing over it. This has chur-
acteristics quite similar to the classical flat-plate turbulent boundary layer
of acrodynamics. The vertical extent of this layer in strong winds depends
mainly on the roughness of the underlying terrain, but is usually many
hundreds of fect. Figure 9.36 shows the power-law profiles associated with
differcut roughnesses. These are all of the form

W = kh ' (9.9.1)
where, as indicated in the figure, k is height above the ground. The vertical
gradient is then given by AW

= nkk? ' (9.9,2)
dh
For example, for smooth terrain (r = .16), and for a wind of 50 fps at 50 ft
altitude, the gradient would be dW[dh = .16 fps/ft.

To include this gradient within a linear theory, we assume that it is constant
with height, that is to suy that the wind velocity varies lincarly with height.

Now airplanes do not ordinurily fly close to the ground in strong winds
except in the upwind direction. In the iuterests of sinplicity we shall therefore
restrict the analysis that follows to the case of horizontalt llight purallel to
a wind of constant dW[dh.

1 Tho flight paths during gliding and climbinyg flight in a gradient wind have been
troated in ref. 9.7.
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Frc. 9.36 Profiles of mean wind velocity over level terrains of differing roughness.
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wind profile; W= W, + 4% 2,
<E

dw
/ Zig <0
z\ *w - ;
[¢)
({% Xg W, EN ) .

Convected

Ref. flight path " L W,
W frame Fa

Earth-fixed__—7 £/

frame Fy

rd

"
5
Y

¥ia. 9.37 Frames of reference for upwind flight.

Figure 9.37 illustrates the situation. F  is a referenco frame convected at
constant speed W, relative to Fy. At the origin O 4 the atmosphere has zero
velocity relative to ¥ ,. The velocity of the airplane relative to F 4 is denoted
V as before. Since F, has a uniform velocity, it can be taken as an inertial
frame, and the equations of motion derived in Chapter 5 can be considered
as those appropriate to an observer in F . That is, all the inertia terms in
them, such as mV, Ip, ete., are correct as they stund. However the aero-
dynamic force terms are modified by the presence of the wind gradient. These
modifications full into two classes:

1. The contribution of wind gradient to the z derivatives in (5.10,23).
2. Modifications to the busic derivatives Cp_etc. and the appearance of
new ones such as C, .

These two contributions are discussed separately below.

1. THE CONTRIBUTION TO THE z DERIVATIVES

The velocity of the airplane mass center relative to the local atmosphere
is given by

V=V4 ib.j—w 2y (9.9,3)

2y
and V, = V, (the reference condition at which z, = 0). The components of
V’ in wind axes are given by

, . dW
Vi, =V, + L, iy 2 (9.9,4)
dz,,
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where iy == [1 0 0}". In the smal-disturbance case, when y,,, 0,,, 4, and
zg are “small,” (9.9,4) reduces to i

V4 —2z,
2R
W= 0 (9.9,6)
0

whence V' = V (dW/dzg)z,. Now let 4 stand for any of T, D, L. We .
have that when V' is the local relative velocity

4 = C3pV"2S
The change in A with z,, occurs because ¥’ changes with z,, so that
av’ _ (ac av’
4, =4, — = (=24 2
e Ay = (G IS 4 CA.pV,S)a (9.9,6)
. ac av’
and A= (4 53—z
" (a A+ 2C’A.)§pV,SdiE iy (9.9,7)

wl\(?re ?' = V’|V,. Now 9C /0P’ is exactly the same as the nondimensional
derivative C.,» 8o that we have the results

Tig
;;V“IZS =(Cp, + 20, )2y (a)
Dz,
m = (Cp, + 20, )4y (b) (9.9.8)
Lz,
; VI'ZS = (Cp, +20, )12, (c)
and similarly, recalling that C,, = 0,
Mig .
ipvass~ Omls @
} P4V _dW & _ _aw
where di, Bz 2V, dh 2V, ©-99)

2. CHANGES IN THE BASIC DERIVATIVES

It is clear that the changes in pressure distribution over the surfaces of a
vehicle, and hence its basic aerodynamie derivatives, are not the same when
the incident flow has a gradient I' (as in Fig. 9.37) as when it is spatially
uniform. Two simple examples suffice to make this clear. (i) When there is a
perturbation Aa from the reference state, the tail moves downward into a
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Fra. 9.38 Effect of wind gradient on phugoid roots —STOL airplane. Cpy, = 4.0.

is account one would expect |C,, | t0
e wing rolls through an angle ¢, the
d the left tip into a high-
¢ that associated

region of lower air velocity and on th
be smaller than normal. (i) When th
right tip moves into a low-velocity region, an
velocity region. The gradient in velocity across the gpan is lik
with yaw rate r, and hence we ghould expect values of Cw and €, pro-
portional to the wing contributions to €, and C, . Note that for upwind
flight this leads to an unstable roll “stiffness” €y, >0 where none existed
before (€4, is negative for downwind flight).

Reasonable estimates of the major changes in the basic derivatives associ-
ated with I' ean be made from available acrodynamic theorics, but a complete
account of these is not currently available, and to develop them here would
take us too fur afickl. Instead we simply incorporate the additional terms
given by (9.9,8) into the longitudinal equations of motion of the STOL
airptanc und note the extent of the changes they make in the characteristic
modes previously caloulated. The appropriste matrix for this case is obtained
from (5.13,18) with a, = 0 and with the z,, terms given by (9.9.8) incor-
porated, and is given by (9.9.10)

An cxample of the results for a
9.39. The nunerical data used was the same s in See

STOL airplune is shown in Figs. 9.38 and
. 9.5, with wind gradient
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100 &
115
dw - 1.0
f0.3 =
J os
0.2

Tailwind
-03 —Oll [ A 1 0.1 0—0.1—0.31 | 1 | { 0

- - -7 -6 - -4 -3 -2 -1
i t 8 \Headwind 100
Headwind

Fia. 0.30  Effoct of wind gradiont on short-period roots—STOL airplane. C,, = 4.0.

variable from —.30 fps/ft (the headwind case) to .30 fps/it (the tailwind
cuse). The effects on both the phugoid and pitching modes are seen tc:) be
large. A strong headwind decreases both the frequency u.nd (_lumpmg 4:)1 the
phugoid, and a strong tailwind changes the real pair of pltchl.ng roots into a
complex pair representing a pitching oscillation (.)f long pcl'lo'd and _heuvy
damping. The fifth root is a very small real positive root hu.vmg a time to
double of many thousands of seconds, and is therefore not of interest from a
stability standpoint. )

9.10 STABILITY CHARACTERISTICS IN HYPERSONIC
"FLIGHT

The preceding examples of stability analysis have z?,ll US(:)(I the clnssicz?.l
flat-Barth approximation to the general equations of |n(ftmn, -\vhcrcixs it
was puinted out in Sec. 5.7 that the curvature and rotahmf of the I‘A':I:th
are in fuct not negligible for high supersonic and hypersonic specds. .lhe
forcgoing examples have as well all been studics of the small Rcrturbutlons
arount a steady state, leading to lincarf/invariant m_utlu_:l‘nuucul systems.
It was pointed out in Sec. 5.9 that on a round rotating Earth thfa steady
states are restricted to flight at constant height over purullel.s of: latitude, so
the range of cases that can be treated in this convenient fushion is somewhat

feags
;
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%
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3
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limited. Finally, the assumptions that = and ¢ are constants were incor-
porated in each case, whereas it has been demonstrated in ref. 9.8 that the
variation of g with height (as well as that of p) must be included for correct
results at the high-altitude/high-speed limit of atmospheric flight. It was also
demonstrated in ref. 9.8 that the small-perturbation method gives quite
good results for practical magnitudes of the disturbances when the equilibrium
flight condition is symmetrie, i.e. on a great circle. On the other -hand,
Drumumond (ref. 9.9) has found that in the more general case of flight on
minor circles, when the-lateral and longitudinal degrees of freedom are
inextricably coupled, the linear equations are not adequate to describe the
motions.

In order to demonstrate some of the more interesting characteristics in
this flight regime, we do the simplest case that can be constructed, i.e.
small perturbations from steady horizontal flight over the equator. Since
the reference condition is symmetrio the longitudinal and lateral per-
turbations are, as before, separable, and we treat only the former. The
appropriate equations of motion are derived below.

The force equations for this case, in wind axes, are (5.5,8) and the moment
equations, in body axes, are (5.8,11). The three longitudinal equations are
(y =r=p =0)

T, — D — mgsin 0y, = mp
T,, — L+ mgcosby = —mV(gy® + q4)
M =14

(9.10,1)

where it should be recalled that 6,, =y, ¢;* is the component of Earth
angular velocity w® along the Yy axis, q;p is the y;, component of the
angular velocity w'’ of Py, and ¢ is the y component of vehicle angular
velocity w. For longitudinal motion yp is the same as y,,. Now ¢;,% is
obtained from (5.3,14), which for flight on the equator (A = 0), gives

1

g = Ly, |0 (9.10,2)

0

For castward flight, pj,, — 90°, and (with ¢, == 0) we got from (4.6,4)

0 cosly -—sinb,,
Lyp=]-—1 0 0 (9.10,3)
0 sinf;, cosl,
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which on substitution into (9.10,2) yields q,yE = —w¥, an obvious result.
The value of g,y is obtained from (5.2,14) with the sideslip angle f = 0, i.e.
gy =9q—4& (9.10,4)
After substitution of qw”" and g,p, (9.10,1) becomes
my =1,, —D—mg sin y
mVa =1, — L 4 mgcosy — mVeo¥? + mVq (9.10,5)
Ig=M
To complete the system we need additional kinematic relations, as follows.
o o ¢
From (5.2,9) by — 5= 0,106
and from (5.2,10) and (9.10,3)
Qp=gqw+o¥+ip=g—a+to’t+a (9.10,7)

From (5.3,5) the rate of change of longitude is
|4
= — co8 Y (9.10,8)
=2 b
g0 that (9.10,6, 7, and 8) give the final equation for p as
. : Y
y=g—a+ w¥ +-—ojcosy (9.10,9)
Tinally, the gevcentric radius is governed by the first of (5.3,5), ie.

R = Vsiny (9.10,10)
Equations (9.10,5, 9, and 10) are a complete set of five for the variables
(V,a,q,7, %). In the steady-state reference condition of this problem, flight
at constant altitude eastward over the equator, they reduce to

1, —D,—0 (@)

La = mg, + 7nVe(qe - wE) (b)

M, =0 () (9.10,11)
0+ 55: + k=0 (@)

It should be especially noted that the lift is not equal to the weight and that
the steady-state pitch rate g, is not zero.
From (9.10,11b and d) we get

o

L, = mg, — m(2V,wE + %) (9.10,11¢)

€
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Since the centripetal acceleration @®R due to Earth rotation was neglected
in the original derivation of the equations of motion (Sec. 5.3), this expression
for the lift is not quite exact, although the error is extremely small. The
exact expression is actually more convenient to use here, however, and with
the additional centripetal acceleration term is

2
L, = mg, — m(2V,wE + 1;5— + @,wE’) (9.10,115)

When the lift is zero, we have the free satellite condition, for which (9.10,11f)
yields
V,+ Rw® =Ry, (9.10,11g)

Since V, is the vehicle speed relative to Earth, the Lh.s. is its speed relative
to inertial space, and gives the familiar speed for a circular orbit

Vorn =V Rog, (9.10,114)

With the aid of (9.10,114) the lift equation can be written

L, = mg,(1 — &?) (9.10,113)
or Cp, = Cy (1 — &%)
where s is the speed ratio

E
s = Ve + #.0° (9.10,11k)
Vorb

Note that for flight at subcircular speed, s < 1 and L, > 0, whereas at
speeds greater than that for a circular orbit, s > 1, L, < 0.

On making use of (9.10,11) and allowing for the variability of g, the small-
perturbation form of the five system equations is easily found to be

. T—AD
p=2L—8l g, Ay
m
20t 1 T,Ax AL Ag
% = — — ) AV — —=— — =+ A
* ( V. .9?,) mV, mV, + Vv, + A
g AM (9.10,12)
IV
. AV Vv,
y—a:~a+Aq— _@.ﬁAge
% =V,Ay

For the perturbations in aerodynamic forces we assume the following simple
expressions, in order to focus attention on the main effects of Earth curvature
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and rotation, which occur in the inertial and kinematic terms and not in the
acrodynamic forces:

AT =Ty AV + Ty AR
AD = Dy AV + D, Aa+ DyAZR
AL =1L, AV + L Aa+ LyA%

(9.10,13)

Note that the derivatives 7'y eto. are simply the negatives of 7', ete. previ-
ously used. For the pitching moment it is necessary to add a gravitational
as well as an serodynamic effect, i.e. the derivative M 0 (see below):

M= M, AV + M, Aa -+ My A0 + M, Ag + My AR (910,14)

THE DERIVATIVE M,

The gravitational moment M, arises, astonishingly, from the minute vari-
ations in g over the velicle itself (ref. 9.10). Consider a body orbiting the Karth
in “lunar” motion, as illustrated in Fig. 9.40u. That is, it keeps one face
steadily pointed towards the ground. The cftective foree field in the orbiting
reference frame F, is the sum of the gravity field g and the ecntrifugal
ficld f, both of which depend on the distance of the elements from EC.
When this variation is allowed for, and the pitching moment is caleulated
(it turns out that the f field makes zero contribution), it is found to be zero
only when the vertical is a principal axiy of inertia. 1t is evident that if th

body is elongated, then the vertieal orientation is stable (see Fig. 9.40b),
and the horizontal is unstable (Fig. 9.40c), since the net force at P is greater
than that at Q. We take the situation illustrated in Fig. 9.40c to be that
relevant Lo the present problem, ie. that we have an clongated flight vehicle
with its principsl  axis horizontal when in steady flight. In that case, the
moment is given by (ref. 9.10)

M, = —35% (I, —1I,) (9.10,15)

which, since I, > I, is positive. Of course, this moment is extremely small
(&, ~2 x 107), and quite negligible when aerodynamnic pressures are
appreciable. However, in the limit as the altitude increases and the aero-

dynamic pitch stiffness tends to zero, M, controls the asymptotic behavior
of the pitching motion. The nondimensional coellicient is

o =M
o T JpVise

2,
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£
®) (c)

- 9.4 ( ) 1 2 1
16. 9.40 a) ¥orce fiold on an orbiting body: ¢ H b) Stable orie: tation.
g Y: g, > 92, f. >f ( ) table en ton.

¥

Since 3p VS = my/C,,, C,, » Muy be expressed as
Iz _ Iz
mA,é

I he pel‘tul bu,tlon m pp
g ltsb‘“ u cars in the a equation Br"d 1] (4114 the mverse
q 2

Cry = =30y,

"o (9.10,154)

_dg A
Ay = 1% Ay = —ngAgl (9.10,16)
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Finally, after making the substitution y == 0 — «, the system equations ure
given by (9.10,17). Again we find it convenicnt to make the equations
nondimensional, and in doing so follow essentially the scheme used in Chapter
5. Two additional definitions should be noted:

a/‘)E — wE‘#
~ AA

A —
2="2

In hypersonic flight, the variations of aerodynamic coefficients with Mach
number can be neglected, i.e. Cp, = C; = C,, =0, but it is important
to keep the terms associated with vertical density gradient. The final result is
given by (9.10,18).

The terms in (9.10,18) that are special to this example arc those containing
&, and w®. When %, = o and ¥ = 0, the flat-Earth approximation is
recovered as a special case. )

The value of the derivative C'p, can be obtained from Cp given in Sec.

94,4, and is

|
5§>|.°’

For rocket engine (constant thrust): 01', = —Cgp,
For air-breathing engine (7' o« p): Cp, = 0
The density gradient [cf. (9.4,9)] is given by
p 1 . dp
gL,
R  p. oR
The atmospheric density can be approximated quite well over moderate
ranges of altitude by the exponential law

dlog p

9.10,19
T ( )

p = pot PP (9.10,20)

- . dlog p
which yields = —
y M B
98 _ _ga, (9.10,21)

NUMERICAL EXAMPLE

Although the actuul structure of the upper atmosphere departs significantly

from the exponential law (9.10,20), nevertheless the essential features of

hypersonic dynsmics are not lost by using this simpler model. Hence we

3T Lo e v o

'

vl
X
';2
:
a1
j
1
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have applied (9.10,20) with values of p, and g applicable to h, = 250,000 ft

altitude, i.e.
po = 1.06 X 1078 slug/ft3

B =4.6 x 1078 [ft

The reference values of geocentric radius and gravity have also been taken
constant at the values for 250,000 ft altitude:

R, = 21.2 x 10%ft
g, = 31.4 fps?
and the Earth rotation rate is w® = 7.27 x 10~ rad/sec.
The aero@ynamic, inertial, and geometric parameters given below are for
a hypothetical air-breathing hypersonic vehicle. The main qualitative

features of the results are not sensitive to the actual numerical values used,
and apply quite generally.

Cp = 1.75 sin a cos a |sin af
Cp = 0625 + 1.69 sin? « |sin «f
Cr, = 3.50 |sin «| cos? a — 1.75 sin? a [sin af

. = 5.07 sin a cos a |sin «f
(9.10,22)

C,,=—03 C, =—085; C, =20x10°C,
Cp,=—20p,; Cp,=0 .
W =10°1b & =501t

S = 26,000 ft?
I, =25 x 10%slug ft2

In the solutions that follow, « has been fixed at either of 4-10° corre-
sponding to subcircular and supercircular speeds, respectively. The main
quantities in (9.10,18) that vary with height are

,ur . jgr CW‘: 0

all of which tend to co as p, — 0. Additionally of course, &, V,, and ¢*
are functions of altitude. To caleulate Cyy,, for each height requires solution
of the steady-state equations (9.10,11) for given values of C; and Cp, . We
write (9.10,115) as ‘ )

Crip, V.28 = mg(1 — &%) (9.10,23)
and from (9.10,11%)
V,=sJ%#g, — R,0F (9.10,24)
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Eliminating ¥, between (9.10,23 and 24) yields a quadratic for s:

as? 4+ bs+¢c=0 ‘ (9.10,25)
where a=mg, + CripSA9

= -‘CL.PUS‘gecwE\/aago
c= —myg, + CL_ip,Sﬂwa'

Equation (9.10,25) can be solved for s when p, is given, since all the other
quantities in it are constants. It gives two reul roots, one positive and one
negative, of which the former is the one required. Having s, (9.10,24) then
gives V,, and (9.10,11j) gives Cy,

In the subcircular case, s < 1, C L, is positive, and in the supercircular
case s > 1 and Oy is negative. In the former there is no restriction on
altitude, steady orbital flight being possible at all heights. However, in the
latter case there is a lower limit on the permissible altitude. This arises because
the down-lift varies as. p,V,2 and the outward centrifugal force as (V, +
R,w¥)% Yor p, greater than some maximum, the centrifugal force cannot
balance the sum of down-lift and weight, no matter how high the flight
speed. The eritical condition is given by ¢ = 0 in {9.10,25), since this corre-
gponds to s — co. Further decreases of « leads to negative s. Thus the limiting
density, for C, negative, is given by

m
Pe =TT A oop
W—CL )5,

Yor the present example, with Cp, = —.0520 the critical value of p, is
9232 x 105 and the minimum possible flight altitude (in the assumed ex-
ponential atmosphere) is 174,000 ft.

In the limit as p, — 0, the orbital speed from (9.10,11h) is

V ort, == 26,800 fps

(9.10,26)

and the corresponding speed relative to Barth is
V, = 24,260 fps

the difference being the rotational speed R,0% = 1540 fps.

The main results are shown on Figs. 9.41 to 9.14. Figure 9.41 shows the
variation with speed for both positive and negative o corresponding to
subcircular and supercircular conditions. Not all of the combinations of
speed and height shown are technically feasible when realistic constraints
arising from aerodynamic heating and propulsion system capabilities are
taken into account. 1owever, our concern here is only with the dynamics.

Figure 9.42 shows how the periods of the two oscillatory modes vary.
For subeircular flight, the low-altitude behavior is “conventional’—i.e. there
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Fia. 9.41 Variation of flight speed with altitude-hypersonio airplane.

is a sl_mrt-p.eriod pitching mode and a long-period trajectory mode. The
phugoid period approaches asymptotically the orbital period

Torb = 2”‘@‘ 2 —042

Vorb 9,
This is strictly a consequence of keeping the term dg/d A in the equatibns
o.f l.n.o(,ion, and could not otherwise be found. It is, of course, the correct
limiting result, since in the free orbit a small initial perturbation produces
a slightly elliptic orbit, the period of the perturbation variables being the
sane us that of the reference circular orbit. The period of the pitehing inode
}Vluch is driven essentially by aerodynamic forces that weaken with hcight’
increascs rapidly with altitude, until it reaches the range where the negativé
C.., is overpowered by the positive U, (the gravity gradient effect), and
the mode becomes statically unstable. Just prior to the critical altitude
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Fia. 9.42  DPeriods of longitudinal oscillations-hypersonic airplane.

(about 455,000 f1) the two periods cross over,} and strong coupling exisls
between the trajectory variables and pitch variables. The period and damping
of the pitching mode are nccurntely given by the approximation (9.2,14) for
the short-period mode with the proviso that C,, therein be replaced by
(C.., 1 C.y)- Yor the phugoid mode, an approximation has been derived

1 It is worth noting that this crossover occurs both at the STOL limit (Fig. 9.22) and
at the satellite limit of atmospheric flight!

Altitude ft, x 10-3

Fia. 9.43 Damping of longitudinal oscillations-hypersonie airplane.

by Laitone und Chu (ref. 9.t1) which agrees very well with the exact results.
Al supercireulur specds the period of the pitching mode tends to zero
at the lower altitude boundary, where the flight speed and dynamic pressure
tend Lo oo, but agrees well with the subcircalar values at the higher altitudes.
The phugoid oscillation disappears below about 320,000 ft, being replaced
by & pair of real modes, one stable and one unstable.
The stability of the oscillations is shown on Fig. 9.43. Above about 200,000
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398 Dynamics of almosp It should be noted that the acerodynamic forces above about 400,000 ft
10° | T ' T ' ' z #

are 50 smull that there is no noticeable difference between the subcircular
wid supercireulur cases in this range.

itive I ] i
- :Z::;seh:,tﬂ - ) ‘ Since the system is fifth-order, there must be a fitth (real) cigenvalue.
) - ; Fig. 944 shows the time constants of some of the branches of the real roots.
B ; Curves 4 und B ure real convergent modes that describe weak spirals of the
flight puth in the orbital plane. This inode is dominated by the thrust law
(vef. 9.8) and can be cither stuble or unstable. C corresponds to the real
roots thut replace the phugoid in the lower speed range of supercircular
flight. Each point on C corresponds to a pair of real roots, almost equal in
magnitude and of opposite sign. The instability of supercircular flight at the
lower altitudes is scen to be virtually catastrophic, with times to double
approaching 10 sec. Braneh D applies to both subcircular and supercircular
flight, and like C describes two real roots that are equal and opposite. This

is the pair of roots that derive from the unstable pitehing mnode that vanishes
at about 455,000 ft.
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ft altitude, the subeirculur oscillations proceed for the n;;.)stbp.urt csscull.wj:g
i id O double or half usually being very large.

s sinusoids, the number of cycles to . Ty L
;'l\crc is un important exception, however. In a very "ulsl;):;xl;l;':d:;i u(l}uil;u:l::

“er - point,” roughly 435,000 ft to 455, , ther
around the ‘‘erossover point,” roug . . e o ooy

illati 't is cssentially a pitching motion at orbital irequel
unstable oscillation. It is essentially : ' freq
driven by resonance with the trajectory motion, and can grow quite rapidly
(ref. 9.8).
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10.I INTRODUCTION
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response, and for formulating response problems analytically is the transfer
function that relates the relevant Tesponses and inputs. In the present
context the input is the control vector. The required transfer functions can
be found cither from the standard first-order form of the differential cquations
of motion, in which case they are given by (3.2,23), or from the Laplace
transforms of the cquations (5.11,8 to 10) or (5.14,1 to 3). There is an cssential
theorctical difference between the two methods, since the former implies
the representation of the aerodynamic forces by means of aerodynamic
derivatives, and the latter allows (but does not require) the use of exact
linear acrodynamic (see Sec. 5.11). Practically, there is only a difference
between the responses caleulated by the two approaches when the aero.
dynamic control surfuces are moved very rapidly

LONGITUDINAL CONTROL

The two principal quantities that need to be controlled in symmetrio

flight are the speed and the flight-path angle, that is to say, the vehicle’s

velocity vector. To achieve this obviously entails the ability to apply control
forces both parallel und perpendicular to the flight path. The former is
provided by thrust or drag control, and the latter by lift control via elevator
deflection or wing flaps. It is evident from simple physical reasoning (or
from the equations of motion) that the main ¢nitial response to opening the
throttle (increasing the thrust) is a forward acceleration, i.e. control of speed.
The main initial response to elevator deflection is a rotation in pitch, with
subsequent change in angle of attack and lift, and hence the development
of p, a rate of change of flight-path angle. When the transients that follow
such control actions have ultimately died away, the new steady state that
results can be fonnd in the conventional way used in performance analysis.
Fig. 10.1 shows the basic relations. The steady speed V at which the airplane
flies is governed by the lift cocflicient, which is in turn fixed by the elevator
angle—see (6.4,13). llence a constunt 4, implies a fixed V. The flight-path
angle y at any given speed is determined, as shown in Fig. 10.1, by the thrust.
Thus the witimate result of moving the throttle at fixed elevator angle (when
the thrust line passes through the C.G.) is a change in y without change in
speed. But we saw above that the initiul response to throttle is a change in
speed—hence the short-term and long-term effects of this control are quite
contrary. Likewise we suw that the main initial effect of moving the clevator
i8 to rotate the vehicle and infuence ¥» whercas the ultimate effect at fixed
throttle is to change both speed and p. The short-term and long-term effects
of clevator motion are therefore also quite different. The total picture of
longitudinal control is clearly far trom simple, and the transients that connect
the initiul and final responses require investigation. We shall see in the
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Fia. 10.] Busic performance graph.

following that these ure dominated by the long-period, lightly damped
phugoid oscillation, and that the final steady stute with step inputs is reached
only after a long time. These inatters are cxplored more fully in the following

sections.

LATERAL CONTROL

The lateral controls (the aileron and rudder) on a conventional airplane
have three principal functions.

1. To provide trim in the presence of asymmetric thrust associated with
power plant failure.

2. To provide corrections for unwanted motions associated with atmos-
pheric turbulence or other random events.

3. To provide for turning maneuvers—i.c. rotation of the velocity vector
in a horizontal plane.

The first two of these purposes are sérved by having the controls generate
aerodynamic moments about the x and z axes—rolling and yawing moments.
For the third a force must be provided that has a component normal to \J
and in the horizontal plunc. This is, of course, the component L sin ¢ of
the lift when the airplane is banked at angle ¢. In the equation of motion
this appears as the sin ¢ term in (6.9,6). Thus the lateral controls (principally
the aileron) produce turns as a secondary result of controlling ¢.
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Ordinarily, the long-term responses to deflection of the aileron and rudder
are very complicated, with all the lateral degrees of freedom being excited -
by cach. Solution of the complete equations of motion is the only way to
appreciate these fully. Certain useful approximations of lower order are
however available.

10.2 RESPONSE TO ELEVATOR INPUT

Yor the conventional case of cruising flight of airplanes, (5.14,2) can be
used for the response to elevator by setting AC;, = 0. We shall first make
some simplifying assumptions, ie. that ap = 0,. that the reference flight
pat:h is horizontal, soy, = 0, and that all of § Vs 4 v dmy, 4 I 8re negligible.
It is assumed further that deflecting the elevator can change the lift and
mom_e_nt, but not the drag, so that ED' =0, A—CL' =0y; IE; and A-(Fm =
G,.s AS,. Then (5.14,2) reduces to ‘

B T o {-cw, [ av 0
o "20"' ......... g—(alu + OD. + 2us) 2u ) Aa ";A;;n
0 g - ma (i,a — é") 0 g = “5:;" AJ‘
S e | vl B s
(10.2,1)

The aerodynamic transfer functions on the r.h.s. can usually be represented
well enough by (sce Scc. 5.14)

GAu = OL,
Cps = Cpy + $C,; (10.2,2)

and C,,; is furthermore frequently neglected.
Let the 4 X 4 matrix on the Lh.s. of (10.2,1) be denoted P. Then (10.2,1)
may be compactly written '

AV 0
Ax Cs
P =|_ " |A§, 10.2,3
q Gmd ( ' )
- LN
Ab 0
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We premultiply dy P to get

av 0
& ¢
hs B Ad, (10.2,4)
q Gmd
Af 0
whence the transfer-function vector for elevator input is
Gys 0
: e
R RO B e (10.2,5)
éa‘ G"'a
Gos 0

Since P is the matrix of the nondimensional equations, then the clements of
G relate the Laplace transforms of the nondimensional variables, for example
_ZV s 2 (10.2,6)
SRV T
The above clements of G do not exhaust the transfer functions uf' inl,crcs:;.
Other response quantitics may be wantcd—'for. example, the ﬂlght_l:;:u;
angle and the normal load factor. The former is given by y = 0 — a,s0
070 = Gy — Cup (10.2,7)
The latter (see Sec. 6.10) is

L
n=—
W
and is unity in the reference condition. The perturbation in n is
An =B _ _l—(AcL + 20, AP) (10.2,8)
W Cy,

to first order. AC| is conveniently expressed in terms of the state variables as
ACp = Gy AV + G Ba - (3 + GLabo,

After substituting in the Laplace transform of (10.2,8), and dividing by

B, we get

G., =§i ~ (O, +20.)0,, + 0L 0, + QL0+ Gl (1029)
A6, Cw,

5 ,
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The preceding equations can be used dircetly for machine compntation
of frequency response functions, which basically requires only routine .
operations on matrices with complex coefiicients; an example of this appli-
cation is given below. llowever, for analysis one needs the literal expressions
for the various trunsfer functions, and in some applications one must also
find their inverse (the impulse response functions). This is not a practical
analytical procedure for the complete system, even with the simplified
equation (10.2,1). For obtaining exact solutions for the impulse response
or step respouse, the preferred method is to solve the original differential
equations on a digital or analog computer. For analytical work associated
with control system design, approximate forms of the transfer functions
may be quite useful (refs. 9.4 and 9.5).

We can find approximate transfer functions by using the short-period and
phugeid approximations given in Sec. 9.2 as a guide. These would be expected
to be useful for inputs whose spectral representations are limited to certain
frequency bands appropriate to the mode in question.

SHORT-PERIOD APPROXIMATION

We found in Chapter 9 that a very good approximation to the short-period
mode is given by (9.2,14). Wo therefore make the samo additional assumptions
here as led to that approximation—viz. A} = 0, and the speed equation of

motion is identically satisfied. The reduced systemn equation is then found
from (10.2,1) to be ‘

O+ Cp, + 20  2u 0[a&] T[4,
—é"‘“ (ivs— dma) 0 q = émg A(s‘ (10.2,10)
0 1 —sJLAD 0

The system transfer functions are now most simply found from (10.2,10)
by solving for the ratios A&/AJ,, etc., with the result

G = E _ 2,qu,,,‘, — éLo(fvs — (ﬁmq) (@)
“As U — GG+ Cp, + 2us) — 2u@,
LA GaCus + Oy, + Cp) — G,,0., b (102,11
A3, s{(£,s — 0"”)(0,4 + Cp, + 2us) — 2"‘@“} (b (10.2,11)
G, =sG,, | ©

When the aerodynamic control transfer functions are replaced by their
stability derivative representations, i.e. by (10.2,2) and with

GAIA:CLJ; G"m:Cm'—}—sCma; Q. =C

ma mg




406 Dynamics of atmospheric flight

the denominators of the above transfer functions are all polynomials in s
that have exactly the same roots as (9.2,14). The numerators become

of dm,: (CLdomq + 2,“'01”) + 8(2#'07", _IAvCL,). (a)
of éﬂd: [0",6(0[“ + CD,) - Cm,,CL,] +s[(2,u0m, + Cm ',(CLrl + CD,) - CL,Cm&]
+ $4(2uC,;) () (10.2,12)

Both numerators are of degree one less than their respective denominators.

PHUGOID APPROXIMATION

The phugoid approximation in Sec. 9.2 was based on the assumption that
Aa is negligibly small and the pitching moment equation is identically
satisfied. When the clevator angle is varying however, Aa can no longer
be assumed small. The equivalent assumption for this case is that pitch
equilibrium is maintained, i.e. that

éma Ax + qué + dmb Aal =0

Now we expect this approximation to be useful only at low clevator fre-
quencies, when we can replace the above expression by

Cm, Aa + Cmqé + Cmg A(S\. =0

We now further agsume that C,,,ﬁ is negligible, so that the angle of attack
is given by the quasistatic value

Cﬂl
Ag = — ——2A$, (10.2,13)

my

The usefulness of this assumption is checked a posteriori. With the pitch
equation eliminated from (10.2,1) and A« eliminated by (10.2,13), we geb
the reduced system equation

¥
—2C)y, 2u 0 q = CLa — Cm‘ (CL, + Cp, + 2us)

(17).2,14)
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The required basic transfer functions are obtained from (10.2,14) as

01"
_CLDCIV, + ° 2 [C;V‘(CLG +Cp) + 2IuCD¢s]

4, — m
Ve 4[“282 _ 2’401-',8 + 20"’.3 (a)
Co,
—Cp(Cp, — 2us) + =2 [—2Cy (Cy, — Cp)
O — + Cyp (Cp, + Cp) + 2us(Cp, — Cp — Cp) — 44%°)
[ 7

4u’s® — 2uCp 8 + 20y}
) (10.2,15)

éqo = -"'éoo (¢)
From (10.2,13) we have in addition
G, = — om
s = CT - (d)
and finally )
’ én = éaa - éao (e)

As expected, the denominators of (10.2,15¢ and b) give the sume characteristic
equalion us was used for the phugoid previously, i.e. (8.2,9).

The assumptions on which (10.2,15) are based hold exactly in the limit
of zero control frequency, and hence the static gains given by them are
correct. Taking the limit s — 0 (see (3.2,4)) we get the gains
CmD(CLm -+ Cl).) - CMGCLD . c CLG - omaol.b

iy

Vs = ]
2(015',0"!, 20"’,01»‘ @
Cm [C’I' ((”L _i_ Cl) ) - 20"’ (0"’ - 01) )] —~C Cm c
o=t P e e D T Te ) (1020)
\ W, my
Cn,
Kab = - b—— (C)

If we consider a typical jet transport in cruising flight, C, <€ C , and
Cyp, = 2Cy,,. For this case, the gain in flight-path angle becomes, after
simplification,

Ky =Koy — K
€10, | CnyCn, (1 _ O, 0%,
0""2 Cma CIV‘ CL, CD )

The interesting thing about (10.2,17) is that it can changesignas Cpy (= Cp )

(10.2,17)
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I I

CL

Cp

¥ia. 10.2  Drag polur, M = const.

varics. With reference to Fig. 10.2 the quantily in parentheses on the r.lus.,
for constant Mach number, can be written '

CpdCy

C,dCy
where dC /dC,, is the slope of the tangent to tho drag polar, f,. Since QL/C,)
is the slope of I, it is evident that (C p/C HAC L]AC ) is unity at point 4,
is <<l for Cfp > CL_‘ and >1 for Cf, < CL‘. Asa result.tl.le sccond Lerm on
the r.hs. of (10.2,17) is negative for Cp < €y, and positive for €, > € .
Because of the first term in (10.2,17) K,; does not change sign exactly at 4,
but ut a slightly lower value of €. With typical numerical values K ,=0
when (C,)/C )NdC }dCp) = 1.05. The point of all this is Lha? A represents
flight at (L] D)pux, O at minimum drag, and hence that the ultimute response
of flight-path angle to clevator reverses when this speed is crossed. At high
speed (low Cp )K,4 is negative, so that up-clevator (stick buck) produc:es a
climb, but at l:)w speed the opposite vceurs. This result is seen to l.)e cnt.'u'ely
computible with the conclusions reached from performance con&fldemtloné,
see Fig. 10.1. Tt is scen that the sign of 7' — D for a speed l'cductlon. (a.ss'om-
ated with a negative Ad,) is opposite for points P und Q on opposite sides
of the minimum-drag speed.

1
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NUMERICAL EXAMPLE—FREQUENCY RESPONSE

For this example we take the same hypothotical jet transport as was used
in See. 9.1, flying ut the same speed and height. For the aerodynamic transfer
functions in P we use the stability derivative representation, i.e. all but dm.
are the same as the corresponding stability derivatives, and d"‘u =0, +
8C,,;. In addition, for the control aerodynamics we use

CA}LJV= Cyp, = 24/radian
4,, = C,, = —.12/radian

The exuact frequency response was calculated from (10.2,1) and the two
approximations from (10.2,11) and (10.2,15) by substituting 8 = i@ in them.
The results are shown on Fig. 10.3 for speed, angle of attack, and flight-path
angle.

The exact solutions show that the responses in the “trajectory” variables
V and y are dominated entirely by the large peak at the phugoid frequency.
Because of the light damping in this mode, the dynamio gains at resonance
are very large. The peak |0yb| of about 85 means that a speed amplitude
of 10%, of ¥, would result from an elevator angle amplitude of only .1 x
57.3/85 = .068°. Similarly at resonance an oscillation of 10° in y would
result from about 1/10° elevator amplitude. For both these variables, the
responso diminishes rapidly with increasing frequency, becoming negligibly
small above the short-period frequency. The phase angle for V, Fig. 10.3b, is
zero at low frequency, diminishes rapidly to —180° at the phugoid frequency
(very much like the lightly damped, second-order systems of Fig. 3.17b) and
subsequently at the short-period frequency undergoes a further drop char-
acteristic of a heavily damped, sccond-order system. The “chain” concept
of high-order systems (Scc. 3.4) is well exemplified by this graph.

By contrast, the attitude variables « and ¢ show important cffects at
both the phugoid and short-period frequencies. The complicated behavior
of « near the phugoid frequency indicates the sort of thing that can occur
with high-order systems. 1t is associated with a pole and a zero of @, occurring
close together in the exact transfer function. Again, above the short-period
frequency, the amplitude of « and ¢ both fall off rapidly.

As to the approximate solutions shown, one general statement can be
made. The shorl-period approximation is exact as w — o, and the phugoid
approximation is exact as w — 0. With a single exception, all the phenomena
shown are represented rcasonably well by one or other of the approximations.
The exception is the « response at the phugoid frequency, which is revealed
only by the exact solution. The principal error in the approximations is the
displaced peak at the phugoid. This corresponds to the error in the phugoid
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Fiu. 10.3 Frequency-response functions, elevator angle input. Jet transport cruising
at high sltitude. (a) Speed smplitude. (b) Spoeed phase angle. (¢) Angle u.f attack
amplitude. (d) Angle of attack phase angle. (e) Pilch-rate awmplitude. (f) Pitch-rate
phase angle. (g) Flight-path angle amplitude. (h) Flight-path angle phase angle.
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period shown for approximation (8.2,9) on Fig. 9.4a. Had the characteristic
equation corresponding to (9.2,11) been used instead, the approximation
would have been better.

NUMERICAL EXAMPLE—STEP RESPONSE

For the same airplane and flight conditions as in the previous example,
the response to a step-function input in the elevator angle was computed,
uging (5.13,19) mechanized for a 10-volt analog computer. As an aid to
readers unfamiliar with analog computation, the details of this one example
are set out rather fully. The other examples that follow later were computed
in essentially the same way, but the details of scaling and circuits are omitted.
With the same assumptions as made previously the differential equations
with numerical coefficients are:

DV = —6.92 x 1075 AP 4 2.65 x 1074 Aa — 4.60 x 1074 A0
Do = —9.20 x 104 AP — 9.00 X 1073 Aa  § — 4.42 X 107 A9,
Df = 2.03 x 10°AF — 3.62 x 107 Aa — 1.43 X 1072 — 3.77 x 1074 A§,

DO ={ (10.2,18)

To mechanize them for analog computation we make the following trans-
formation of variables:
[V]==s, AP; [a] = 84 Aa; [q] = sd: [0] = s A0 (10.2,19)
where the quantities in square brackets, [V] etc., denote machine voltages,
and sy ete. are scale factors. Time sealing is by the law

T =8

where 7 is laboratory clock time, or macsecs (for computing machine seconds),
and { is the nondimensional time variable of the differential equations. To
relate the computer results to real flight time ¢ we use

t* = 0105 sec (10.2,20)

T = 8¢
l‘*'

On recalling that D in (10.2,18) represents d/di, and defining [ Y = (dfd7)[ ]
the transformation of the equations into differential equations for the
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voltages yiclds
;8 6.92 x 1078 2.65 —4
V) = _V{~ V] + X107 460 10 0]
& Sy 8 8
8, [ 920 x 107" 9.00 -3
o) _;.{_ vy 200 x 100
[ 3y s,

]

v
+—lg) — 442 x 10 Aa,}

, 2. -o 10.2,21

[q) =2 { 03 X 107° ) 362 x 10~ o] ( )

S v s,

143 x 107
— 222X 00 [g) — 377 x 107 Aa,}
q

[0 = =2 [g]

8,30

A Note that we have chosen for convenience to give the control angles as

Ad,, rather than [8]/s,, since Ad, not [8] is to be specified. The scale factors
used were as follows:

8, = 10 v/unit
8, = 10 v/radian
8, = 1000 v/unit
85 = 10 v/radian
Since the response shortly after t = 0 is governed mainly by the short-period
Tnode, and the. long-term response by the phugoid mode, a single time scale
is not appropriate for both. Hence two time scales were used:
To show long-term response\: 8, = 103
To show initial response: 8, = 1072
The analog circuit for 3, = 10~ and A4, = —.03 rad is shown in Fig. 104,

using conventional symbols for integrators, summers, ete.
When s, = 1073, the time relation, from (10.2,20) is
‘t
t =—7=1057
]
and l.\enf:e the process proceeds about 10 times faster on the computer
thtm in flight. When s, = 1072, the process proceeds at nearly real flight time.
The results for P, «, and p are shown for both time scales on Figs. 10.5 and
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[a) i Fra. 10.5 Response to elevator (Ad, = —.03 isi ;
[ altitudo. (46, rad). Jet transport cruising at high
~[0]
10 [¢lo 1 f D480 —0 —0.460 [0 . ; . .
460 [0] ftct to curve the flight path (via AL = mVy); thus the increase in y laga that
mn a. i i :
¥ig. 10.4 Analog cireuit diagram for responss to olevator stop. A, = —.03 rad, . At the same time the increased drag due to Aa, and the “downhill”

component of the weight combine to produce a reduction in speed, which
lags still farther behind. The response in y is not in fuct very rapid. It takes

abf)ut 10 sec to increase y by about 10° with this elevator deflection. In
this time the vehicle has traveled 7330 ft.

8, = 1073

10.6. These curves were recorded by a conventional » — y plotter; the time
base was generated on the computer by integrating a constant.

Figure 10.5 shows that o increases rapidly and quickly damps out to its
asymptotic value. ¥ and y, however, make a slow, weakly dumped approuch
to their final values, the initial overshoot being very large for both. 1f the
reason for moving the elevator were to change to a new steady state, the
mancuver has not been u very effective one! After 500 sec the oscillations in
V and y have still not disappeared. The behavior near ¢ = 0 is shown more
clearly on Fig. 10.6; the rapid rise in « is dominated by the short-period !
mode. Tt is only after « has changed that the associated increase in lift can

10.3 RESPONSE TO THE THROTTLE

The initial response of an airplane to movement of the throttle is actually
quite dependent on the details of the engine control system and on the type
of propulsion system. For jet engines it takes an appreciable time for the
rpm and thrust to increase after opening the throttle, and this can be an
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116, 106 Rosponso to elevator (Ad, = .03 rad). Jot transport oruising at high
altitude.

important factor in emergency conditions. The response of B propeller, whl;:h
increases thrust by a change of blade angle, is more rapid. We make L o
gimple assumnption here that opening the throttle produces a step clu‘mgle )ln
Cp of amount AC . 1f the thrust line does not pass thron-xgh the C.G. ¢ lolre
is an associated pitchiag moment (7.3,4) AC,, = AC,pz[e. The l.h.f;. of the
system equation is then exactly the same as (10.2,1) and the r.h.s. is

—1

0 AC, (10.3,1)

zf¢

0

APPROXIMATE TRANSFER FUNCTIONS

Since the main effects of the throttle are the long-term chunges in u'pucd
and flight-path angle, the phugoid approximation to the equations 1s an

Response to actuation of the controls (open loop) 419

approprinte one. The same procedure that led to (10.2,14) for this case
gives the approximate equations

¢ c
T+ Cp) + 21+ 122)
éC . EC

. AT
aq = == Ma mg
vr AOT" f(s) (a)
20y, + ::02_ [Cr,(Cp, + Cp) — 20,y (Cy, — Cp.)]
q — 2us — (C Cp ) — dus? 2
g B0 ’“50,,,,( ta+ Op) Fséo,,,u
Toac, )
(b)
éaT = A——ZT, = Séor (¢) (10.3,2)
A Az z
Qope= e o -
T AC,, &C,n. (d)
A A- y A
G,T =A0);' = UUT -_— UET (e)

¢
where f(s) is the denominator of (10 2,15a).
Just as in the case of the elevator response the static gains obtained from
(10.3,2) ure cxuct, since the ussumptions leading to them are valid in the
steady state They are

Eé (Cr, +Cp)

K,p=-—r
& 20111,,0W,
z
20y C, + E[Cz"y(cz,, + Cp,) — 20y, (Cp, — Cp)]
Kyp = 10.3,3
07 20,07 ( )
z
Kp=——
T éC
When z = 0, the simplest result is obtained, i.e.
K,,=0
Kop =K o= R (10.3,4)
Cw,
KuT =0

Theae show that increasing the thrust (without change of pitching moment)
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simply leads to a new steady-state flight condition at increased climb angle
and no change of speed. By contrast the other principal longitudinal control,
the elevator, ultimately influences both speed and flight-path angle [(10.2,16a)
and (10.2,17)], ulbeit the change in the latter may be of either sign depending
on flight speed. The simple rule “throttle controls climb and elevator con-
trols speed” is not what it seems. It is true that the throttle is an uncoupled
climb control (when z = 0) but the elevator is not an uncoupled speed
control (except at p,,,) and the rule only applies to steady states, not to
initial transients.

NUMERICAL EXAMPLE—STEP RESPONSE

Aualog computations were made lor the airplane and flight condition of
the previous example, with AC,, = 0125 and withz/¢ = 0 and .3 The results
for V, «, and y are shown on Figs 10.7 and 10.8. The motion at this time
scale is clearly dominated by the lightly damped phugoid. Consider Fig. 10.7

~
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Fia. 10.7  Response to throttle (AC, = .0125). Jot transport erusing at high allitude.
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Response to actuation of the controls (open loop) 421

av
005 |-

—> {, Sec

4V, = ~0.050
y

-0.05

-0.10

Aa
0.5°
| Aay, = 0.29°
0 L 1 L 1 t, sec
100 200 300 400 500 '
Ay
6" |-
4
2¢
Ay = 3.2°
0 \1, 1 ) 1 1 ¢ sec
100 200 300 400 500
Iia. 10.8

Reospouse to throttle (AC,, = .0125). Jot Lrans isi i
¥ i m = . t 4 i
Fhrust line below C.G., z/¢ — .30. ! ) wisport oruluing st high altitude.

(z/¢ = 0) first. We sce that the speed begins to increase inmediately, before
th‘f other variables have time to change. It then undergoes a dumpe’d oseil-
lu.tlon, returning finally to its initiul value. The angle of attack varies only
slightly, and y makes an oscillatory approach to its finul positive value
The ultimate steady stute is a climb with AV = Aa = 0. the numeri)(’;t;i
value of y,, being correctly given by (10.3,4). For the case z/é,= .3, Fig. 10.8
the results differ from the preceding in several significunt wu.yu.’ Altl'lou.l;
the speed does begin o increase at first, the increase is small and is quickgl
followed by a reduction of order 109, V,. The final value is 5%, less than Vy
a vather large change. The initial response in « is rapid, bei(l)lg dominate:l'
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by the short-period mode, and is not seen in detail at this time seale. Because
of the rupid increase in «, and the excess lift that goes with it, there is a
much moure rapid response in y than is the case in Fig. 10.7. The amphitude
of the y oscillation is also lurger than on Fig. 10.7, and the final state is o
climb of appreciably larger inclination. The steady states are ngain correctly
predicted by (10.3,3).

10.4 LATERAL STEADY STATES

The basic fight condition is steady symmetric flight, in which all the
lateral variables 8, p, 7, ¢ are identically zero. Unlike the elevator and the
throttle, the lateral controls, the aileron and rudder are not used individually
to produce changes in the steady state. This is because the steady-state
values of f, p, r, ¢ that result from a constant d, or 8, are not generally of
interest as a useful fAight condition. There are two lateral steady states that
are of interest, however, each of which requires the joint application of
aileron and rudder. These are the steady sideslip, in which the flight path is
rectilinear, and the steady turn, in which the angular velocity vector is vertical.
We look into these below before proeeeding Lo the study of dynamic response
to the lateral controls. :

THE STEADY SIDESLIP

The steady sideslip is a condition of nonsymmetric rectilinear translution.
It is sometimes used, particularly with light airplanes, to correct for cross-
wind on landing approaches. Glider pilots also use this maneuver to steepen
the glide path, since the L] D ratio decreases due to increased drag at large .
In this flight condition D = djdr = 0, and p = r = y,, = 0. Thus, with
reference to (5.13,17), the only nonzero state variables are fi, ¢, and y. For
the control terms we use. the following, which is & good representation for
conventional airplanes:

A1 1% O drs, 10.4,1
AC, | =0y, C,, [6] (10.4,1)
ac, ] le.,, o, )Y

With (10.4,1), and the special conditions for steady sideslip, (5.13,17) reduces
v Oy + Cyy, cosyd + 0, 8, =

C,’f} + C“-‘. o, + C,J‘ 6, =10

C,,ﬁﬂ + C"a, o, + C"o, 0, =0

B+ yeosy,=0

(10.4,2)

e
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The fourth cquation is the only onc containing i, and may be dropped from

consideration. The three preceding ones contain the four variables B.4,6,,6,.
» P2 Uy, O

Hence an infinite seb of solutions exists, in which any one of the four may
be s«:lcu.l,cd arbitrarily. 1f we choose ¢ 1o be arbitrary the equations can be
solvcfl for the corresponding f1, 8,, 8, (provided of course thut its matrix is
not singular). Thus

f —Cyy, cosy ¢
6, | = A-! 0
where & ’ (10.4,3)
'y G O -
A= C,p C," Cla.

C c

ng “mg g,
As an example, consider the jet transport used previously, at C), = 1.0

Ye = 0, with the B derivatives as in Sec. 9.6. In addition to these we need
the control derivatives, for which we use

Cyp, =061 C, =003 C,, = —040
C

1p, = —-065 C,,, = .005
It is evident from (10.4,3) that B, 6, and 8, arc all proportional to ¢, hence
the ratios of the angles are constant. The numerical result is: ’

o = 1.675; % = —1.800

B B
80 that for a sideslip of 10°, the other angles arc ¢ = .56°, 8, == 16.75°
6? = —18.00°. As expected, o slip to the right requires left l‘udde:' and right:
aileron. The control angles are seen to be large ; powerful controls are needed
to sideslip at large angles. When the matrix A is singular, it only indicates
that ¢ is zero in the sideslip. In that case the equations can be rearranged

to put <,6 on the Lh.y. and # on the r.h.s., in which case the new matrix is
very unlikely to be singular.

¢ _ oss8;
B

THE STEADY TURN

We detine a *“truly banked” turn to be one in which (i) the vehicle velocity
vect,(')r w is constant and verticul (sce Fig. 10.9) and (ii) the resultant of
gra.vn_y and centrifugal force at the mass center lies in the plane of symmetry.
Th'ls corresponds to flying the turn on the turn-and-bank indicator.} It is
quite common for turns to be made at bank angles that are too large for

T Neglecting the fuct that the pilot and indicator are not right at the C.G.
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Fia. 109 Steady climbing turn.

linearization of sin ¢ and cos ¢ to be acceptable, although a!l the .stuto

variables other than ¢ and V are small. Thus we turn to the basic nonlinear

equations in Sec. 5.8 for this analysis. The I~urgc‘ bank ang;:le has the conse-

quence that coupling of the lateral and longitudinal quuutlons occurs, since

more lift is necded to balance gravity than in level flight. Thus‘i not only the

aileron and rudder but the elevator as well must be used for turning at large ¢.
The body-axis angular rates are given by

P 0
¢ | =10 (10.4,4)
r w

which for small ¢levation angle ¢ yields
P —0
gl =|sin ¢lw (10.4,5)

r cos ¢
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We now apply the second condition for u truly banked turn—that the
ball shall be centered in the turn-und-bank indicator. This means that tlie

veetor mg — ma, shall have no y component. But ma, is the resultant cxternal
foree £, so that from (5.5,3)

mg — ma, =mg — f = —A

where A is the resultant serodynamic force vector. Thus we conclude that
the serodynamic force must lie in the 2z plane, and that Y == 0. It follows
from (5.8,2b), when only ¢ and u are not small, that

mg sin ¢ = mru = mry (10.4,6)
=mVw cos ¢

Hence the bank angle is given by
tan ¢ = oV (104,7)
g

We choose the body axes so that ®, = w = 0, whence it follows (see Fig. 4.4)
that z and 2, coincide, and hence that L = —Z. Equation (5.8,2¢) then
permits the determination of L, i.c.

L= —Z=mycosfcosd — m(pv — qu)

which, again to first order, after substituting ¢ from (10.4,5) yields

L = mg cos ¢ + mVw sin ¢ (10.4,8)
When Vo is eliminated by (10.4,7) we get

n = —L— = s;zc ¢ (10.4,9)
my

The incremental lift coeflicient, as compared with straight flight at the same
speed and height, is
L — mg

AC, =
TS

=(n —1)0,, (10.4,10)

We can now write down the equations governing the control angles. ¥From
(5.8,3), to first order, L == M = N = 0, 80 we have the five acrodynainio
conditions

Cl:(}m=0n=0 =0

v

and ACp = (n — 1)0,,
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On expanding these with the usual aerodynamic derivatives, we get
Ci,B + C P+ cf+0, 8+ Cy,, 0= 0
C,, Aa+ Cond + Cu,, NS, =0
Onpﬂ +C,,0 + C, 7+ Cyy 0 + Co,, 8,=0 (10.4,11)
C,B+Cup+ c,r+0,6=0
Cp, Ao+ Crd + Cy,, AS, = (n — 1)Cpy

In these relations P, ¢, ¥ are known from (10.4,5), i.e.

7] B b 7l
~ _0__
P Y%
: in 2 (10.4,12)
= — lw
q sin ¢ o7
b .
L;_. Lcos ¢ EV_ |

The five equations (10.4,11) for the five unknowns [B, 8,, 8, aud [Aa, AJ,)
uncouple into two independent sets:

¢, G, ©07[# e, C,

0 wb
= - 10.4,13)
O" O'Oy C,J. 6' - C'- C‘r [_ cos ‘#] oV ( 4

and . . .
Cm'l Cyll“ Aa _ my Qc_- sin ¢ " (104,14)
c, Cp ||as c. | (n — 1)Cyy
« de e ]
! is the same as that of (10.4,3).
Note that the matr'x on the Lh.s. of (10.4,13) is : :
When (10.4,9) is used to eliminate ¢ from (10.4,14), and after some routine

algebra, the solution for Ad, is found to be

Cm + nt ! (CLGCma - CLGCma)

' (i 10.4,15)
Ad, = (n — 1)C)y G, 0. 0,0 (
‘. "la

“a ﬂl“

Except for far forward C.G. positions and .low spcud.s, the unglt;s gl;/c:; ::))l"
(10.4,15) arc moderate. The similarity of this expretasnon t(.) t:lla; (:rttl:l: rator
angle per g in a pull-up (6.10,64) should be uo't.ed. 'lhey.ale in ac‘ -

in the limit n — co. The elevator angle per g in a turn 18 therefore no Y

different from that in a vertical pull-up. ‘ ) . .
Finally, the lateral control angles are obtained from the solution of (10.4,13)
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NUMERICAL EXAMPLE

The values of [, d,,4,] corresponding to low-speed flight at sea level
(CL =1, p = p,) for the jet transport of the previous examples have been
calculated from (10.4,13) and are shown in Fig. 10.10. The numerical data
and the acrodynamic coeflicients are the same as in Secs. 9.6 and in the steady
sideslip above. Both the sideslip angle and the rudder angle are seen to be
very much dependent on the angle of climb. This may be traced directly
to the fact that the roll rate p is proportional to 0 and changes sign with it.

r 6=15°
2t

]
0

~-2°L
-4 0=—15

4

=15
2° /
0

—

-2*

~4°

-6

-8*

-10°

-12°

-1 8= -15°

8°f

#=t)15°

6°|-

8
s

2° -

| 1 I 1 | i
0710 20° 30° 40° 50° 60°
?

Fia. 10.10 Control angles in a truly banked turn.
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yawing monment equation is of opposite signs
for elimb and glide, and affects the rudder angle required to cancel the mo-

i A ¢

ment. Since €, must also be zero, the value of § is in turn ulf(,c;edb.by’ L::d ;

of 4,. One WO'l’lld cxpect that the difference in C,,p between climbing A
-

Thus the term C“'ﬁ in the

gliding would likewise cause a substantial difference betvlvem{ ézlff)r th: :lw)l(;
i ists. It is fortuitous that in this exar
cases, whereas no such difference exis _ ‘ X "
rovides j ifference in the rolling moments needed.
the term C, f provides just the di ! o
' 4 i see that the ailerons are deflec
Since ¢ > 0 represents a right turn, we . ! le
in the “iﬂ'-ba.nk” sense (stick left), that considerable right rudder is used

but that for climbing turns it may be in either direction.

for glichne es obtained would have

i i remarke he control angl

Finally, it may be remarked that t > ot

been substantially different had it been stlpula‘ted that 8, not tg,, sltll:;x thz
zero in the turn. It would not then be possible, however, satisty

requircment that the ball be centered in the turn-and-ba'nk indicator.

10.5 LATERAL FREQUENCY RESPONSE

. . il
The computation of the lateral frequency response 13 curm,(t1 out with
(5.14,3). The column vector on the r.h.s. is conveniently expressed as

A0,
— E,‘ = Q[J'] (10.5,1)
ac,, 3.
0
where ——G”' 0
-G‘a. —Glo,
@ = ~@,, —0,,
0 0

Denoting the 4 X 4 matrix on the Lh.s. of (5.14,3) by P, we get the 4 x2
transfer-function matrix G —P-1Q (10.5,2)

The elements of G are specifically

Gps, Ops,
N (10.5,3)
arb' Grl.

Gy, Gys,
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I addition, from the supplementary relations given in (5.14,3) the transfer
functious for y and y,, are

ec yp, 1 cos y,
Cu="LG,;  G,=-0,+L2g, (10.5,4)
A 8 8

3

NUMERICAL EXAMPLE

The frequency-response funetions for the jot transport in horizontal flight
at 30,000 ft altitude and C L, = -25 were calculated from the above equations.
All the aerodynamic transfer functions were replaced by the corresponding
derivatives, i.e. (j”, = C,p, dl‘. = C, 5 ete. Thus we have neglected terms such
as sCy; . The numerical values are the same ones used in the previous ex-
amples. The results for some of the state variables are shown in Figs. 10.11
and 10.12. Figure 10.11 shows the responses in g, ¢, and r to rudder input.
The principal feature is the peak at the frequency of the Dutch roll, which
beeause of the relatively light damping of this mode, is substantial. For
example, & 1° rudder amplitude produces about 4}° # amplitude and 63°
roll amplitude. At zero frequency g, p, and r are finite, but ¢ and y are infinite.
That is, the computed steady state ussocinted with rudder input is a constant
rotational motion w,, = ip,, + kr,,. Since the equations were linearized with
respect to ¢ and are thercfore not valid for large $, this steady state is
spurious. The slopes of the high-frequency asymptotes can be predicted from
the structure of the general transfer-function matrix. For the given rudder
input it yiclds slopes of —1 for #, r, and —2 for ¢. These slopes are reached
approximately by @ = .1 for r and ¢, but not for 8. This is because the co-
efficient of the cubic term in the numerator of Gy, contains the small aero-
dynamic derivative Cys,,.

Figure 10.12 shows similar results for aileron angle input. The absence
of the control term C". makes the high-frequeney asymptote of 1Ggs| &
line of slope —2 instead of —1.

All the amiplitude curves on both figures show a rapid reduction of response
once the frequency exceeds that of the lateral oscillation mode.

The sharp dip in {G,;| at @ == .0025 is characteristic of a zero in the
transfer function lying close to the imaginary axis at this frequency.

APPROXIMATE LATERAL TRANSFER FUNCTIONS

In Sec. 9.7 we presented two approximate second-order systems that
simulate the complete fourth-order system insofar as the characteristic modes
are concerned. These same approximations can be used to get approximate
transfer functions for control response.
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Consider lirst the Dutch-roll approximati

transform gives

on (9.7,12). Taking the Laplace

1

@ -9 =7 \1H__ Vo O (058
ANy (A, — ) ILT N5, N, S,
Cu
where Y, = »
C, ,
JV&,. = ‘,' + I::Cx,'

K= L0
P I' sz 18g

-, N m
The four transfer functions for f and r respouses arc readily found fro

(10.5,5) to be
DUTCH-ROLL APPROXIMATION

1
(./V,—s)@,'—l—-z./f’,'

S| T

. J(s)

; — )N — N Y,

j;‘ - f(:') = (10.6,6)
B__ A

8. Afls)

F (Wy - S)‘Afau

& o)

i steristi ial (9.7,13).
where f(s) is the characteristic polynomia o .
For {I(le spiralfroll approximations, we proccedlslm::lully :lt];p(t‘.;.'i,lgzdt(:
8i i sllowing results, the subsor
golve for the desired ratios. In the fo L s
ivati the same formulas actually
are omitted from the control derivatives since . : v
i that %, is usually zero [a8
ly to both &, and 8,. The only dlﬂ'erence. is that &5,
‘(‘]Pé) 5y 6)] makinag the arileron transfer functions simpler than those for the

rudder. .

Besponse to actuation of the controls (vpen loop) 437

SPIRAL/ROLL APPROXIMATION

B _ 4y’ + ay® a5 4 ay
é fs)
ﬁ{ _ bis + b,
5 /e 10.5,7
T_dys®+ds+dy (10.57)
é S
P_ 4t
§-3

where f(s) is the charucteristic polynomial (9.7,11) and

a3 =1Y,; ‘12:”‘@-/4(-?»4'-’1/1-)—%

. 1 Cw
Oy = YL N — LN ) —~ —( Ly y — Ly h ) + Ly 2
. A 24u

c
ao == W, (-(Z,../V, . .(Zd_A/r)
24u

Y.

1 ¥
b= =L b= GOy — LN )+ G — L)

7 C
h=lsi  G=UAL N, = LN D= Loy =24 H )

The accuracy of the above approximations is illustrated for the example jet
transport on Figs. 10.11 and 10.12. Two general observations can be made:
(1) the Dutch-roll approximation gives good results for the higher frequencies,
down to & little less than that of this mode, and (2) the spiral/roll approxi-
mation is correct in the low frequency limit. In this respect the situation is
entirely analogous to the longitudinal case, with the spiral/roll corresponding
to the phugoid and the Dutch-roll to the short-period approximation. There
are ranges of frequency where neither approximation is satisfactory, as on
Figs. 10.11e und 10.}2e. The spiralfroll approximations for the phase angles
are not shown on Fig. 10.11, since they are reasonable only at the lowest
frequency. For all three variables, g, ¢, and #, they increase monotonically
to about 180° at the highest frequency, whereas the exact phase angles all
decrease in this range.

The reader should note that the agreement shown for the Dutch-roll
approximation is not to be expected generally. We saw in Fig. 9 that the
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dumping is not given at ull well by this upproximation at low speed (high
C.)- Thus the approximate solution at low speed would substantially
undercstimate the amplitude peaks at the frequency of the lateral oscillution.
We repeat that the lateral approximations must be used with caution, and
that only the use of the exact equations can guarantee uceurate results.

10.6 TRANSIENT RESPONSE TO AILERON AND
RUDDER

We have seen previously that useful lateral steady states are produced
only by certain definite combinations of the control deflections. It is evident
then that our interest in the response to a single lateral control should be
focussed primarily on the initial behavior. The equations of motion provide
some insight on this question directly. Following a step input of one of the
two controls the state variables at ¢ = 0t are all still zero, and from (5.13,20)
we can deduce that their initial rates of change are (using the compact
notation)

DR =Y,b
Dp =20 (10.6,1)
DF = J‘/“(s

The initial sideslip rate D is not of much interest, but the rotational accel-
erations are. From the last two equations

Dé = (i, + kA )b
and for ¢t — 0, @ = (iLy + kN,)is (10.6,2)

Thus the resultant angular velocity vector, and hence the initial instantaneous
axis of rotation, lie in the plane of symmetry as illustrated in Fig. 10.13.
Let us investige te the angle & that w makes with the x axis for the two cases
of “pure’” controls, i.e. when only one of ¢y, or C,, is not zero. For the roll-
control case, C,, = 0 and

PN LS (10.6,3)
P -([’6 ¢ 6Itz

From the detinitions given in (5.13,20), (10.6,3) beeomes

tan E“=!i’i5

and is zero if I,, = 0, i.e. if Cx is a principal axis. This is just as expeoted,
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Fie. 10.13  Initial rosponso to latoral control. (a) General. (b) Example jet transport,

of course, tlm.t & moment applied about a principal axis produces rotation
about that axis. When I__ is not zero, we get from (5.4,200)

I — .
bon £, =( 5, — 1) sinecose

I, cos’e + 1, sin® € (10.6,4)

Similarly for the pure yaw control, 0, =0and
1, eos®e + I, sin®e

tan £y =
(Iz,. - 1,,) il € Cos € (10.6,5)

These angles arc scen to depend on the relative inertias about the principal
axes, uy well as on €. For example, if I, = 41, , as is roughly the case ?or
the jet transport we huve been considcri’ng, Lll(::l £p and £y are as on Fi

10.14. 'l“lnc rclutions ure shown to scale on Fig. 10.136 for : = —20° (hi gh
angle-of-attack case). 1t is observed that there is a tendency for the vehifle
to rotu'te about the principal z axis, rather than about the axis of the aero-
dynamic moment applicd. This comes about beeause I /1, is appreciably
lex::s t.ln.m unity. The jet transport is a relatively lligh-u;,pe::;;-rutio machine
with wing-mounted engines, and would by no means be considered a “slender”
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control
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¥ia. 10.14  Aunglo of axis of rotation.

vehicle. For vehicles that are slender, such as the SST ora slender missile, the
trend indicated above is very much accentuated. In the limit I, —0, both
(10.6,4) and (10.6,5) give the limit

tan & == tan €

which indicates that the vehicle will initially rotate about its principal =
axis no matter what the dircction of the applicd-moment vector. If this
rotation were to persist through 90°, then § would be equal to Je| and a would
be reduced to zero. The above analysis tells us how the motion starts, but
not how it continues. For that we need solutions of the complete system
equations (5.13,20). Solutions for the example jet transport at Cp, = 254t
30,000 ft altitude were obtained by analog simulation of thesc equations,
and the results for 8, B, ¢, and y are shown on Figs. 10.15 and 10 16. Figure
10.15 shows the response to negulive aileron angle (corresponding to entry
into a right turn). The main feature is the rapid acquisition of roll rate,
and its integration to produce bank angle ¢. The maximum roll rute is uchieved
in about 1} sec, and a bank angle of about 25° at the end of 6 sec. Because of
the aileron adverse yaw derivative, €, >0, the initial yawing moment
is negative, causing the nosc to swing to ‘the left, with consequent negative
p and positive ff. The positive f, via the dihedral effect C,p < 0 produces a
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negative increment in C,, opposing the rolling motion. More than 4 sec
elapse before the nose swings into the desired right turn.

Figure 10.16 shows the response to a negative (right) rudder angle of the
sume magnitude as the aileron angle on Fig. 10.15. This causes the nose to
swing rapidly to the right, g being initially roughly equal and opposite to
indicating virtually no change in the direction of the velocity vector. The
result of 8 < 0 (because of €, f) is u positive rolling moment and positive ¢

Right rudder, like right aileron, is seen to produce a transition into t;
turn to the right, but neither does so optimally. A correct transition into a
truly banked turn requires the coordinated use of both controls, and if
there is to be no loss of altitude (see Sec. 10.4) of the elevator as weil.

An approximation to the ¢ response to d, can be obtained from the single-
degrec-of-freedom roll analysis corresponding to (9.7,7). With the aileron

6°

2°}-

0.002 |

] Approx.
e (1067

200} Exact

10°}-

0 1 2 3 4 5 6 7 sec.




442 Dynamics of atmospheric flight
B

Al o

0.008
0.006 |-
0.004 |-
0.002 |-
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Fia. 10.16 Stop response to rudder input. §, = —2.87°

term included this becomes

Dp=Lp+ L0,

> (10.6,6)
or AD* — AL D¢ = 2L, b,
The solution of (10.6,68) for zero initial conditions is
¢ Ly (; L ;
_—=— e 1§ 4 —[1 — exp (Z,h)] (10.6,7)
3, A.‘t’,{ LA

This result is compared with the exact solution on Fig. 10.15 and is seen to
give a good approximation to ¢ over the most important first few seconds.
This simple analysis supplies a useful criterion for roll control. It yields as
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the steady-state roll rate,

a -(Zﬁa )
Dy = — —('j:- a
or for principul axes,
B, = — b5, (10.6,8)
C,

A requirement on $,, for a given vehicle then leads to an aileron design to
provide the necessary Cla, 0,

10.7 INERTIAL COUPLING IN RAPID MANEUVERS

There is a class of problems, all generically connected, known by names
such as roll resonance, spin-yaw coupling, inertia coupling, etc. (refs. 10.1 to
10.9). These have to do with large-angle mnotions or even violent instabilities
that can occur on missiles, launch vehicles, reentry vehicles, and aircraft
performing rapid rolling maneuvers. The common feature of all these is
that the vehicles tend to be slender, and that rapid rolling is present. In
some of the situations that have occurred in practice, complicated nonlinear
aerodynamics, and mass and configurational asymmetries have been im-
portant factors in determining the motion. This subject as a whole is too
large for unything approaching a comprehensive treatment to be given here.
However, we present some analysis that reveals some of the underlying
principles, and by way of an example show what can happen in rapid rolling
maneuvers of aircraft.

Let us begin by examinipg a very simple hypothetical ease. The body

in question is axisymmetric with I, > I_. Its reference flight condition is .

one of constant V and w, both these vectors lying on the axis of symmetry,
the x axis. We neglect gravity entirely, and study sinall perturbations around
the reference state. The perturbations ure further constrained not to include
either V or the roll rate, which remain constant at V, and p,, respectively.
We further sssume that the only aerodynamic effects are pitching and yawing
moments given by

Cl’l = Cﬂlla + Olllﬂq
Co=C, B+ Cpf

Because of the axisymmetry, C, g = —Cpn,and C, = C, . Since the essence
of this problem is nonlinear inertia coupling between the longitudinal and
lateral degrees of freedom, we require the general equations (5.13,8) to (5.13,12)
for the formulation. In applying the equations we take both the reference

(10.7,1)
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lengths b and é o be equal to u reference diameter d, so that 4 == 1, There
are then four variables left in the problemn, |a, B, b, 7], so we nced four
equations of motion. These are provided by (5.13,9b and ¢) and (5.13,11a
and b). In using the latter two we note that (5.13,8b and ¢) show that 4,y
and ¥, ure zero by virtue of the neglect of gravity and acrodynamic forces.
(Since the net foree is zero, V is a constunt veetor, and the wind axes have
motion of translation only.) The pertinent equations are then, on making
due allowance for the axisymmetry,

Cm = ijé - (ju - jz);ﬁo
¢, = 1,07 + (i, — L)ib

N .. (10.7,2)
Da = § — Py cos « tan f — 7 sin a tan §

Df = P, sin a — 7 cos o

On combining (10.7,1) with (10.7,2) und performing the usuat linearization,
the result is (using Laplace transforms of the equations)

0'“: U (Cmq - fy‘s) (iy - IA-.:)i’u 4

o —c¢, —U,—1ILype (C.,—L)||B
X m, ( v z)l 0 ( gy v") ﬂ - () (]07’3)

s Po —1 0 q

— Py s 0 1 7

Now we recognize that we are dealing here with the problem of gyrostability.

At very large roll rates, we expect the body to display typical gyroscopic
motions that will depend mainly on the signs and magnitudes of C,, and
C,,- At vanishingly small roll rates, the equations decouple into conventional
lateral and longitudinal sets, in which the sign of G, (i.e. of the piteh stiffncss)
is a dominant consideration—for C,, and C,, both <0, a stuble systemn is
assured. We know that even if C,, > 0, gyroscopic stability (in the scnse
that motions are bounded) is achieved at large cnough spin rates. This is in
fact the method of stubilizing rifie bullets and artillery shells. Tt is therefore
intuitively evident that there must be a critical roll rate for the case C., >0
above which the vehicle is stuble—just like the critical spin rate for a comnion
top. On the other hand there is no such intuilive notion about the case when
Co., <0, ie when the system is already stable al zero spin—the common
case in aerospace (us opposed to bullistic) upplications.

To study the stability we need the characteristic equation of (10.7,3),
which is of fourth order

cgst +cy8® €8 08 =0
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where ey =1 2
cy = —2f,0,"'
o = =200, + P} + €, 2 + (I, — 1y (10.7,4)
Cy = 20maomq - 215020m )y
&=, = L)p} + C, 10 + C, 2
Unfortunately, even with all the sinplifications already made, this equation

is sLill rather too complicated to permit us to say anything simple about the
roots. We therefore make a further simplification, and take C_ = 0. We
mg T Ve

then have
Cq = fy’
cy =10
e = Bl + (I, — L) —2i 0,
¢ =0
= [, — L)py* + O, I*
whenece fE— + \/m

5, (10.7,5)

WHEN Cu, > 0 (AERODYNAMICALLY UNSTABLE CONFIGURATION)

In .Llus case t.:,'ul{d ¢o ure positive definite whereas c, changes sign from
n;:gutlve‘ to I)(?SIUVO a8 p, inereascs. The only possibility for stable roots is
Fi <2 9, in whieh case 1 is imaginary, corresponding to gyroscopic motion
If i .ls real and positive, or complex, there will be at least one root with .
positive real part. Thus the conditions to be met are 32 real and <0 fot:'

which it is necessary and sufficien
' ient that ¢,? > 4cye,. The roll ir
for stability is then given by ’ o rete reauired

.2 40, 1,
Po >"5, (10.7,6)

WHEN Cu, << 0 (AERODYNAMICALLY STABLE CONFIGURATION)

T In this case ¢, and ¢, are positive definite and it is €, that can change sign
he conflluon (10.7,6) still holds, but because C,, is now negative, it is'
auto.matlc:lly satisfied. However, the condition that i* be negative, now
requires that ¢, be positive. So for this case the criteri Dy i

. e crit i
fram o ot S erion for p, is obtained

(G, — L)+ ¢, 1 >0 (10.7,7)
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Condition (10.7,7) is met for all values of P,? except one, at which the Lh.s. =
0. There is thus one roll rate at which the system has “neutral’”’ stability, i.e.
for which there is a zero root. The critical value is

Bul = [}';f_i_;]" | (10.7,8)

To summarize, we have seen that an aerodynamically unstable configu-
ration can be stabilized by spinning it fast enough, and that at a certain
critical roll rate an aerodynamically stable configuration becomes neutrally
stable. The source of these phenomena is the inertia effects given by the rp
and gp terms in the pitching and yawing moment equations. They can be
thought of as gyroscopic moments associated with high roll rate. Phillips
(ref. 10.1) has analyzed a more general case, in which the vehicle is not
axisyminetric, and in which aerodynamic forces as well as moments are
retained, i.c. an airplanc configuration. In this case he found that there is a
band of roll rates within which the vehicle is unstable, the lower critical
one being given approximately by the lesser of '

_ﬁ"u__ . __f‘_'ﬂ’__ " 10.7,9)
[A(t,~t,)] > 1y o
Ay E

{compure with (10.7,8)].

For the jet transport of our examples, with ¢, = —.488 the critical rate
wonld be P, = 112, corresponding to the first of the two criteria. From
(10.6,8) this vehicle, at 8, = 20°, achieves p,, = 0528, a value considerably
less than the critical, and hence one would not anticipate any difficulties for
this airplane arising from nonlinear inertia coupling.

Since the rolling motion may be thought of in a scnse us providing a
periodic excitation of the uncoupled longitudinal and lateral oscillations,
it proves convenient to look at stability boundaries in the plane of the two
unconpled frequencies. This idea was first used by Phillips. The result is
typically like that in Fig. 10.17, the exact boundaries depending mainly
on the dampings of the two oscillations. A vehicle conventionally stable in
nourolling flight would be represented by a point in the upper right quadrant,
the exact position being determined by py. As pg increases, the point moves
radially toward the origin. If it follows a line like 4, there will be no instabil-
ity; but if like B, there is an unstable range of p, scparating two stable
regions as found by Phillips. A vehicle that is statically unstable in both piteh
and yaw when nonrolling will correspond to a point in the lower left quadrant,
and can be stabilized by a large enough p, (line €).

o vt et TR TTW
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(wg /po)? B
Increasing po
A
Divergence A
Stable
4
Y2, 7 » A%/

WY i
Divergent i (o Ipo)?
oscillation % ‘; Divergence *"¥

D
%
C

FIQ’. 19.17 /Form of stability boundaries for rolling vehicle. w, = frequency of yaw
oscillation, V' Ng/I,. wg = frequency of piteh oscillation, \/—M,,/I
v

NUMERICAL EXAMPLE—PITCH/ROLL COU
' PL
A SMALL AIRPLANE / e oF

'T(l) show how the nonlinear inertia terms can affect the motion of an
airplane we consider a small mancuverable single-engined jet airplane. Its

principal characteristics are
W = 6000 Ib, S = 216 ft2, A4 =60
b =36.0ft, ¢ =6.0ft
I, = .170 x 104 slug ft?
I, = .120 x 10° slug ft?, I,,=0
I, = 140 X 105 slug ft?
Note that I/I, is only .121, ns compared with about .4 for the transport

airplﬂnb. hL l)ertinbllt &erodyn&"lic d&t«a f i h at 500 A\ 4
b 3 I 3 C or ﬂ t
g 5 fps at sea 10 el

Ce, = —.081,

' Cp, =435, 0L¢=0L,=0
C,"‘l = —.435, Cn, = —2.1, C, = —9173
Cipp=—08l, C, =—442, C, = .0309
Clt/, = 0218’ Cu, = 0: Cu, == —-—0424
C'Ld- = 0, 0"“. = —107, 0“ = —24, C"‘ =90

Cp, =—BCy, Cp = —RaCp, Cy = O
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The value of p gy, caleuluted from (310.7,9) is .0796.. In u.ppl)lnn:;l.Lilil%;::fizﬁ

nonlincar equations, we assume that Aa, §, reinain smu!l, ?m ; lil:

is permissible with respect to them, and that t!xc speed is constant. o of
With these assumptions, (5.13,8) et seq. yield the following sys

equations.
—Cp f — Co + Cyy cos Oy sin by = 2udfy

—CpAa —Cp + Cyy cos 0y cos ¢y = —2ufy

i .
0, LaDj — (5~ L)

a

. i w
D¢y = Py + gy tan 0y, sin ¢, + y tan 0, cos ¢y

Pl
"

DOy, = g,y cos y — A sin ¢y

B = b+ APy, + b
Co = Co,B
Cp=20Cpo
C,=Cyf+Cp+07+ Cus, 0a
Cn=0C,a+ C,.,Dx + Cm'(} + C oy 00
C,=Cpf+Cpp+0Cnf

. . TS ;.
The logical structure of these is essentially as in 1.1g. 5.6 N
The above equations were programned for solution on a digital computer,

A
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using a Runge-Kutta algorithm for solving differential equations. Solutions
were obtained for two different sets of conditions:

(i) Initial condition of rolling at rate P;, with all other initial values zero,
with {3,| at 2°, and with 8, set at the value required to make p,, = p,
[sce (10.6,8)]. Thus the initial value of » would be zero, producing a
condition somewhat like that of Phillip’s analysis,

(i) Al initial values zero, with a pitch maneuver initiated by elevator
elevator deflection at £ = 0 and a subsequent roll maneuver super-
imposed by a step change in 4,.

Figure 10.18 shows the angle of attack variation in the first case, (a) for
pitch-up and () for pitch-down. A striking result is the difference between
positive and negative clevator angle, a difference that results entirely from
the nonlinearity of the equations. Even for very large aileron angles, there
i3 no evidence in (a) of instability, and only for the case of |§,| = 14.7° does
Aa become momentarily excessive. On the other hand case (b) develop
excessive Aa quite suddenly when |4,) goes from 4.2 to 6.3°. The difference
in behavior in these two cases is largely attributable to the difference in the
roll-rate time histories, which in turn results from the fact that f>0in
(¢) and B <0 in (b). (The roll rate results are not presented on the
figures. The following comments are based on the computer output.)
In the caso P, == .060, 8, = 2.0°, p first decreases slightly, then increases
with time as a result of rolling moment due to side-slip, crossing over the
critical value .0796 at about .8 sec, and remaining larger till the end of the
calculation. Very soon after  exceeds py,, Aa starts to increase rapidly.
On the other hand, for p; = .040, $ never reaches the critical value, and
Aa is “well-behaved.” In Tig. 10.18q4, H,; = .140, the rolling moment due to
sideslip is negative and decreases the roll rate so that it falls below the
critical value at ¢ = 2.6 sec. This is again compatible with the reduction
in Ao that occurs at about the same time. It appears that the critical roll
rate derived by Phillips is a very useful criterion for a “well-behaved”
transicnt.

Figure 10.19 shows the variation of A« for the second case, which is a
realistic mancuver, resulting after 5 sec in a pitch-up (or down) of about 20°,
and a roll when 9, = 8° of about 1} revolutions, Again the lack of symmetry
between pitch-up and pitch-down is clear, the latter being the unfavorable
case for a roll to the left. The difference between Ag for 6, =4°and 6, = 8°
or 10° is striking. In the former case the detailed solution shows P <P
for the whole time, whereas the latter two have P> p,, almost
from the onset of the rolling motion. For the pitch-up case as well,
P, 18 exceeded for 8, = 12° and 18°, but not for 4, = 6°.

{

i
!
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Fig. 10.18 Variation of Aa during rapid roll. (a) Pitch-up ocaso, 3, = —2.0° () Pitol

down cuse, 0, = 2.0°.

In the discussion of thess examples we have studiouisly u‘n‘voided the t::f
of the word “stability” in describing the solutions, using well-l.)ehave.ed
instead to denote “acceptable behaviour.” We have Ilot in fuf:t (iiscovelov
anything about the stability of the solution prcsen.ted, in the 'Bt'“'Ct‘l y:(ﬁ:::, v
gense. They may or may not be continuous functions f)f the uutnahco tons
as { — 0, (although they certainly appear to be continuous for the rang
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Fia. 10.18 Variation of angle of attack in a combined pitoh/roll maneuver.

¢ considered). Furthermnore, the stability in that sense is actually irrelevant
(see closing remarks of Sec. 3.5). Whether or not the maneuver is an accept-
able one is governed entirely by the size of the Aa and AB excursions that

can be tolerated without structural failure or loss of control and not by the
theoretical stability of the solution.
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CHAPTER il

1.1 GENERAL PRINCIPLES

of the kind studied in some depth in Chapter
t inherent vehicle dynamics, they do
1 operating conditions. Every phase
be regarded as the accomplishment

Although open-loop responses
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not in themselves usually represelllt rea

* the flight of an aerospace vehicle can .
(())ii ntl:,:l:i:lt——lc flight En a specified trajectory. That trujcctory. mu).' s“llll.‘]i
be a straight horizontal line traversed at constant speed, or it l;?d): ﬂ)‘b.,
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but our knowledge of the physiological “mechanisin’ that intervenes between
logical output and control actuation is somewhat better (sce Chapter 12).
In the latter case-—the automatic control—the sensed information, the control
logic, and the dynamics of the control components are usually well known,
so that system performance is in principle quite predictable. The process of
using state information to govern the control inputs is known as closiny the
loop, and tho resulting system as a closed-loop control or feedbuck control.
The terms regulator and servomechanism deseribe particularapplications of the
feedbuck priuciple, Yigure 3.5 shows a general block diagram describing the
feedback situation. In the present context we regard y as the state vector, II(s)
as an operator (linear in the figure, but of course not necessarily so) and € as-
the control vector. Clearly, since real flight situations virtually always entail
closed-loop control, a study of the consequences of closing the loop is in order.

Another factor that cannot be separated fromn these referred to above
is the force amplification or power amplification conmon in the control
systems of large aircraft. As noted in Sec. 6.8, the control forces needed on
large high-speed aircraft may exceed the capabilities of human pilots. Thus
another dynamic system—powered controls—intervenes between the pilot
and the acrodynamic surfaces. Such subsystems are themselves commonly
servomechanisms—eclosed-loop systems that drive the surfaces in response
to pilot commands. Thus we are frequently concerned with “‘loops within
loops,” & very common situation. For example, the “outermost’ loop might
be a guidance loop that controls the error in vehicle position relative to an
1LS beam. An inner loop might be a stability augmentation systemn (treated
later in Sce. 11.4) whose purpose is to improve the inherent lateral dynamics
of the vehicle and, finally, within this one tliere may be still another loop
associated with the control-surface servo.

Although flight dynamicists (who usually come from an aerospace engi-
ncering background) and control engineers (who frequently have a back-
ground in clectrical engineering) usually communieate adequately on
problems of mutual concern, there is often understandably some difference
in their points of view. This is illustrated somewhat facetiously in Fig. 11.1.
At one extremne, the control engineer may overemphasize the many elements
that comprise the control system, and tend to minimize the role of the
dynamics of the vehicle itself—perhaps replacing all its rich and varied detail
with oversimplified approximate transfer functious. At the other extreimne, the
Hight dynamicist may substitute some simple algebraic relations for the
entire control system. Neither extreme is right for the final solution of real
problems, but both may have their merits for certain purposes. We naturally
tend here to the flight dynamicist’s view of the system in the illustrations
that follow. For example, it is sometimes very helpful to consider the loop
closure as simply modifying some of the existing aerodynainic derivatives, or
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Fra. 11.1  Closed-loop control—two extrome views. (a)
(b) The flight dynamicist’s viewpoint.

T'he control enginver’s viewpoint.

adding new ones. Specifically let y be any nondimcnsionf}l state vu;mbl:(;
and let a control surface be displaced in response to this variable according
Ad = k Ay;
(Here k is a simplified representation of all the sensor and cgn.t,rol Zysl;flllnl
dynamics!) Then a typical aerodynamic force or moment coefficient G,

the law k = const

be incremented by AC, = C,, A8
(1L.L1)
= C,k Ay
This is the same as adding & synthetic increment
AC, = kC, (11.1,2)
dy a8

Thus if y be yaw rate and & be rudder
t in the yaw-damping derivative 18
(11.1,3)

to the acrodynamic derivative C,,
angle, then the synthetic incremnen

AC, = kC,,J'
which might be the kind of change required to correct 11-‘ (llu‘t:erul dly::::j:.cﬂ
Thi s is in fue basis of the often-upplied “yaw da ,
roblem. This example is in fact the is of : yaw .
5 stability-augmentation feature. Aguin, if y be the roll angle and 4 the
aileron, we got the entirely new derivative
Ciy, = kC'd.

the presence of which can profoundly change the lateral characteristics.

(11.1,4)
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SENSORS

We have already alluded to the general nature of feedback control, and
the need to provide sensors that ascertain the state of the vehicle. When a
human pilot is in control, his cyes and kinesthetie senses, aided by the stand-
ard tlight information displayed by his instruments, provide this information.
(In addition, of course, his brain supplies the logical and computational
operations needed, and his neuro-inuseular system all or part of the actua-
tion.) In the absence of human coutrol, when the vehicle is under the
commund of an autopilot, the sensors must, of course, be physical devices.
As already mentioned, some of the state information needed is measured
by the standard flight instruments—air-speed, altitude, rate-of-climb,
heading, ete. This information may or may not be of a uality and in a form
suitable for incorporation into an automatic control system. In any event
it is not generally enough. When both guidance and attitude-stabilization
needs are considered, the state information needed may include:

Position and velocity vectors relative to a suitable reference frame.
Vehicle attitude (0, ¢).

Rotation rates (p, q, 7).

Acrodynamic angles (a, f§).

Acceleration components of a reference point in the vehicle.

The above is not an exhaustive list. A wide variety of devices are in use to
measure these variables, from Pitot-static tubes to sophisticated inertial-
guidance platforms. Gyroscopes, accelerometers, magnetic and gyro compasses,
angle-of-uttack and sideslip vanes, and other devices all find applications as
sensors. The most common form of output is an electrical signal, but fluidie
devices (ref. 11.1) are increasingly receiving attention. Although in the
following examples we tend to assume that the desired variable can be
measured independently, linearly, and without time lag, this is of course
an idealization that is only approached but never reached in practice.
Every sensing device together with its associated transducer and amplifier
is itself a dynamic system, with characteristic frequency response, noise,
nonlinearity, and cross-conpling. These attributes cannot finally be ignored
in the design of real systems, although one ¢an usefully do so in preliminary
work. As an example of eross-coupling effects, consider the sideslip sensor
assumed to be available in the stability augmentation system of Sec. 11.4.
Assume, as might well be the case, that it consists of a sideslip vane mounted
on a boom projecting forward from the nose. Sueh a device would in general
respond not only to g ==sin=? (v/V) but also to atmospherie turbulence
(side gusts), to roll and yaw rates, and to lateral ucceleration a, at the vane
hinge. Thus the output signal would in fact be a complicated mathematical
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function of several state variables, representing several feedback loops,
rather than being simply proportional to f ws assumed in the example.
The objective in sensor design is, of course, 1o minimize all the unwanted
extrancous effects, and to provide sufticiently high frequency response and
low noise in the sensing system.

This brief discussion serves only to draw attention to the important design
and analytical problenis related to sensors, and to point out that their real
characteristics, as opposed to their idealizations, need finally to be taken

into account in design.

1.2 EXAMPLE—SUPPRESSION OF THE PHUGOID

The characteristic lightly dumped, low-frequency oscillution in speed,
pitch attitude, and altitude that was identified in Chapter 9, was scen in
Chapter 10 to Jead to large peaks in the frequency-response curves (Fig. 10.3)
and long transients (¥igs. 10.6 and 10.7). Similarly, in the control-fixed
cuse, there are large undamped responses in this mode to disturbances such
as atmospheric turbulence (sce Chapter 13). These varintions in speed, height,
and attitude are in fuct not in evidenee in actual flight; the pilot (human or
automatic) effcetively suppresses them, maintaining fight at more or less
constant speed and height. The logic by which this process of suppression
takes place is not unique. In principle it can be achieved by using feedback
signals derived from any one or a coinbination of pitch attitude 0, altitude
2z, speed ¥, and their derivatives. In practice, the wvailability and accuracy
of the state informution determines what feedbuck is used. We shall sce that
u simple negative feedback of piteh attitude suffices effectively to climinate
the phugoid. Pitch attitude is instantly and sccurately availuble from cither
the real or artificial horizon. We shall also see that opceruting on speed error
can produce pitch maneuvers free of phugoid oscillations.
Consider the system shown in Fig. 11.2,1in which 0, is the pitch command,

g

Control Aircraft

Fia. 11.2 Phugoid suppression system.
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@ (5) is the OVcl-'B." transfer function of the control system, and g is o dis-
turbance (gust) input. The piteh attitude is given by

0 = Go,d + Gus 3, (11.2,1)
and we readily find the overall transfer functions
2_ — GGy
0, 1+ GG,
é _ a, (11.2,2)
g 1+ GGy

The s‘ta.})ility with respect to 0, or g inputs is given by the roots of the cha
acteristic equations of these two overall transfer functions. So long as 6, a rd
g are both inhomogeneous inputs to the linear aircraft systembit cu.‘l ll\)
seen ?lnf.t, the denominators of Gy; and Gy, ure the same, each bein, the : ;
acteristic polynomiul det (sI — A) (see Sec. 3.2). Thus ’we may wrgit,e .

_N N '
Gpy==2 Q=22 (11.2,3)

0 G,N,

0, D+ Q,N,

0: _ W, (11.2,4)
g D+ GQ,N,

The pf)les of .thcse transfer funetions, which are the roots of the characteristic
equa.uons, will be the same if @, N, and N, have no poles (or the same poles)
and in that case the stability with respect to gust inputs will be the same az-,)

that for pitch command in
. puts. A reasonably general for :
this application is Y gonersl form for G,(6) for

k
a,s) = ::l + ko + kg8

For obvious reasons, the three terms on the r.h.s. are called, respectivel

integral control, proportional control, and rate control, because ot: t,lleliva “;flg ;
operate on the crror e. The particutur form of the controlled systcmy h y
(l'“(s)., determines which of k,, &, k; need to be nonzero, and what’ t,le[:e
mugn‘lt,l‘ldcs shonld be for good peformance. Integral cont’rol hus the chlclr
acteristic of a memory, und steady-state errors cannot persist when itaf—
present. Rate control has the characteristic of anticipating the future val .
of the errov und thus generates lead in the control actuation. It turny ;::
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e ((s) = K, a

i i : s choos
that all we need here 18 proportional control, so we

constant, and the characteristic equation is
2,6
D(s) 4 KNy(s) =0 (1 .)
i [ { \ s yaw 1
To procecd further, we need explicit expressions for N 1 u.n(:l D. LW<; ]zn.v v
Se l 10.2 that the phugoid approximation to @y i8 quite good up Lo lovalel
euons t of the short-period mode. Since we may expect L
hugoid is of the same order

15b) in this analysis

frequencics near tha
the elevator frequency needed to suppress the p o
as the control-fixed phugoid frequency, we n'my use (10.2,
(and this is verified a posteriori). We therefore have

Ni(s) = ngs” + S + o (11.2,6)
D(s) = 0282 + C,8 + L

i ’ ined from
Approximate expressions, good enough for this example, are obtained

i = <Cf.
(10.2,150) by neglecting Cp, and assuming Cp, = —20),, and Cp,< La

We then get

Cl"
Ny = —4‘142 E,-,i
Cos
", = —-2‘14(;‘[1’10
" Cos (11.2,7)
np = —2(CL.Cop, Cy iy, — CU“HC,,.,
cy = 444
(11.2,8)
¢, = 4puC)y,
Cy = 20",.2

The characteristic equation is, from (11.2,5) and (11.2,6),

= 11.2,9
(g 4+ Knp)s® + (e + Km)s + o+ Kng) =0 ( )

and the feedback is seen to affect every term in L.hc c(!uat;(})n. V:’:y::]s:) :1):2:;1;\;:

that the numerator of the opeu-loo.p transfer 1unclt|lon :,S[:cm

role in determining the characteristies of the closcd- uu{:w{"cd f;m“ 129
The frequency and damping of the systein are now o

w8

23
; A 1 4+ Kngle
w), = (eo : f{:) — w,.(-——“—‘l i Knjc:) 112,10
c, Ty L
or : ¢, + Kn, (1 4 Knyjey)

- ——— 2
= ’ e
\/(c2 + Kng)e, + Kny) \/(1 + Kngley)(1 Kngfcy)
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where ©, = (¢,/¢,)" und 2C:=c,/\/c;, are the fixed-control phugoid

parameters. Using the data for the jet transport cruising at 30,000 ft altitudo -

given in Sec. 9.1, and C,,, = C,, we get the numericul values

Ny n,

=202, M= 130, 2=-10
Gy c, ¢y
' ! — ¢ D 14
from which ©y _ (1 21;\3:’1()
o o (11.2,11)
Ky 1 — 130K

L Ji — K)1 — 2.02K)

Even with siall gain K the damping of the phugoid is very much increased.
The original value was { = .0535, so to produce a dead-beat transient for
which { = I, we require {’/{ = 18.7, which is produced by a gain —K = .17.
Note that the gain is ncgative, since a positive error ¢ indicates the nose is
too low, and up-elevator (4, < 0) is required to correct. With the gain needed
for { = 1.0, we get w,/w, = 1.07, so the frequency has been increased by
only 7Y%, and the phugoid approximation for Gy, is clearly adequate.

This culculation shows how a human or automatic pilot could eliminate
the phugoid oscillations quite simply, using readily available state information.
The exact control law by which a human pilot actually achieves this result
may in fact be somewhat ditferent from that assumed here, but it is probable
that 0 is the prime variable on which he operates.

CHANGE OF FLIGHT-PATH ANGLE

The phugoid makes jts presence known not only in the form of transient
perturbations from u steady state, but also in maneuvers, as illustrated in
See. 10.3. We saw there for example that in changing from level to climbing
flight by opening the throttle (Fig. 10.7) there results a protracted, weakly
damped approach to the new state that would take some 10 min to complete.
Trunsitions fromn one value of y to another are obviously not made in this
manner, and the pilot suppresses the oscillation in this casc as well. Provided
that the corrcet 0 is known for the climb condition, the same technique as
discusscd above would work, i.e. proportional eontrol operating on pitch-
attitude error. We illustrate an alternative concept that does not require any
knowledge of the final correct pitch attitude, but that uses speed error alone.
Figure 11.3a shows the system. In this case it is found that proportional
control is not adequate—it serves mainly to shorten the period of the oscil-
lation, but has little effect on the damping. To improve damping nceds rate
control, 8o the control law used is

Q) =k, + kys; Kk ky >0 (11.2,12)
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‘ Disturbances ; where D(s) i given by (11.2.6) and (11.2.3) and

isturbance

g Ny(s) = ms + m,

i»k' [ '—)_“(1:3‘(1.-3 /('..'. .

7 myg — Cpp  Cp Uyt Oy (L2 1)

The characteristic equation [ef. (11.2,5)] is
D(s) + (k; + kz8)Ny(8) = 0
which becomes
(Ca A mikg)s® + (o) + miky + mokz)s + (co + k) == 0 (11.2,15)

The new characteristic equation is again second order, being the sum of
the original one and ndditional terms. When the signs of the quantities
in (11.2,14) ure taken into account, the modifications to the three original
coffiecients can be summarized thus ‘

t, sec

¢y increused by amount proportional to k,
¢,: increased by amounts proportional to k, and k,
¢y: increased by an amount proportional to k,

Since there are two frec constants, k, and k,, we can analytically satisfy two
conditions by means of (11.2,15)—one on the period, and one on the damping
of the closed-loop system. This procedure is fairly obvious, and is not elabo-
rated on here. The values of the constants finally chosen have to be con-
struined of course by practical considerations related to sensor and control
hardware limitations. Finally, the approximate analysis has to be verified
with the complete system of cquations. As an example, Fig. 11.3 shows the
response to a step input of thrust obtained using analogue computation of
the full system of equations. The constants used were

k, = .30 rud/unit; k, = 1000 radfunit

e — — Open-loop response

The first corresponds to a deflection of 172° per 1% change in speed, and
Closed-loop response t ! . € P

the second to 25.3° per g of forward acceleration. The airplane and flight
condition of the figure are the same as those for Kig. 10.7. The dashed lines
show the beginning of the phugoid response that would exist without feed-
back. This would take about 10 min to deeay. The solid lines show the
response with feedback, and we see that for all practical purposes the
transition is completed smoothly and rapidly—within about 15 sec. There
is a small overshoot in y, and small errors in AV and Ad that die out rather
slowly. This feature could be eliminated at the cost of some additional
complexity by introducing some integral control. The elevator angle variation
required to accomplish the transition is seen to consist of an initial step
(up-elevator) followed by a gradual reduction of the deflection. The conditions
near ¢ = 0 are, of course, somewhat artificiul because of the step input used.

(b)

peed foedback. (b) Suppression of phuguid by closed-loop

Fig. 11.3 (a) System with &
control—response to thrust change.

\osen to give the required currc‘:ctions.
ove, the characteristic equation can
fer function, in this case Uy, 1618
proximations as used above,

where the signs of the guins have been ¢l

Just as in the case of 0 feedback ab
be obtained from the approximate trans
given by (10.2,15a), i.c. with the same ap

.. = Nals) (11.2,13)
¢ D)
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. use, and the variability of the schemes used Lo provide power or force
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A gradual thrust increase would have resulted in a gradual deflection of the
clevator. 1t should be noted that the error in AP, the primary quantity
sensed, is indeed kept quite small. The role of Aa is worth commenting on.
At the scale of the figure, there is practically no a change in the open-loop
case within the time span shown. The “pulse” in « in the closed-loop case
clearly has the effect of producing a corresponding pulse in lift that rotates
the velocity vector through the required angle.

Finally, it should be observed that in theory a human pilot has all the
state information that we have assumed was available. ¥ and V could be
obtained from an airspeed indicator, and additional information about 14
can be felt as an inertia force (a “seat-of-the-pants’ input). An autopilot
could readily have AV supplied in electronic form by a conventional trans-
ducer, but ¥ would be somewhat mnore troublesome. The two principal
alternatives would be differentiation of ¥, or an acceleration signal from an
inertial platform. ’

i1.3 EQUATIONS OF MOTION OF THE CONTROL
SYSTEMS

Up to this point in our development of the subject we have not found
it necessary to consider the dynamics of the vehicle’s control systeims per se,
although the omission of this feature was pointedly noted in the previous
section. In fuct the dynamnics of control systeins not only enter into closed-loop
behavior but are also implicit in the stability of vehicles with free controls.
When the controls are reversible (i.e. when an external force applied at the
surface can cause it to move), the stability with free controls may be appreci-
ably different from that with fixed controls. This case can be thought of in a
sense as belonging to the feedback class of control problems, sinee the control
angles are then governed by certain inherent aerodynamic and inertial
feedbacks.

The wide variety of control system types and configurations in common

amplitication make it virtually impossible to present a universal analysis
of uny use. We therefore sclect one hypothetical model of & control system,
and show how its equations of motion are derived. Generally speaking, a
similar procedure would apply to other cases. The model s thut depicted
in Fig. 11.4. It consists of a rigid elevator surface, connected by o rigid
frictionless linkage to the pilot’s control and to a hydraulic jack. The airframe
structure to which the system is attached is also assumed to be rigid. The
external forces acting are the pilot control force P, the juck force J, and the
acrodynamic hinge moment £, Gravity is neglected since it is cssentially
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L Mg | Sl |
J [3 g

Fia. 11.4 A hypothetical slevator system.

a constant that only affects the equilibrium position slightly. The syst

has two degrees of freedom relative to the frame F.., i.e dy.and 0 4 'I(‘illxn
control system shown represents a power assisted elefx;tor. ax'ld does :1;)t ine
fz‘or.porate explicitly any provision for closed-loop positionin’g of the elevato! -
This \\(ou]d require a somewhat different physical arrangement, and :
governing cfpxution would be different from that derived below ’ .

We obtain the equations of motion by applying Lagrallg;s’s equatio

(5.12,.3), the procedure being somewhat analogous to that used in Se?: 5 12n
In this application, since rigidity hes been assumed, the struin enerr' U is
20r0. €, stunds for cither 8, or 0, so that there are two equations of ﬁl);tiorlls
As in See. 5.12 the gencralized foree #, must include the inertia fo )
asgocinted with aceeleration and rotation of the reference frame Fy, e

THE KINETIC ENERGY T

The kinetic cner i
. he kinetic cnergy of the moving masses (elevator, levers, pistons, rods
4 Y . P 1a ’
ete.) can for small displacements always be expressed in the form ’

T =82+ 1,80, + 4,0, (11.3,1)

The coeflicicnts of thi i ized ias, and d be e
. ;(;(,ﬂl'ut,lltb of this ecquation are generalized inertius, and could be com-
‘l > 3 ¥ 1 » > 1 1
Pute ) by itegrating the encrgy associated with 6, and 0, over all the moviug
. o . .
material system. These incrtias are assumed to be constants

THE GENERALIZED FORCE &,

i The generalized force .is given by (5.12,8), where W is the work done by
1e external acrodynamic and inertia forces during a virtual displacement
of the system. Let it be expressed as

AW = H, A8, + P Asp + J As, + AW, (11.3,2)

where s, and s, are the di
: N displacements of the forces P and J respectively,
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and W, is the work done by the inertia forces. Thus

ow 0s 0s oW,
W oy ypPtydT =
2, et o, %, to W
(11.3,3)
aW:]’?.iL'_i,Jz‘?i+?_lK‘ b

20, 00, 00, 90,

The kinematic derivatives dsp/0d,, ctc., are gimple constants, readily deter-
mined from the geometry of the linkage.
We now require the derivatives of W,. The inertia force field is given by

df, = —(a — r')dm (11.3,4)

where a is acceleration of dm relative to F,given by (5.1,8) andr’ = [+, ¥, z)T
is its position vector in Fp. The work done in a virtual displacement by this
field is

AW, = I (df,, Az + df, Ay + df,, 82) (11.3,5)
where the integration is tuken over the whole control system. To carry out
this integration exactly clearly requires complete information about the
masscs, sizes, and locations of all the moving elements. It is in principle a
straightforward albeit tedious process. In the interests of simplicity we
neglect ull contributions to W, except those of the elevator surface itself,
and that we treat as a lamina lying in the zy plane. The relevant geometry
is shown in Fig. 11.6. The displacement of the element do is in the direction
Oz and of magnitude £ Ad,. Hence only the last term of (11.3,5) is nonzero,
80 that

AW, = I df, & A8,

On using (11.3,4) and (5.1,8), remembering that z = & — y == 0, we get

AW, = —Aé,I[ao‘ + a(pr — §) + ylgr + P& dm (11.3,6)

1t follows that

oW, _,
20,
‘%:L‘ = —(¢U‘I§ dm — (pr — q')ja: dm — (qr + j))Iy& dm  (11.3,7)

Since elevators are normally symmetrie about Uz, the last integral of (11.3,7)
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Hinge line
yl
Elevator mass
center

Fia. 11.6 Horizontal tail.

vanishes. The first is, by virtue of the definition of mass center

f& dm = me,

where i, is the mass of both elevators, and e, is as shown in Fig. 11.6. The

second integral is the product of inerti
ia of the ele its hi i
and the y axis. 1t is denoted retor it fa hinge fine

f):& dm =P,

(11.3,8)

(11.3,9)
Equations (11.3,7) now read
Z_’_’Ki = () aW,.
30, = {); W = —m,eay — P (pr—¢) (11.3,10)
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3. reneralized forces
and finally, on combining (11.3,10) and (11 3,3) we get the generalized force

oW H 4k, P4k — mete, — P, (pr — 4 (11.3,11)

ad,

7 =W Pk
a0 ‘

Fy =
J

] is the matrix of kinematical gearings 0s 00, ete.
i

]

where [k

EQUATIONS OF MOTION

[h(} e uations ol m tion are Obtulllﬁd by Bubﬂtltlltll]' l.hc ’Ul]elullZCd
1 101 1 no g 4

forces and the kinetic energy in Lagranges equations, 1.6

(@)

()
(11.3,12)

1,8, 41 J(jJ = U, + kP + ko — me8e, — P pr — )
e & €
1, 8: + IJGJ = ky P + kot

¢ rhs. of () are the only nonlinear ones, and in
made, linearization of these 18 1n order.
leration of the vehicle mass center u.'nd is
ns, and for small distur-

The inertia terms on th
view of the assumptions already
i " the acce
4. is the z component of .
gl'::/cn by (5.3,18). Without the Earth rotation ter:
bances, we get
ay = W — qu

U == hat the linear
From (4.3,4), in the linear case, w = Vag and u =V, so tha

expression for the acceleration is
ay, = Vo — qV,
and (11.3,12) become |
I, 8, + IaJaJ = I, + knP + ko — meV (@ q) A Pl (a)

) ()
1,8, 4 1,0, =knP + k)

These equations, when combined with

convert 8, from a nonautonoious to an
[ N )

the autonomous set, and introduce P an

The aerodynamic foree I, i3 & function of the state var

Mo ALy Hy AV + H Do - Hod + Hg -+ Hs A, + 115 6, (o)

(11.3,13) '

the vehicle equations of motion,
autonomous variable, udd 0, to '
d J as nonautonomous variables.
inbles, i.e. [cf. (6.5,2)]

(11.3,13)
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and provides aerodynamic coupling (feedback) between the vehicle motion
and the control force. Similarly the terms containing « and g in (11.3,13a)
provide inertial coupling between vehicle and control dynamics. ’

INERTIAL COUPLING

Although little can be done to influence the aerodynamic coupling, the
inertinl coupling is amenable to control by design. If the elevator mass
center is on the hinge line, e, == 0 and one coupling termt vanishes—i.e.
acceleration in the z direction will then not tend to induce motion of the
control. With reference to Fig. 11.5, we can calculate P, as follows

P:z =J§-’IJ dm

= —lm,e, — sin AJE |¥'] dm — cos Affz dm  (11.3,14)

For P, and e, both to be zero, we would require

sin Af& |¥'| dm + cos Af&’ dm =0 (11.3,15)

This condition cannot be met if A = 0, but in principle can be if A # 0 by
the addition of suituble bulance weights. When both P,, and e, are zero we
have complete dynamic balunce of the elevator, and rigid body motion of
the vehicle does not induce motion of the control.

The problem of reducing inertia coupling when aeroelastic flutter is the
issue is similar to, but not the same as, that discussed here. The relevant
product of inertia would in general be a different one [see (11.3,24)].

THE SERVO EQUATION

The pair of equations (11.3,13) do not normally give the whole picture.
The control systemn illustrated in 11.4 is intended to operate with 8, as near
to zero as possible. Typically a hydraulic system for this application would

> sense 0 as an error, and control the flow of high-pressure fluid to the piston

8o as to reduce it. A solenoid-controlled servo that could perform this function
is illustrated in Fig. 11.6. The ports are such that the actuator is forced to
follow the valve spool. In this case the error signal might be generated by a
displacement transducer attuched to the link 4B of Fig 11.4 and used via
an intervening electronic system to position the value spool. Alternatively,
an enlirely mechanical linkage could connect the value spool to the pilot’s
control. Servos like this one have the characteristic that the volume rate of

" flow of oil is very nearly proportional to the valve crror, regardless of load.
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High-pressure
Oil return supply Qil return
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Centering spring”

Fra. 11.6 Schematic of solenoid-controlled hydraulic servo.

Since the flow rate is proportional to the velocity of point.A, wlnc'h' is ai
linear combination of 8, and 0, and since the valve crror is proportiona
to 0, the servo equation in this case would be

aé‘ + 0_, . b0_, (11.3,16)

Adding this equation to (11.3,13) completes the sysu?m, u,ndl ‘huef tzn(:)lt:lﬁet;g
of teansferring J to the autonomous set of tft,u.t,e vul'lu,.blcs,“t,u;u:lb ',hior_
as a nonautonomous input. The functioning of the SCrvo itself nl\)t :(,l nelli b
hood of an equilibrium point, as an uncoupled system, 13 dc:st.:n lu( I;.y 1‘) :l.anf_
AV, a, and g == 0, leading to the control system equations (in Laplace

formns) dat — Ilgs — ) Ty —ka|[AS ks
I,,s% 1,8 —kp|| 05| = |kul? (11.3,17)
as s—b 0 J 0

From this equation the A5,/ P transfer function cun rcud.ily be foun(l‘. 'lhg
charucteristie equation is found by expanding the determinant of the 3 X

matrix, and is a cubic. —

If the servo is powerful enough that 0, may be assumed to .b(, .1dt.,nt,1(,a.lly
zero, then a substantial simplification results. In that case (11.3,16) 1s super-
fluous und J can be climinated via (11.3,12), i.e.

U,y 8, — kal) (11.3,18)

If furthermore the inertial coupling 1,, is negligibly small, which can be
ensured by design, we get the desirable simple result

J— _kup_yp (11.3,19)
2%
Assuming both the above conditions to hold, the first system equation reduces
to k,.k, L
(st — s — Hy) D8, = (ku — _'—ﬂ) P (11.3,20)
! L
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and gives a sccond-order transfer function connecting £ and A4,. The corre-

sponding equation with the « and g terms present is obtained from (11.3,13a)
as

—II, AV + [(me,V, — Hy)s — H,) Aa — (P, 8 + me,V, + 11 )g
4 (I,8° — Hp — H,) A8, = KP (11.3,21)

where K = k"(l — %)

kg
Although perfect dynamic balance of the elevator surface may not always
be achieved, the inertia conpling terms are often small. If they can be
neglected, we get the simplest equation that still contains the essential

ingredients of the control dynamics—i.e. the inertia of the control elements
and the acrodynamic feedbacks:

—~Hy AV — (s + 1) A& — H G + (I,s* — s — H;) A8, = KP (a)
(11.3,22)
With similur assumptions, the cquations for the other two control systems are

Rudder system:

—Uyp— Hp— 17+ (Is*— Hjs— Hy) 3, = K, P, ()
Aileron system ; (11.3,22)

—2U,p — 217 + (I,s* — 2Mls — 211,) §, = K,P,  (c)

For the aileron system, 4, is the downward deflection of the right-hand
surface, assumed equal to the upward deflection of the left-hand surface.
I, is the gencralized inertia of the entire system comprising both surfaces

and all connected parts, but I7 is the aerodynamic hinge moment on one
surface only.

COUPLING OF CONTROLS WITH ELASTIC DEGREES OF FREEDOM

In Sec. 5.12 we presented equations of motion for elastic modes with con-
trolslocked in a fixed position, and in the preceding section we have developed
the control equations for a rigid airplane. Thus, coupling between controls
and elastic mnotions has been excluded. In fact, as is clear from the existence
of the aileron reversal phenomenon (Sec. 8.4), and the effect of flexibility
on elevator effectiveness (Sce. 7.4), there are important couplings between
the control degrees of freedom and the elastic degrees of freedom. To include
these entails modifications to both the olastic equations (5.12,7) and (5.12,12)
and control system equations such as (11.3,12). The details depend on
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which control system is being considercd—aileron, elevator, ot rudder—and
on its particulur design features. We illustrate the process by considering
ihe clevator surface and its coupling with z deflections of the vehicle. Wo
treat a cuse of one degree of freedom by stipulating 0, = 0.
"The deflection of the structure from the reference position is now given

by |ef. (5-12,1)]

o0

Z() = Zoh,,(xo, Yor Zo)Enlt) + Dy BO1)

n=
where h; is zero except for points of the elevator, where it is hs = & and &
is the distance from the elevator hinge line, as shown on Fig. 11.5. Now the
displacement function represented by the last term is not in general ortho-
gonal to the h,, and hence the integrals of its products with them that
appear in the kinetic energy do not vanish. This leads to the appearance
of an additional term on the Lh.s. of (5.12,7), viz. (an exercise for the reader)

1n(.€.n + 2cnwuéu + wnze) -+ 1116 Se = 'g’-ﬂ (113’23)
where I, =J.h"£ dm

the integral being taken over the elevator.
Similarly, the Lhus. of (1 1.3,13a) (with 0, == 0) becomes

158¢+21116€:A:"' ' (113,24)
n=-0

The terms containing I,; in these equations represent inertial couplings be-
tween the elevator and elustic degrees of freedom. That in (11.3,23) corre-
sponds to “tail wags dog,” i.e. acceleration 3, of the clevator gencrutes
motion in the nth elastic mode. This may be expected to be a small effect
in most cases. That.in (11.3,24) represents the converse, “dog wags tail,”

i.c. elastic mode accelerations &, generate motion of the elevator. This

contribution is very significant in relation to control-surfuce flutter, and is

minimized by proper mass balancing of the control surfuce to reduce Ins

for the critical elastic mode.

The remaining modiicutions to the equations of motion vceur vu the rhs.
For the elastic modes the only addition is one aerodynamic lerm Lo F e
A, A, Lo (5.12,12) or (1,5 88, to (5.12,13). These serodynamic contributions
to elustic motion are usually important. The addition to the control equation
is also an aerodynamic coupling. There I, in (11.3,13¢) becomes

H,=---+ '211"55" (11.3,26)
')

=
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In sumimary, the clastic und control cquations are both modified by addi

tional bllll])]b‘ lllclt“l] terms on tllc ].h.s u“d by acludynﬂlnlc terms on the

1.4 EXAMPLE—STABILITY AUG
FOR STOL AlRPLANE MENTATION SYSTEM

th;: LSl;ec. 9:8, where we considered an example STOL airplane, we found
doume\e V\;splral xml)df1 was unstable, with an uncomfortably shc;rt time to
. We remarked there that a feedback stabili
) : ty augmentati ]
might be useful. How should we t ” o e
. d to synthethiz
el procee ynthethize such a systemn?
Ofeutlzn ch(;ose any of (f, p, r) as variables to sense, and feedback fu)lllctions
o rn ];c . (111.2,1)] t.o produce command signals for the aileron andjor
; "el. ut :vluch variables shall we choose and what functions of them
a 7| Y. S 1N efy ict
feledb:f— ugt,. Here the “flight dynamicist’s approach” of looking at the
P 1(1: xl;:oi:tll oll iyx;teil; usfa. way of modifying the aerodynamic derivatives
. 1L welptul. The full set of synthetic chan
' : . ges that can b i
the six lateral moment derivatives is described by the rela.tio:: e made n

Ly N
'Ly N
AlL, N,|=[k;]" b “‘] (11.4,1)
L, N, s N, |
where [k;,] is the 2 x 3 matrix of feedback gains, i.e.
Ad, 4
M e, p (11.4,2)
Thus for example, -
Abdy = kB + kyup + kyyr
(11.4,3)

and AN, = kN, + kplN,,

. . . S
};?::Luc.)us (511.4,2) are written in dimensional rather than nondimensional
'm, since the sensing devices used to gener i
n, sl generate the feedback signals w
or('i‘munly operate on the dimensional physical variables gl would
Stmh(::(.: relations lfmst now be applied with good engineering judgment
o n u:gfubout blindly in the six-dimensional parameter space of the & is;
a satisfuclory way to find the solution. ¥i y
va, . First, the number of nonzero &,
n:]l::t be kept to a minimuim, sinco each one entails extra hardware or circuitr;
a fy . . . !
add :"g totweq__,ht, cost, complexity, and failure probability. Second, the engi-
must take advantage of his understanding of the system and of the
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fault to be corrected. Here the fault is that the spiral mode is unstable, the
other two modes being stable. We know that the criterion for spiral stability
in horizontal flight is (9.7,6)

c,C, — C,'C,,ﬂ) >0

14Cn, (11.4,4)

and that it must be the violation of this criterion that is the cause of the
instability. On examining Table 9.9—for example at Cp = 4.0—wo find
the left hand side of (11.4,3) to be

(.010)(—.25) — (.67)(.120) < 0

We also observe that there is no hope of correcting the situation without
changing the sign of one of the four derivatives. In fact the one to which
our attention is naturally directed is C,,, which is here positive, but is ordi-
narily negative for “well-beliaved’’ airplanes. A ‘“‘synthetic” Ct,, of the
required sign can be introduced by aileron feedback of the form

Ab, = kyf, ky, >0

In fact, an attempt at a solution based on this sideslip feedback for Oy, = 4.0
was unsuccessful. When k), was made large enough to stabilize the spiral
mode, the lateral oscillation was driven unstable. Now we observe froni
(9.7,13) that C,, is the main factor available to control the dumping of the
luteral oscillation und hence an increase in |C,| is indicated. This is also
beneficial in meeting (11.4,4) when combined with a change of sign of Cl‘.
We therefore choose u second nonzero gain, k,g, so that the control de-
flections are given by

Aéu = kuﬂ
NS, = kyyr

kll > 0

ky > 0 (11.4,5)

The control derivatives assumed for this example, represcntative of those
that pertain to a deflected slipstream configuration, are

C,,, = —-13/rad

C,y, == +04frad

Cpy, = —.30/rad

uy

Gy, = --.04frad

With these derivatives, and a control law given by (1 1.4,5), values of ky,
and k,g can readily be found that climinate the instubility in the spiral mode
while maintaining a stable lateral oscillation. 1n point of fact it is only a
little more diflicult in this case to incorporate & more reulistic feedback law
than the simple gains of (11.4,5). Consequently the cxample has not .been
computed with (11.4,5) but rather by assuming that each control actuator
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i8 a first- ic
a first orde}' dynamic system of fast response time. The correspondin
control equations used were ¢

[6“]_~ 10 A, K, 07[p
=] [0 L]

which implies tlmtj the time constants of the aileron and rudder position
servos are, respectively, 1Yy and % sec, that there are zero time lags in the
B and r sensors, and that the steady-state gains are

(11.4,6)

Aileron: ki, = K, /10 deg/deg
Rudder: kg3 = K,,/12 degf(deg/sec)

Efquatl'ons (ll..4,6) are now incorporated into the basic lateral equations
o motn?l\ to yleld the final mathematical system, After converting (11.4 6‘)
to nondimensional form, we get the result (11.4,7). The eigenvalues of (11.4’7)

g Cyg 612 Cy, 1 Cuw, = —
____________ 2u 2 3 4 e 0 0 8
A Cy a. i
___________________ z = i 1s 1 T P
D} Cnﬂ Cnp Cn” (,',, -------- C --------------------
B - 2 0 da "3, A
= 1 1 v 7 4
---------------- 3 L bd I I,'
D 1
$ v a1 0 0 0 0 é
Do, A
0y Hy 0 0 0 —10¢% 0 Aé,,
Doy 0
L J v 0 0 —12¢* Adr
(11.4,7)

;‘/f}re lculcu}z:,ted f(.)r ranges of K, and K,;, and a typical root locus is shown on
ig. 11.7. There is u substantial range of practical gains for which stability

i i . 11 [) i -
18 a(;h eve(l l‘()[‘ cxam le 1()[‘ k = I“’ K = 20 'he spira a,"(l I)"' Ch-Tro
h v l.i i . 11 23 4 pl l l “

Spiral: b = T4 see

Oscillation: 7' == 12.4 sec, N, = 2] cycles

The cox:responding control gains are, respectively, 1 deg/deg for the aileron
and 1.67 d({g/((leg/scc) for the rudder. These are both quite modest a.nd'
would not likely present any exceptional problems of control design.
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Im=a
—10.060
0 Ku = 10
15
—10.040
Lateral ]
oscillation
30 = Koa —0.020
Spiral 25 15| 0=Kaa
N1 Lyesb 11 Re =i

>€ e 4 LAY

o 0010 0020

¥ia. 11.7 Root loci for stability augmontation systom.

ELIMINATION OF STEADY-STATE RUDDER ANGLE

The solution presented above contains a feature which could possibly be
undesirable—i.e. thero is o steady-state rudder angle associated with constant
yaw rate . This means that the autopilot would generate a rudder deflection
during steady turns, with 8, >0 for right turns and vice versa. This is
opposite to the rudder deflection wanted in the turn (sec Sec. 10.4), and
hence we have the autopilot opposing the human pilot. If this situation
occurred with any [requency, the pilot rating of the aircraft would be ad-
versely affected. On the other hand, Cyy, = 4.0 represents a very low speed,
presumably associated only with landing and take-off, und not ordinarily
with turning flight. Thus it would depend on factors somewhat outside the
scope of this example whether this steady-state behavior of the autopilot
presonted s problemn or not. ’

In cruising flight this problem would be more serious, and it would be
desired to eliminate it. We illustrate here how it could be done.

The steady-state response of the rudder system can be eliminated by
incorporating what amounts to a high-pass filter with zero static gaint in
the rudder loop, as shown in Fig. 11.8. The feedback element Kyy7s/(1 + 78)

1 A “washout’ cirouit.
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][ Ky IL
+
+ , | 8%
+10 o
Piiot ’ ’
inputs Aircraft
+
$+12 | 75, >r
K . TS
e l+7s

Fia. 11.8  Stability augmentation system for STOL airplane

has zero static gai
gain (see Sec. 3.2), so that & _is zero
, wh =
frequency response of this element is ’ o 7 const. The

Oliw) = Kniwt

i (11.4,8)

80 that for 3
» ":a:fl 10:0wl:bi—> w’l'i(iw) — K,;. Thus by proper choice of 7, the filter can
3 chuve like u simnple gain of K,y above a chos
b Lo behav : en frequenc .
:o u:}uly;o the system with the filter incorporated, we could find (:henogel:il
ransfer function of the closed-loo ;
. un ' p system and calculate the root
Elm{ ‘afcterlstlc equation, or alternatively we can modify (11.4,7) to corE:'e(;f :r}:;
]y i .
0 Fig. 11.8. The latter procedure is by far the simpler in the prfsent

instance. The only respect in whicl
. sh (11.4,7) does not apply is i
the equations, which now must correspond to PR 18 the last of

Kors |1 : = AS
=08, (11.4,9)
or (12 + (1 4 127)s + 752] A5, = K,y7s7

The corresponding differential equation is
12A8, + (1 + 127) 8, + 78, = K47 (11.4,10)

After eonversion to nondimensional form, this becomes

' *
D‘5,+(l+l2r)‘—T—D6,+l—%:an,=fﬂDr‘ (11.4,11)
A bt
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On defining a new varisble [, we can replace this second-order equation by

u pair of first-order ones, ie.

D8, =1

«* * ¢
D;_—.%-’Df— 125 A8, - (1 + 1205 ¢ (11.4,12)

The last of (11.4,7) has now to be replaced by the pair (11.4,12). In doing so
we eliminate D# from (11.4,12) by using the third equation of (11.4,7). The
result is shown as (11.4,13).

Computations made with (11.4,13) show that the effect of the autopilot
in correcting the spiral instability is very much reduced by the filter unless
r is very large (Fig. 11.9), in which case the effectiveness of the washout
been pointed out previously, however, a slow

circuit is impaired. As has
unacceptable, so a compromise solution

divergence of the spirul mode is not
is possible without excessive values of 7. For example, with K, =15,
K, == 20 and 7 == 10scc the modal characteristics are

Spiral: fgeuye = 18-1 8CC

Oscillution: 7' = 11.4 scc, N, = b6 cycles

i

2
L5t
T=0

— 0.020

___L.—l——éx——l—é—fg.g,é_l——i—i—» Re

T=o 0 0.010 0.020

Fia. 11.9 Effect of washout cirouit on lateral roots. K, = 16, Kgq = 20.

@, “ - 2« 3& .
|
|
[
v
8
< i < < (= - —
+
<
|
5 £
° Gsl\n D;~.. i olo S~ L
al,q =
X l
9 * -e.\
< Gﬁl'\»:: D?°|;: ) Sie S P
| a
|
Q;Eloaf i < < =} =3 1=
I
Dl fpel @ 1o S
:-‘| O a
Ol Nl‘q
L N Sl W =3::
gla | SIS & ~ | o Dﬁ
SN
* @
N s . al. -, Slam
Dilo‘ Dl DE < N"‘ < Dgl
|
[
I
]
|
§ i i 1 ]
Q. H <R, ™ - o [
S8 1A ] _ §3;8i 8

(11.4,13)

477



478 Dynamics of atmospheric flight

11.5 EXAMPLE—ALTITUDE AND GLIDE-PATH CONTROL

One of the most important problems in the c.ontrol of flight ln.w(lll~ls l;l’::‘t(::lf
following a prescribed line in space, as defined for e)'@n?l')le byl u. lat.’ hl:uil. 'lum;
This is crueial in the landing situation und.cr poor V.lslblllty w ton tho uh E une
flies down the 1LS glide slope. We shall discuss this case Py (,o.n.m :ndbthen
a simple approximate model that reveals the l.llullldltfu.tlllbs,
examining a more realistic, and hence more complicated case.

FLIGHT AT EXACTLY CONSTANT HEIGHT—SPEED STABILITY

The first mathematical model we consider can be rfzgurdcd %sl tl::; c::;tl:
sponding to horizontal flight when a “per.fect” autopilot coulltx.o sThe ange
of attack in such a way as to keep tho height error exactly :)ex:. ot
will show that the speed variation is stab!e at high 3peed(sls, Nu, ,l:,lm.k o)
speeds below a critical value near the minimum dr.ag spee b (],:1 ko a;‘d
recounts that this criterion was first di909vered i 1910 ()1/ .l.i- ntisw, e
that it was at first accepted by aelronalutxcalldenlg;:l(:e::ot:‘:} | ::lc:esuch e,ﬂ -
later, on the basis of the theory of the phugoic whic Showed el haight
was rejected as false. In fact, to the extent that alpltol )c:. e
error by clevator control alone, i.e. to the .extentj t 1 u,l P e e
ideal autopilot we have postulated, the lllstlhl,bl!lty.ﬂ.t ow BpLe
:::i:rieucc:l in manual flight. Since speed variation 13 the,mo;t; t;::ll;;uble
feature of this phenomenon, it is commonly referred to us l.:pel:)e s tet.l o

The analysis that follows is essentially that c?f Neumar. ) ;11 " th[; fight
the notation and methods of this book. The basic assumpt_,ll‘?n 414 e enes
path is exacily horizontal implies y = 0, or 0 = a, (s‘ee rlg. L ;,}y -~
A0 = Ax. An exactly horizontal flight pat!l als.o implies . Ad._b ;neans
pitching moment equation is specified to be 1(§entlcally satl; : i 3, e
of an appropriate but unspecified control dcvw.e that‘ su|p1.) 1ei5 10y with
pitching moment as required. The system e({ux{tlonwleft ):;\lel. E.‘ e,c o that
Ax = AD, p, = 0 and the third equation missing. W¢ ur p
ap = 0. The equations are then

Cw
1 e AP
P r ¢z, — Up,) o (O, — Cpy) % 0 CR | _
Zu H 4 » L, ,l --------------------- A
""""""" = Ou, + 20w, Co+ Co, | 20— Crp 0 qA
Da TN ¥ Cia | Wt 0 | WA 0w | .
"""""""""""""""""""""""""" i H o
Da o i
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We now make some simplifying approximations, i.e. that the speed deriv-
utives Gy, and O are negligible and that 24 > Cr, Cr, Actually these
are very weak approximations for a conventional airplane in cruise con-

figuration. On combining the Aa terms of the first two equations, eliminating
¢ by means of the third, and observing that Cyp, = Cy,, we get

2DV = Cp, AV — C)) Aa
0=20 AV +Cy_Aa

(11.5,2)
Elimination of Aa yields the first-order speed equation
c
2uDV = (OTV + 20, cL‘) Av (11.5,3)
L

The speed variation following an initial speed error Af’o is clearly expo-
nential,

AV = AP eIt
with time constant given by

1 C
R (0 + 20 A)
2 Ty L, oL
and time to half by

by = —.693t* T sec (11.5,4)

We must now specify a propulsion system in order that Cp, may be deter-
mined. The result finally obtained depends on this choice, but only in the
actual value of the critical speed, not its existence. We arbitrarily choose a

constant-thrust engine, for which (see Table 7.1)
Cp, = 201.. = —20p,
Equations (11.5,4) then yield

by = —.603t" [gi (C—D - 9&)]4
# \Cp, CL,

The factor in the inner parentheses can be rewritten as

(‘ﬁg — 92)
where dC[dC), is the slope of the tangent to the drag polar, and C /Cp is
the slopoe of the secant, see Fig. 10.2. Just as in Sec. 10.2, Eq. (10.2,17), this

factor passes through zero at the point Cj, Cp where L{D is a maximum.
It is positive for ¢y > C7 and negative for C; < CL. If ¥’ be the speed

(11.5,6)
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corresponding to (L] D)y then the spec.d variation is sec};lt((i)_ be B::Ti,ifglrl
¥V > V’, but unstable for V < V’. That is, speed en.'ors wi ula) ouc]amd sh
speeds, but grow at low speeds. This phenomenon is ‘selen tc:d fszc o2

the change of sign of K,, that occurs at the same critical spec . </

NUMERICAL EXAMPLE

The jet transport of Sec. 9.1 is used for the example, in horizontal flight i
at sca level. The data needed for the caleulation is as follows:
2
o e ¥ _2g
Oy, = 016 + = ; O =488 =T
W[S = 60 psf;  p=1018;  p= 002378

v, = [2(W[8)[pC Y5 ¢+ =170V,

With this data, the values of Cy and V, at (L] D) pax are, rfssll)ecfxlvglg;
¢, — 595 and V' = 290 fps. The result of . the calcul.u.txou with égo.f,
isLshox.vn in Fig. 11.10. There is positive “speed stability abo{ve o lol::i
but the characteristic time to half is large, inbexcl:(ee.;.::l of ’;5tls::c.l)ol;ur e o
(33 ~ 0 .
: re (sometimes referred to as “the backside ol | ‘
:S?:f(l,nrcl:‘to t(,he C, — Cp “polar” diagram), the motion 18 unstu(ll)lle, V(;"lth
B .speed landin
time to double falling as low as 30.5 sec u.t. C’L. : lﬁbﬁ Ig.\:;;l):bhu:dlmgg_
; i i sed characteristic is undesirable
approach with this spee . from u hanche
iti i See. 14 the other hand, the examj
litics standpoint (see Sec. 12.7). On rample o
:ll[l)l:nds to cruisling flight, not landing, since wheels and flaps are retracted

400 T 1l T I
| = Ciean configuration
!
Caounle | ]
300 |
[
[
e [
“ i _l
o 200 [
£ Landing ! ! :
- configuration I
l | '
| w
100+ // ! 1
i\ 7 ! ,
L X : % B
| :,
1 1 1 i 54
00 100 200 300 400 500 600 ._ :
Ve, fps f‘ ;

Fia. 11.10  Speed stubility of jot transport at sen level.
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The speed stubility is in fact quite sensitive to the drag characteristics
of the airplane. Thus, suppose that undercarriage and flaps have been lowered

on the jet transport, with large increases in parasite and included drag
eflected in the polar equation

1.20,3
L (11.6,6)
T

The results for this case, also shown on Fig. 11.10, are very different. The

divergence time to double is now greater than 30 sec for all speeds above
about 99 inph.

FLIGHT ON ILS GLIDE SLOPE

In the above analysis, we ussumed that the airplane was under the control
of an ideal autopilot that kept the height error exactly zero. A more realistic
model incorporates a feedback control that senses height errorand actuates the
elevatort in response (see Fig. 11.11). The time lag associated with response
of height to elevator input may be expected to lead to stability characteristics
significantly different from those of the simple model.

Let us assume then that the airplane is making an automatically controlled
approach on ILS. That is, a radio beam defines the glide path, and the pitch
autopilot is coupled to the radio signal in such a way that height error is
sensed and actuates the elevator. The autopilot and control system are

. A,
'ILS Height Autopilot : Aircraft —>-Zg
signal error
Xg Oc
-'Yc <o
Flight path
ILS glide path 2g

Fia. 11.11  Automatic control of glide path,

T A still more sophisticated system uses control of thrust as well as of elevator. This
is capable of producing better system porformance provided that thrust responds
quickly enough to the control command.
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relatively fast-acting compared Lo the pitch response of the vehicle, so we
may reasonably assume a simple gain for the transfer function of these
elements. Thus the mathematical model is obtained from (5.13,19) with the
additional control law

A8, = Kye + K¢ (11.5,7)

where € is the height error and we have included both proportional and
rate terms.

For the class of airplane considered, the standard glide slope is about 2}
to 3°, so little error is introduced by using the equations for y, = 0, and this
we do. The height error is defined as

€=2g —2g (11.5,8)
where z, is the commanded altitude. Thus combining (11.5,7 and 8) we get
A, = — K,z — Koty + Kz, + Ky,

which in nondimensional form is

AS, = —KlgiE — KV, Dby K, ; 3y, + KoV Diy,  (11.59)

From the last of (6.13,19), fory, = 0, we have
Diy = —Ay = Aa — AD

from which we get

3, — KV (Aa— AO) + K, - bg, -+ KV Dy, (11.5,10)

[ SR

For the control inputs in (5.13,19) we take

ACp, = ACp, = ACL, =0
and AC,, == Cp, AS, (11.5,11)
We assume additionally that & number of derivatives are zero (as in Sec. 9.1),

ie.
CD,=CL,=0'»,=CL,=0L“ =0

The basic system derived from (5.13,19) is then b X 5, with variables AV,
Aa, 4, A8, &g, with AC,,, eliminated via (11.5,10 and 11}. The result is given
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by (i' Ci, —Op,
2" 2'“ [}]
La —bw, O+ Cop
- H T !
D —_ 0’""‘_0"‘ 1 _ Cag(Cry + Op,) O, + Oy
j',u f, ma 2'u - Cmaxlv. .——I——
¥
D 0 o ;
Dzg - 0
1 0
—Ow, I ” B —_
2u ° av T 0
0 0 Aa . o
(11.5,12)
X, Vccm, C_JK,E + P
A m, _)- R
1, 2f, q -T'- (Klgzx‘- + K,V ,Dia)
0 0 A0 0
—1 . 0 . 2g J L o J

NUMERICAL EXAMPLE

Computations of the stability and performance were carried out with
(ll..5,l2) for the same jet transport airplane used in preceding examples
flying at sea level. The drag polar is (11.5,6) corresponding to the landin ’
configuration. The data that differ from those of Sec. 9.1 are as follows: ’

Cp, = 969,  (* = 0460sec, pu = 1018,
V, = 167.4 fps, Cy, =18, Cp = 371

The elgenvalues corresponding to a range of K, and K, are shown on Fi
11.12 in the form of root loci. Point 4 corresponds to the uncontrolleg(i
phugoid, and increasing proportional gain K, with zero rate gain produces
the branch AR of the locus. The system rapidly goes unstable without
error-rate control, but is easily stabilized with a modest value of K,. For
example, at point C on Fig. 11.12, with K, = .002 (about 12° elevat:);' er
109 ft of height error) and K, == .010 (about 12° elevator per-20 ft/seo
height error-rate), the eigenvalue characteristics are:

Phugoid: period = 10.4 sec
Ny = .54
Three real roots: ¢, = 94.0, 1.68, 0.86 sec
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Fia. 11.12 Root locus of glide-path controller.
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The short-period mode has disappeared, being replaced by a pair of real
roots, and the third real root is associated with the extra degree of freedom.

The performance of the system, i.e. its ability to track the glide stope, can
be in part inferred from the frequency response associated with zg, input
and z output. This is computed by taking the Laplace transform of (1 1.5,12)
(which simply changes D to s wherever it occurs), replacing s by i, and
solving the resulting complex algebraic equations for the ratio zgfzy, a8 &
function of @. The result is shown on Fig. 11.13. The system is seen to be
able to follow waves in the ILS beam fairly closely down to wavelengths
of the order of } mile (& = 2 x 10~*) at which point a phase lag of 40° has
developed. This calculation is not, of course, sufficient to decide on the
acceptability of the chosen guins. For that purpose one should calculate
actual flight paths in the presence of wind shear and turbulence, and relate
the dispersions to what is acceptable for a given mission.

I1.6 STABILITY OF CLOSED-LOOP SYSTEMS

We have seen in previous examples how “closing the loop” can modify
the basic stability of un airplane. In Sec. 11.4 feedback was used to stabilize
an unstable vehicle, and in Sec. 11.5 the addition of a feedback loop to lock
on to an altitude or glide refcrence made a stable vehicle go unstable. We
have also seen in the cxamples how the stability of a linear feedback system

can be calculated by formulating the appropriate system matrix and treating
it as we would any other linear system.
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(b)
i i ;G = Ke™Ts.
Iia. 11.14 () Simple foodbuck system. (b) Single-pulse input |
ere is relatively little that can use-
-Joop stability. For sim ple systems,
‘ ous about

For complicated multiloop systems th

. id i way about closed -
fully be suid in a gencralﬂ \3’6 oan artive 8t some gencral conclusi

however, as in Fig. 11. bility.

the effeet of loop gain and phase lag on 8

CHARACTERISTIC EQUATION l
amples treated, the addition of a feedback loop
d heuce the stability of a system.
tio of two polynomials

As has been seen in the ex ‘
modifies the characteristic t?quatlon,.nn
If the transfer function of Fig. 11.14is a ra

g a ND _ N
F@=2={tre 14ND N+D

The characteristic equation is then

f) = N(@) + D) =0
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whieh is to be constrasted with the open-loop equation D(s) = 0. Thus the
change in the characteristic equation is produced by the numerator N(a),
and the least possible change is the addition of a constant.

EFFECT OF GAIN

The effcet of gain is well illustrated by the familiar public-address acoustic
system, in which “whistling” or oscillation occurs when the volume control
is set too high. As a model for-this case, consider the transfer function Ke—7s,
a simple gain with time delay.

If the system input were a single short pulse (of duration < < 7") as in Fig.
11.14b, the signals in the ¢ and y ehannels would be as shown, a sequence
of alternating pulses at time interval 7, all of the same width, but with
magnitudes 1, K, K® . ... 1t is clear that if K < 1 the pulses form a dimin-
ishing sequence that ultimately dies out, and that if K > 1, there is an in-
creasing series which is a divergent, or unstable situation. This would
correspond in the case of the P.A. system to an acoustic pulse travelling
from the loudspeaker to the mierophone and arriving there stronger than the
one originally fed in.

EFFECT OF PHASE LAG

Suppose now that the input is a series of pulses, equally spaced but
alternating in sign. 1f the time lag 7' is such that the feedback pulses fall
in the “empty spaces” between the input pulses there is no interference of
the pulses, each input can be considered individually, and the criterion for
divergence is the same as above, ie. K > 1. If, however, the time lag is
such that each return pulse coincides exactly with the next input, as illus-
trated by the dotted pulses in Fig. 11.145, then the error signal and the ouput
form the sequenees

el —(1+K) 1 +K+K?*) —(14 K+ K24 K3

y: K —K(1+K) KQU+K+K) -« KQ4+K+K*+--1)
The output is seen to contain the suin of a geometric progression of factor K,
which is divergent if K > 1 and converges to the limit (I — K)y'if K <1,
Thus in the case of the alternating input we find again that the stability
criterion is K < 1. This is clearly the “worst” phase lag for a pulse train
since each return pulse arrives at such a time that it provides the maximum
reinforcement to the next input.

SINUSOIDAL INPUT—NYQUIST CRITERION

The above consideration of pulse trains (which ean be so easily analyzed)
hag shown the important effects of loop gain and phase lag on system stability.
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These concepts are brought into a somewhat more uscul perspective when
we consider a sinusoidal input, for all inputs to linear systems can be Fourier-
analyzed into separate ginusoids, the individual responses to which can be
linearly superposed to construct the output. Suppose then that there is &
steady sinusoidal input represented by

z = X"t
and a steady sinusoidal output

y= Yoeiwl
(This implies of course that the system is stable.) The error is € = £ — ¥ =
e, where € = &5 — Yo Now we recognize that the critical phase jug is
180°, since this generates the maximum error signal, just as in the case of
the pulse train. So let

Y, = Keei" = —Keg

Then we get

1—K
Xo=¢1+ Yo= Yo— Yo/K=—Yo——
K
The input required to maintain a steady oscillation of given amplitude is
seen to diminish as K increases until it vanishes altogether at K =1, ie.

6l

10

Phase angle

~-180°

Crossover

lrequency\}
w

Fia. 11.16 Stability margins.
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at A — . .

Phis ﬁiu}u‘:::‘:ll’l;“blhg of 180°, the system oscillates steadily with no input
. on clearly represents a stabilit . . :

gain corresponds to instability. ity boundary; further increase in
'l‘l N . - . .

cont::;nN);, ‘ﬁ“'s" "“"e‘:“)“ (11:4) rigorously derived from a theorem of Cauch

. uens e conclusion derived somewhat heuristically above. It uses t,ly

", (:he cy' response curve for the open-loop system, i.e. G(iw) an.d its relati ‘o

by \vhilc)l(:"tl: (;l» 0) of the complex plane, to assess stabili;y. The amonlx(x):tl;

e frequency response curve “misses” the critical point (—1, 0)
?

leads to the concepts “‘gai s .
Fig. 1115, oncep goin margin” and “phase margin” illustrated in
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CHAPTER 12

By L. D. R anp B, Erxin

12.1 THE HUMAN PILOT

. . . -
Although the analysis and understanding of the dynamics .of tl;e ul:p.l;;lis
| isolated unit (which has been the burden of the preceding chapter
o : l mely important, one must be careful not to forget that lfoll mnnl):
o Y i a Y
;’lllfght. situations it is the response of the total system, mad:,'up of ¢ mtll::nt;e
i { sonsidered. 1t is for this reason th
i the aircraft, that must be consic ! this
Kllo't ““l‘: of aireraft should apply the findings of studies into Lhe"hul.l;‘u:;
‘ ’llc . 1 £y 3 »
f: ej:.ﬁm involved in order to ensure that the completed system is well suite
ac ‘
to the men who must fly it. o '
Some of the areas of consideration include:

1. Cockpit environment; the occupants of LFm vcllicl.c i::l:tul;jypmv“lc‘l
with oxygen, warmth, light, cte., to sustalll Lhc-m t:(;l . )os“:io“cd N
2 Instrument displays; instroments must bf". dt‘::n'guu. uut l“w s
provide u uscful and uuulnbigu:;ut: :}u\v :lulli::(tl):a::,;(r: y:wm (}ynumica
3. Contr itches; the control foree na
> frl\(:::;‘:(l’)l: l:::e:)\:;ble u,) the pilot, and switchcz? mu’i‘t ll))le m;;fs;t(;m;;eg
and designed as to prevent uccid‘cutul upel'u‘t:lon. ables 12.
present typical pilot data concerning control forees.
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Table (2.1

Estimates of the Maximum Rudder Forces that can be

Exerted for Various Positions of the Rudder Pedal
(Ref. 12.1)

Distance from

Rudder Pedal Position Back of Seat, in  Pedal Force, Ib

Back n 246
Neutral 343 424
Forward 38} 334

Table 12.2

Typical Rates of Stick Movement in Flight Test Pull-ups Under
Various Loads for 6 in. to 8 in. Deflection (Ref. 12.1)

Maximum Stick Average Rate of Stick Time for Full

Case load, 1b Motion, in/sec Deflection, sec
1 35 51.85 0.162
2 4 15.58 0.475
3 1 11.00 0.600
4 07 10.27 0.750

4. Pilot workload ; the workload of the pilot can often be reduced through
proper planning and the introduction of automatic equipment.

The care excrcised in considering the human element in the closed-loop
system made up of pilot und aircraft can determine the success or failure

of a given uircraft design Lo complete its mission in a safe and efficient
manuer.

122 MATHEMATICAL MODEL OF HUMAN PILOTS—
COMPENSATORY DISPLAY

Many critical tasks performed by pilots involve them in activities that
resemble those of a servo control system. For example, the execution of a
landing approach through turbulent air requires the pilot to monitor the
aircraft’s altitude, position, attitude, and airspeed and to maintain these
variables near their desired values through the actuution of the control
systein. It has been found in this type of control situation that the pilot
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Table 12.3

Hand-Operated Control Forces (From Flight Safety Foundation Human
Engineering Bulletin 56-5H) (see figure on page 495)

Direction of Movement| 180° | 150° | 120° | 90° | 60°
Rt. hand 52 56 42 37 24
Fol Lft. hand § 50 42 34 32 26
Rt. hand 50 42 36 36 34
e Lft. hand | 42 30 26 22 22 vaj;t;g::jn
Rt. hand | 14 18 24 20 20 ;r;z:rc:;r;)x;ren
r Lft. hand 9 15 17 17 15 ;oors;;rsl by
Rt. hand | 17 20 26 26 20 ;l;:czntﬂe
pown Lft. hand | 13 18 21 21 18 man
Rt. hand 14 15 15 16 17
Outboard Lft. hand 8 8 10 10 12
Rt. hand 20 20 22 18 20
fnboard Lft. hand 13 15 20 16 17

Note: The above results are those obtaineq from unrestx.'ict:,ed movemer:it of
the subject. Any force required to overcome garment restriction would reduce
the effective forces by the same amount.

can be modeled by a set of constant-coefficient linear diﬂ'ererfti-al fqua.tlo:}sl;
(termed ‘human-pilot describing functions”)..Much of the orlgmta. dreseazhe
in the field of human-pilot describing functions has concentrate ) onkjn

pilot’s performance in a single degree of freedom Fompensatoryf fra,cdo ]E
task with random-appearing system inputs. In a smgle-degrt?e-o f reein o
task the pilot controls a single state variajble thl"ough the actlflatlon ofas ge-
control. A compensatory display i}sl; one in Fxrhu;}; i}:; ;;ch}::gb lzzr];n('h 1: gfam

s of the source of the error. Fig. 12. | :
:'::;1 2?1(3:ilrzgta'a.l;l(liil.e ;I;‘e a pilot is concentrating on controlling the pitch attitude
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Turbulent air
disturbance

itch atti . l Pitch
Artificial horizon | PR afltude ) ot attitude
(compensatory and control Aircraft
disptay) column

F1e. 12.1 Typical compensatory task.

of the aircraft through the use of the artificial horizon display. The system
input in this case is turbulent air which
of the vehicle.

The pilot model used in compensatory tasks consists of the describing
function and the remnant as shown in Fig. 12.2. (See also Sec. 3.5.) Here
the task is the same one presented in Fig. 12.1, but the human pilot has
been replaced by a mathematical model. The model consists of two parts, as
shown: ¥(s), the linear describing function (written in Laplace transform
notation), and n(t) the remnant. Since a linear model is never able to describe
the pilot completely, ¥(s) is insufficient by itself, and it is necessary to
include the remnant n(¢), which is that signal that must be added in order
to have all the time signals circulating in the system of Fig. 12.2 correspond
exactly to those of Fig. 12.1 when the identical input is present. The Y(s)
selected to describe the pilot in any particular task is chosen so as to minimize
that part of the input signal to the aircraft which arises from n(t). Thus the
linear pilot model that results is that which accounts for as much pilot input

to the aircraft as possible, and a measure of its adequacy is the fraction of the
pilot input to the aircraft accounted for by Y(s).

produces random pitching motion

________ Turbulent air

r | disturbance
! )
' |
Artificial horizon | F1iCh aflitude { | il
(compensatory T Y(s) Aircraft attftude
display) | ;
L _ _ _ Piot moge |

F16.12.2 Compensatory task with pilot model.
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The human-pilot describing function is useful in studying two classes of
problems. In the first the describing functions derived from previous re-
search are utilized to aid the systems designer. With a mathematical de-
scription of the pilot at hand he can close the loop around the mathematical
description of the proposed vehicle in order to predict the overall system
response. The second type of study involves the measurement of actual
human-pilot describing functions as the pilot flies a particular vehicle in
order to obtain an objective measure of how the task affects the pilot.

Due to the complex nature of the situation it is possible to model the pilot
in many ways and to measure the model by employing a variety of techniques.
One of the most successful approaches to the measurement problem utilizes
power-spectral-density measurements of signals circulating in the control
loop. The general case of a tracking task of one degree of freedom with a
compensatory display is illustrated in Fig. 12.3a. In this task the pilot must
control the aircraft response m(t) in such a fashion that it matches as closely
as possible the desired aircraft response i(f). The pilot does this by viewing
the instantaneous error e(t) and altering his input o(t) to the aircraft. It is
found that the pilot’s control technique is primarily influenced by the type
of input i(t), the dynamics of the control system, the type of display and the
dynamics of the aircraft. Any useful pilot model must reflect these influences.

Past research in this field has concentrated on tasks with random appearing
input signals i(f) because so many real-world situations involve this type of
disturbance. Thus the pilot models that have been developed apply strictly
only to tasks with the above type of input. The system of Fig. 12.3a is
modeled by that of Fig. 12.3b. Note that the model includes the dynamics
of the control system and that the signal o(f) corresponds to the position
of the control column. It has been found that in the frequency band of
primary interest and for the type of controls normally found in aircraft,
such a model is fairly insensitive to the exact control system used and that
pilot models developed on this basis are quite general. Now the linear system
of Fig. 12.3b can be redrawn as the point by point sum of the two linear
systems of Fig. 12.4 (if the aircraft is assumed to be a linear system). It follows
that

e(t) = e4(t) + exlt)
o(t) = 04(t) + 0s(¢)
m(t) = my(t) -+ malt)

The describing function Y(s) is chosen to minimize the r.m.s. value of 04(t)-
Note that this is not the same criterion as used in defining the open-loop
describing function in Sec. 3.5, where the mean-square-remnant was mini-
mized in the presence of a fized input. The difference of course is that we
are dealing here with a closed-loop system, in which signals derived from the
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reml%arixt 'ci.rculate the loop and appear at the input to the pilot. The process
of minimizing 0,%(f) can be carried out in a manner basically similar to that

used in Sec. 3.5 with the result (ref. 12.2)
Y(iw) = O,(@)/D,,(w) (12.2,1)

%here ®,,(w) is the cross-spectral density of i(t) and o(t) etc. (See Sec. 2.6)
. e a.ls.o ﬁnd. that fl)i?(w) = 0,—i.e. the remnant is uncorrelated with th(;
input signal i(t). This linear model, Y(s), is a best fit in the root-mean-square

DIRECTION OF MOVEMENT
Up Vert. ref, line

180°

Qutboard

Inboard

Outboard - @\
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Display
e(t)

m(t)
S

Pilot and
contro!
column

Aircraft

(a)

|
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L _ _ [Filotmodel
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Fia. 12.3 (a) General compensatory task. (b) Model.

The remnant n(t) is the

sense. Tt will not describe the pilot’s output exactly.
oximation to it.

difference between the actual pilot output and the linear appr
1n order to obtain a measure of the adequacy of the lincar model, Y(s), a

paramcter p? has been defined as
, ()
()

pilw) =1~

e, when o,(t) & 0, the model Y (s} is a good approxi-
ful form for p? can be found by using the

iy .
Aircraft J——‘,—"l—(—)>

When p? is near unity, i
mation of the pilot. Another use

oi{t)

Y(s)

n(t)

[3

Fia. 12.4 Two-part linear model of the compensatory task.
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Fig. 12.5  (Contd.)

. S rive
relationships among the variables in Fig. 12.4 to deri
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pllw) = D, (@) Do)

measurement because it is not.possible to meas.li(r)i
exists because in actua]lty.the Lwuman p'}h
arfinvariant mathematical syster'n. ‘he
ble and hence is not pl‘edlctab}e.
nade of its statistical prl()pcrlvlc‘s
sables. Tigure 12.5 shows a typical cxperl-
(ref. 12.6) over a range of task valla.bfl:::tl;;iult(;getlwr e i ta%k
tion of the artificial horizon disp]hay (in
ann deflection (in degrees). ‘It 18 seen
g function models the low-frequency
for w > b rad/sec.

This form is preferred for
0,(t) dircetly. The remnant n(f) .
is not operating exactly as a l.me
is a random-appearing varia

signal n(l) g varie
some measurements have been 1

However,

mentally measured pilot describing
the input to the pilot was thie deflec l
jnches) and his output was cor(lltrol (,lj) |
at the describin

n the plot of p* that . L
g;ffOI-xnanie of the pilots quite well, but is less satistactory
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The following form for the describing function has been developed to

cover the single-degree-of-freedom compensatory tracking task with a
random-appearing input (ref. 12.3):

¥(s) — K, e D) (s 1)
(1 18 -+ l) (yy;{s + l)(qv‘\,ls 4 1)|:(_6_) + 2£—ALS + l:l
Wy

wy

(12.2,2)
In this formulation e represents the pure transmission time delay within
the pilot associated with nerve conduction and stimulation. 7 is estimated
to range from .06 to .10 sec. The factor in curly brackets is a reasonable
representation of the dynamics of the neuromuseular system of the arm
with typical values: Ty, =10sec™, wy = 16.5 rad/sec, and {v =12
(T'xs 4+ 1)/(Tgs + 1) represents a very low frequency lag-lead component.
The remaining terms K [(T.s 4+ HIT,s 4 1)] are the adaptive portions of
the model; the values of K, T,, and T, are altered by the pilot to suit the
particular system being controlled. It is found that for most engineering
applications, in which an exact pilot model is not required at very low and
very high frequencics, an adequate approximation is

Yis) = Keres_Lus 4 1)
YT A D(Ts + 1)

The following set of adjustment rules for the pilot model have been
developed by McRuer et al. (ref. 12.3)

(12.2,3)

L. Stability : The human adopts a model forn to achieve stable control—
Le. one that produces a stable closed-loop system.

2. Form selection—Low frequency: The human adopts a model form to

achieve good low-frequency closed-loop system respouse to the nput

signal. A low-frequency lag, T, is gencrated when both of the following

conditions apply:

(a) The lag would improve the low-frequency characteristics of the
system.

(b) The aircraft dynamics are such that the introduction of the low-
frequency lag will not result in destabilizing effects at higher fre-
quencies that cannot be overcome by a single first-order lead, 7',
of somewhat indefinite but modest size.

3. Form selection—Lead: After good low-frequeney characteristics are
assured, within the above conditions, lead is generated when the aireraft
dynamies together with the pilot time delay are such that a lead term
would be essential to retain or improve high-frequency system per-
formance.
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4. Parameter adjustment: After adoption of the niodel form, the describing
function parameters are adjusted so that:

(a) Closed-loop low-frequency performance in operating on the input
signal is optinum in some sense analogous to that of minimum
mean-squared tracking error.

System phase margin, ¢ar (sce Sec. 11.6), is directly proportional
to w;, the input signal bandwidth (loosely defined as the frequency
above which the input spectrum docreases rapidly), for values of
w, less than about 2.0 rad/sce. The strong effect of forcing-function
bandwidth on the phase margin is associated with the variation of

(b

~—

Ty with ;.

(¢) Equalization time constants 7'y or T'j: when form selection
requires 1/7p or 1/Tp << @, the system crossover frequency (the
frequency at which |G )| {H Ew)) equals unity—sce Pig. 11.15), it
will be adjusted such that low-frequency response will be essentially
insensitive to slight changes in 7’7, or 7', (for w; << w,)-

5. «, Invariance properties:

(a) Independence of w, wrt. K,: Let the aircraft static gain be K,
and that of the pilot be K, [sce (3.2,4) and (3.4,26)]. After initial
adjustment, changes in K, are offset by changes in the pilot gain,
K ,; Lo, system crossaver frequency, @, 18 invariant with K,

(b) Independence of w, w.r.b. w;: System crossover frequency depends
only slightly on the input bandwidth for @, < 08w, (W, 18 that
value of o, adopted for @; << @)

(¢) @, Regression: When o, nears or becomes greater than 0.8w,,, the
crossover frequency reduces to values much lower than wg,.

Although the above pilot model was developed to deseribe the single-
degree-of-freedom compensatory tracking task, it is finding more and more
use in the general situation of the multiple-loop tracking task. In such a
task the pilot controls a number of vehicle variables simultaneously. It
has been found that the same basic form of pilot model can be applied in
many cases with slight modification to the values of some of the parameters
(such as the time delay 1) to account for the additional complexities of the
task (such as visnally sampling the outputs of several instruments). tn this
application a single describing function is used to close each control loop
actually closed by the pilot. For example, if the task is to control both the
piteh and roll attibudes (assuming the pitch and roll modes to be uncoupled),
one describing function would close the roll loop while a second would close

i the pitch loop.
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12.3 MATHEMATICAL MOD
PURSUT DISELS] EL OF HUMAN PILOTS—

Pilot 1 ]

displars 1(1);)1(11;1&3“&::3 lt)rlng developed to describe the control situation when

displa r than the compejnsatory type are utilized. An example of thi
. .tp(l;.rsult d}splay. .The single-degree-of-freedom trackin, tapk with &
Ela:ubllp :j[‘)lalm.y Is 1den-tlcal to the compensatory task of Figfg 12?3(1 ::l(th ;
mationuInlbtll)lzyed variables are different—i.e. the pilot has diﬂ‘e;‘ent irfif:)[:
matio I.)ursmt ta::)‘:lflj)eniﬂ;ab.ory task only e(t) is displayed (Fig. 12.3) whereas
L ihe pursul d;\ oth i(t) and sm(t) are separately displayed. Figure 12.6
e ouraes the s ;l erence .bfetweefl the two displays for the same system stat;e
—— l; Alla;:; addmon‘al mf_orma.tion is presented to the pilot on the:

—" t}})le );r ‘ 1.ougl}e(t) isavailable in both cases, only the pursuit displa
e nl ())11 into its c9mpf)nents and conveys this information to th};,
error is due to ald?&iiuﬁuirrsxr)iltt (:;Sfl)llz;y it(fns t}:ie D arcer s tracking
the aircraft, m(t), which in turn car% aff;,ct })1’isosrtral22gt}(f)iirll;?;rlxcgiil;ot;zotntr(lil' .
racking

Fixed

reference
line \

L
L

Moving error
symbol

(a)

Moving
input
symbol ©

m(t)
_.f_

Mqving aircraft 5
attitude symbol

Fia. 12.6

Displays. (a) Compens .
(b) Pursuit. npensatory.
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Turbulent air two inputs and one output. [Since e(d) = 1(t) — m()

rbuien . . . .
Y #(0) sider a case with three Inputs.] Again »(l)
deseribing

it is redundant to con-
represents the remnant. The

function pairs arc chosen to minimize the root mean square of
Display o that part of the vehicle input signal o(f) which is accounted for by nu(t) (as
CT7 e e was done for the compensatory display). The describing functions that
i) Tanker altitude = : ; Hug‘ign‘zirlctjlt oft) mcra;t Altitude_ result are [where the aircraft transfer function is A(s)]:
l; l ancolumn l_
| E———

—1
Y (iw) = ( ; (1(0) n A(iw>)

Fic. 12.7 'Typical pursuit task. Yy(iw) = 1 - Yl(l.(U)A(i(U)) ’ ‘ﬁz(w)

i ir is best for the
cor under control. Whether the one display or the other is bes
error .

Yi(iw) = Y,(io)
i ox function of the task performe
ission at hand is a complex func ‘ e : . L been e |
e linigque for measuring human-pilot describing f\ll?Cth[lS 1a o (i) o)+ Talio)
ol 5 i depree-of freedom tracking task with a pursul .

doveloped for the sing o e istur s signal is present. This here _Dp(w)®y(w) — D (w0)D, (w)

or situations where a secondary disturbance sig prosent: 11 Where hlo)

P _t“l o i Wig. 12.7. It might for example represent a mld—m.r refueling . .
| . Sl“"‘.“ epresont .l s tanker’s altitude and the seeondary disturbance Q(@)Dy(w) — D, (@)D, (w) )
! task where i(t) represents the tan e and e e mode] s ’ : w
3 g(t) represents turbulence acting on the cot d otvoraft. Tho moce ¢

Jf this task can be formulated in several ways. Figure 12.

of this ta ;

i w)q)gg(w) - (D[y((u)(bgi(w)

s ‘1111 forms f th > I (9] B e O ) 1 O d(,‘b(/lll)lllg
O [¢] 0C I C} sent xd § Yy a PcL
! use l(l lll(} inlot 18 1 e f

The denominators of (12.3,1) both vanish if either (i)
. R sidered to have t) = const x i(l)

. , e o), Y, (s)) since the pilot is consi g(t) = const x 4(
functions (¥(s), Ya(s)) or (Ys(s), ) and hene

g(t) == 0 or (ii)
- In cither of these cases the measurement of ¢, and ¢,,

¢ of the deseribing function pairs, would not be possible. In addition
“ the following are found to hold:
g

lfﬁnfdt?w&&éf T 7”(" )

b, () = D, () == 0
Aircraft

(12.3,2)
Afs)

—=m(t)

1 LS|
I — T(iw)4(iw) | ¢, (w)

pHw) =

=< {] Yy(io)| "D, (w) 4 [Y(iw)|*D,, (@) 1 2 Re [Y(iw) (12.3,3)
X Y (o), (w)]}

B
Aircralt
A(s)

As yot no general set of rules comparable to those for the compensatory
o) task has been developed to cover this model, A typical nicasured pursuit model

is shown in Fig. 12.9. Tt was found that the measured data could be fitted
quite well by describing functions of the form (12.2,2). The task in this
example was the same as the one used for Fi
display w

g. 12.5, except that a pursuit
as used and a sccondary disturbance added. Tf g(t) is made very
small it is assumed that such models wilt also approximate purs
no secondary disturbanees.

uit tasks with
Fic. 12.8  Two models of the pursuit task.
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12.4 THE FUTURE ROLE OF THE HUMAN PILOT

In an age where more and more of the aircra.ft control. task is bein‘g d:v;))l‘r.(zd
to automatic equipment (e.g. autopilots, blind la.'udmg -systa.ll]s, s al l\;,ly
augmentation systems) the role of the human pllot' will per 1Lap:l stoofz
change from that of an active element in the man/'muchlne systcml .(‘) ‘.:a Lol
manager overseeing the operation of the automatic 0911t1‘ols. Indt }])lb si .u tion
the pilot must monitor the performance of .the equlpmfent al; l e pu;,p o
to take over in the event of a failure. This phllosopl_n)f quite rightly Ifu,'( l?dti )
that the human pilot should make the final decisions th.a.t dct.c[ mine ln,
fate of the craft under his command. Moreover, human pilots }a.lcl u~m(;l'l(tzt);
capable of assessing the meaning of complex data pa.ttern.s w'u(.n in ;has
the state of the veliicle under conditions that t‘lle automatic eql.fllpfntzlll pas
not been designed to handle (witness Apollo 13!‘). On the (.>th<:1 1an ,cted
modus operandi poses a scrious problem for t,lu.a .pllOt,. for he is t '1e1: exPeStem
to assume mannal control of a vehicle at a critical time, following a sy
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failure. 1f he is unable to make the transition from passive to active
control with sufficient speed and precision, disaster could well be- the
result.

Thus it appears that if the pilot is expected to assume manual control
at any time, the system should be so structured that he is either kept
actively in the control loop at all tines or is constantly made aware of the
feel of the present airveraft configuration through some auxiliary task which
he can practice on during critieal phases of the flight. Research on the ability
of pilots to control vehicles following stability augmentation system (SAS)
failures has indicated that the resulting step change in vehicle dynamics
can lead to an unstable man-machine system and loss of control (ref. 12.29).
The mechanism behind this problem is as follows. With the SAS operating
properly the vehicle dynamics are satisfactory and the pilot adopts a control
technique to suit. The sudden SAS failure results in less satisfactory vehicle
dynamies, which demands a much more concentrated effort on the part of
the pilot in order to maintain control. Immediately following SAS failure,
however, the pilot attempts to continue to employ the control technique
he Las been using previously with the SAS operative. This combination of
man-machine dynamies can lead to an unstable system. If the system is
to be fail-safe the pilot nust be able to detect the change quickly and alter
his control technique in time to recover from the upset. Consequently the
advent of more automatic equipment does not diminish the need to study
the role of man in the vehicle control loop. On the contrary, it generates

new and more difficult problems requiring an even better understanding of
the human pilot.

12.5 AIRCRAFT HANDLING QUALITIES

The assessment of handling or flying qualities of airplanes depends in the
final analysis on pilot opinion. The earliest requirement (ref. 12.30) simply
stated, “During this trial flight of one hour it (the airplane) must be steered
in all directions without difficulty and at all times be under perfect control
and equilibrium.” From this simple but hard-to-interpret statement has
evolved a nmuch nore quantitative and sophisticated set of criteria. These
are still far from perfect, and the introduction of each new class of vehicle,
STOL (ref. 12.30), rotorcraft, SST, etc., requires a reassessment of the
existing criteria for application in the new situation,

Wheu a pilot flies an aircraft he forms subjective opinions concerning the
suitability of the man-machine system for performing the assigned task.
Tu arriving at an assessment he is influenced by many parameters. These
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range over a wide spectrum and include:

1. Aircraft stability; response to external disturbances such as turbulence.

2. Aircraft controllability; the response of the aircraft to actuation of the
controls.

3. Cockpit design; the ease with which instruments can be read ; the eomfort
of the seat.

4. View from the cockpit; on landing approach is a sufficiently clear view
of the ground provided ?

5. Mission; e.g. high-altitude cruise, landing approach in a crosswind.

6. Pilot’s background and emotional and physical state; the fumiliarity of
the pilot with the present aircraft and mission; impaired functioning
arising from emotional and physiological factors.

7. External environment; visibility and weather conditions.

The term handling qualities is used to refer to those characteristics of the
aircraft which the pilot considers to influence the ease of performing the
mission. Much of the work in the arca of handling qualities has centered on
the determination of the influence of aircraft stability and control. It is the
aim of this research to establish general specifications, to ensure that future
vehicles can complete their intended missions safely, efficiently, and with a

minimum of pilot fatigue.

THE RATING OF HANDLING QUALITIES

"To be able to assess aircraft handling qualities one must have a measuring
technique with which any given vehicle’s characteristics can be rated. In
the early days of aviation this was done by soliciting the comments ol pilots
after they had flown the aircraft. However, it was soon found that a communi-
cations problem existed with pilots using different adjectives to describe
the same flight characteristics. These ambiguitics have been alleviated
considerably by the introduction of a uniform set of descriptive phrases by
workers in the field. The most recent set (ref. 12.12) is referred to as the
“Cooper-Harper Scale” where a numerical rating scale is utilized in con-
junction with a set of descriptive phrases. This scale is presented in Table 12.4
and is similar but not identical to previous scales developed separately by
Cooper and Harper. Care must be taken in interpreting past research, to
determine which scale the results are based on. To apply this rating technique
it is necessary to describe accurately the conditions under which the results
were obtained. In addition it should be realized that the numerical pilot
rating (1 to 10) is merely a shorthand notation for the descriptive phrases
and as such no mathematical operations can be carried out on them in a
rigorous sense. For example a vehicle configuration rated as 6 isnot necessarily
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Table 12.4

Cooper-Harper Rating Scale (Ref. 12.11)

Demands on the Pilot in Selected Task Pilot

Aircraft Characteristics or Required Operation Rating

Eixcellent; highly desirable | Pilot compensation not a factor for 1

desired performance

) . ¥ o H
Good; negligible Pilot compensation uot a factor for 2

deficiencies desired performance

Fair; some 1ni ini i

; some mnildly . Minimal pilot conpensation required 3

unpleasant deficiencies for desired performance

Mul)ofli' l')ut annoying Desired performance requires 4
de 16y "1es i

_ deficiencies moderate pilot compensation

Mode‘rajtely. objectionable Adequate performance requires 5
deficiencies

considerable pilot compensation

Very objectionable but Adequate performance requires 6
tolerable deficiencies

extensive pilot compensation

Major deficiencies Adequate performance not attainable 7
with maximum tolerable pilot
compensation. Controllability not

in question.

Major deficiencics Considerable pilot comnpensation is 8

required for control

Maior deficiencies i
ajor deficiencies Intense pilot compensation is 9

required to retain control

Major deficiencies Control will be lost during some 10

portion of required operation

Z::;:e asl bad as oue rated at 3. The comments from evaluation pilots are
oxt z,lx\xzsc); Z:ejlilagll)l(;blus information will provide the detailed reasons for
‘ Other techniques have been applied to the rating of handling qualiti
For cxu}nplc, attempts have been made to use the overall system pgrg)rmallleSL
as a rating parameter. However, due to the pilot’s adaptive capabilit ':e
often he can cauge the overall system response of a bad vehicl}f)z to ay’rqml?
t}'lat of a good vehicle, leading to the same performance but vastl (}l)ilf)’foéc
pll(?t ratings. Consequently system performance has not proved toybe a ermﬁ
rabmg. parameter. A more promising approach involves the measuremefs Of
t,h(? plllot’s physiological and psychological state. Such methods lead ;)
objective assessments of how the system is influencing the human controllerO
The measurement of human pilot describing functions is part of this techm’que‘
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12.6 FLIGHT SIMULATORS

Research in the ficld of aircraft handling qualities is undertaken for two
primary reasons. These are (i) to formulate a set of design eriteria which if
met will ensure that a new flight vehicle will have adequate handling qualities
and (ii) to better understand how the various vehicle and mission parameters
affect the human pilot. These problems are tackled by means of experi-
mental programs involving trained pilots and actual aireraft or flight
gimulators, or through theoretical analyses involving human-pilot describing
functions. Most of the recent research has been experimmental work carried
out with flight simulators.

The flight simulator is a device that creates the illusion of flight to a certain
extent for a pilot seated in its cockpit. This is achieved partly by con-
structing the cockpit to appear like that of the real aireraft. The simulator
is then programmed to respond to the actuation of the controls in a fashion
which resembles the response of the actual vehicle. This is accomplished by
programming the vehicle’s equations of motion on an analog or digital
computer, using the pilot’s control movements as the inputs to the computer

system and driving the response system of the simulator with the computer
output. The realism achieved with a given simulator depends to a great extent
upon the visual and motion cues provided by the response systent. The motion
response of the simulator can range from none at all for fixed-base simulators,
through limited motion in some degrees of freedom, to complete six-degree-
of-freedom motion with a variable stability aircraft, which is in fact a flying
simulator. The visual cues provided can inelude instrument displays, closed-
cireuit television representations of the outside world, or the full visual and
instrument display provided by a variable stability aireraft. Figure 12.10
depicts a typical simulator system.

The advantages offered by the flight simulator to researchers in the field
of handling qualities are many. With the simulator it is possible to isolate a
single systein parameter for study, allowing it to vary while holding all other
parameters fixed. Situations that would involve an element of danger if a real
aircraft were ulilized can be simulated with no risk to life or equipment.
The lower cost of operating the simulator and the control over environ-
mental factors such as turbulence also favor the simulator. However, care
xercised in interpreting the results of simulator studies. Since the
tion to the actual flight
the simulator in order

must be ¢
simulator is usually only an engineering approxima
systemn, the pilot must extrapolate his experience in
10 relate it to an actual flight situation. The ability of a pilot to do this and
hence achieve meaningful handling qualities ratings depends upon his
previous flight and ginulator experience. In addition, care must be taken to
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Terrain display
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- computers

Fra. 12.10  Integrated simulator complex (from ref. 12.24)

provide the pil i i . )
e p 1;)t W;Lh the pertinent stimuli. For example, it would not mak
suse to use a fixed-base si ’ e
A ed-base simulator to rate a vehicle in the performance of
vhich normally requires the pilot to sense vehicle motio ’
ns.

12.7 RESULTS OF HANDLING QUALITIES RESEARCH

Research i airer -
“vh;c;b:)l[;u]-l lmto aircraft handling qualities is aimed in part at ascertaini
velicle parameters influence pi aining
- - pilot acceptance. It is obvi
u“ml:]” of possible combinations of parameters is staggerin‘gozs (tlhat e
uently att S ar , and conse-
3/llile i’n;t::?pts are made t(? study oue particular aspect of the vehiz(lee
b lmmg. all oth(frs i a “satisfactory” configuration. Thus tl
. (t)m]lu ated in a fashion which is anienable to study. The riék invol 1((;
11 shni i at i . : nv
For e:anfblm{ql}e is that important interaction effects can be overlo((;l:e?i
o aircrdfgbei 1: is f;):;l.ld that the degree of difficulty a pilot finds in controlliué
att's lateral-directional mode influences hi i
- es his r TR
dynamics. Such facts must be taken into accounta\txlvng of the longitudinal

results. Another possible hen interpreting test

bias exists in he ; os

in the past because most O:bﬂ(,mats ;ulhandlmg qualities results obtained
. : he work has b i : . .
fighter aircraft. een done in conjunction with

12.8 LONGITUDINAL HANDLING QUALITIES

In i Lo . .
I~ ui‘:/:rsltlga‘,t.mg the handling qualities related to longitudinal dynami
y kers in the field separate the problem into two parts associat(ces(;
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Fia. 12.11 Lffect of phugoid damping, {,, on pilot rating (from ref. 12.15).

with the short-period response and phugoid response. Attempts are then

made to correlate pilot opinion with the various parameters or with the

characteristics of these two modes.
First econsider the phugoid respons
in Chapter 9, and approximations to the period and damping were given in
See. 9.2. For conventional fixed-wing airplanes the period is very long and
not a significant factor in pilot rating. The damping is important however,
and some experimental results (ref. 12.15) are shown on Fig. 12.11. These
were obtained in flight under instrument conditions. As the damping of the
decreases more attention must be devoted to controlling the
which can be excited by movement of

. This mode was discussed at length

phugoid mode
associated low-frequency motion,
the aircraft controls or by gusts. It is seen that, generally speaking, a
divergent phugoid mode (a negative {,) must e avoided. The same study that
produced these results found that under visual flight conditions, a reduction
in the damping from .32 to __ 12 had little influence on pilot ratings.
Studies of the effect of the short-period response on pilot ratings have
been made using variable stability aircraft (ref. 12.15). Although a range
of results have been noted for various tasks and aircraft, the general pattern
is as illustrated on Fig. 12.12. 1t shows a typical plot of pilot “iso-opinion”
curves from such an experiment. The solid lines represent curves of constant
pilot rating as the values of w, and [ are altered. The regions of satisfactory,
acceptable, poor, and unacceptable handling qualities are indicated along
with the pilot comments for the various areas in the unacceptable region.

OTHER LONGITUDINAL HANDLING QUALITIES PARAMETERS

s based on correlating pilot ratings

Substantial disagreement among result
(ref. 12.16) has resulted

with short-period damping and natural frequency

T
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16, 12.12 Longitudinal s! . i . : . .
12.15). g short-period oscillation—pilot opinion contours (from ref.

in a search for more meaningful parameters. One such was derived b, ti

.that the pilot’s opinion of an aircraft’s longitudinal dynamics is v - mlgl
influenced by the response of the vehicle to control inputs Thi:r?nnluc

depends on terms in botk the numerator and denominator of t};e longit d'urr;
transfe.r functions, whereas the short-period characteristics a eagr iun l:ha
denomllna.tor ouly [see (10.2,11)]. An important transfer furE:I:,ion is t,he
approximate one relating pitch rate response to elevator angle input, gi N
by (!.0.2,116 and b). (See also Figs. 10.6, 10.3.) If we neglect C pC’ glveg
CpyIn (10.2,12b) and convert to dimensional form, we get the ap;l)i‘,oxillls;;:)ln

q _ ML, 1+ mVs/L,

A, mLV (¥4 2lw,s + 2
where ¢ is in rad/sec, and s corresponds to d/dt, not d/df. w, (in rad/s
and ¢ are, of course, the approximate short-period frequency Zmd dam 'eC)
?cspet';tlvely. The quantity (L,/m V) in the nunerator is the lead time conpt,l ot
in Ll_ns response and has been identified as an important paramet S'a;nt
long1tud}nal handling qualities (ref. 12.31). In ref. 12.16 it is &fguedl tehzlt, t}(l)r
appx:oprla_te correlation of pilot ratings is with the parameters shown in Fi ;
12.13. Tt is stated that when the aircraft load factor response to angle ff

(12.8,1)
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Yia. 12.13  Pilot ratings based on Lgjm Ve, and n®/w, (from rof. 12.16).

attack (n, = (OL/W)/0a = L,/W)isless than 15 g/rad, pilot opinion correlates
well with
L

-3

and {
mVw,

The immportance of L,/mV can easily be inferred. Figurfe 10.6 shows that
the carly part of the response to elevator separates clearly into two .plllli.seag
an initial pitch-up to a nearly steady Ax, and a ;ubAsequr;Jnt flig )-if):d;

1 i ift incr t AL = L, Ac. The magnt
curvature associated with the lift incremen L = L, Phe ) itude
of the curvature is approximately ALfmV = (Ly/mV) Awx. The chlungjt,-i)vte:;
in correlating parameter at about #, of 15 appears to be due to the 1)111.0'}]t
concern to control load factor at large n,, whereas he concentrates on thg '
path at low n,. Figure 12.13 shows iso-opinion curves based on the use o
these parameters. N

An I'Z,dditioual parameter has been developed based on the Wlmdﬁl:taﬂt
of pilot comments and the physiology of the pilot (ref. 12.17). 1t 13 called the
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“Control Anticipation Parameter” or CAP. The CAP is defined to be the
ratio of the instantaneous angular accoleration in pitch to the steady-state

change in load factor when the pilot applies a step input to the longitudinal
control. Thus

CAP = 2o (12.8,2)
An

This theory is based on the fact that in order to make precise adjustments
to the flight path, the pilot must infer from the initial attitude response of
the vehicle, the ultimnate response of the flight path. It is found that the
best cue for sensing attitude response is the initial angular acceleration in
pitch (¢,) which the pilot senses through his iuner ear. For precision control
tasks the pertinent steady-state parameter is taken to be the change in
steady-state load factor (An,,), which is related to flight-path curvature (see
Sec. 6.10).

It is found that if an aircraft has a CAP which is too small, the pilot
tends to overcontrol and rates the pitch response as sluggish. This comes
about as follows.

When the flight path requires adjustment the pilot moves the controls
and monitors the effect of this action by noting the size of the ¢, generated.
If the CA P is too small no ¢, will be detected because it is below the threshold
of the pilot’s inner ear. Consequently lie will apply more control input until
a ¢ is finally sensed. The result is an extremely large An,, and the desired
response is exceeded.

On the other hand, if the CA P is too large, the pilot tends to undershoot
his desired flight-path corrections, and rates the response as fast, abrupt, and
too sensitive. This occurs because any slight pitch control inputs from the
pilot generate a large ¢, which is interpreted as the prelude to a gross change
in vehicle state and not the small desired change. As a result the pilot tends
to reduce or reverse his pitch control input to avoid this, resulting in a steady-
state respousc that is too small.

The CAP can easily be derived from relations previously given. ¢, is
simply the initial pitching moment divided by 1, i.e.

D
g, = MA9, (12.8,3)
IU
The steady-state load factor is obtained from (10.2,9), in conjunction with
the short-period approximation (10.2,11) (note that Gy; = 0 in this approxi-
mation). The aerodynamic transfer functions are replaced by stability

derivatives, we let s = 0, and neglect €y, and Oy, to get the approximate
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result for the static gains:

K CL x

-
Aa&

né —

After conversion to dimensional form we get

Ang,, LM,

AS,  WIw,?
and

cap— o _ L _ n

— 12.8,5
An Wo,? o} ( :

3s n

The acceptable range in C4 P extends upward from about 15 deg/sec?/g.
The upper limit has not been determined, with good pilot ratings obtained
from 25-50 deg/sec?/g. Figure 12.14 compares the pitch response of two
different jet fighters. Under the conditions which prevailed for this test, the
F-105A with a CAP of 16 deg/sec?/g received an adverse rating while the
F-84F was rated as “good” with respect to formation flying.

SPEED STABILITY

In addition to the vehicle’s attitude response, the pilot also considers the
speed stability of the aircraft when rating its handling qualities. This is

especially true when performing such rectilinear maneuvers as the landin

g
approach.

In Sec. 11.5 it was shown that the aircraft response to a disturbance
AV, in forward speed could be written as A Ve

T The response is convergent
for 7'

negative. Although no clear criterion for speed stability exists it appears
that if in all other respects the aircraft is rated as satisfactory, then the pilot
will rate the speed response as satisfactory if it is convergent with a time to
half amplitude less than 35 sec. However, it is found that under certain
conditions a vchicle can be rated as acceptable even if the speed response is
divergent, provided that the time to double amplitude is greater than 17 sec.

LONGITUDINAL CONTROL SYSTEM CHARACTERISTICS (“FEEL")

The pilot commands longitudinal vehicle response mainly through control
column inputs. Hence it is found that the characteristics of the control system
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Fia. 12.15 Effect of stick foree and stick movement por g on pilot opinion (from ref.
12.15).

influence the handling qualitics of the vehicle. An otherwise satisfactory
vehicle can be rated as poor due to a control systein that does not “feel”
right to the pilot. Figure 12.15 shows the manuer in which pilot rating varied
with stick movement per y and stick force per g in an aircraft with an irre-
versible control system. 1t is seen that there is only a relatively small region
where a satisfaclory rating is achieved, indicating the importance of the
proper selection of control system characteristics. The studies which produced
these results also determined that pilots do not object to Lreak-out or
frictional forces if they are not large when compared to the stick force per g.

12.9 LATERAL-DIRECTIONAL HANDLING QUALITIES

Generally speaking, lateral-directional control is more complex than
longitudinal control. This, of course, is due to the fact that two axes of
rotation are involved, leading to cross-coupling effects and the use of two
primary control surfaces. As a result many groups of parameters are presently
being studied to determine their correlation with pilot ratings. The following
is intended to introduce the reader to some of these handling qualities
parameters and to indicate the trends of research.

The primary lateral-directional control task facing the pilot is the control
of Lank angle through the aileron control system. The transfer function
relating bank angle response to aileron input can be derived from (5.11,10) by
putting AL, = L; AS,, AN, = N; A8, and solving for the ratio $/AJ,. The

-
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result is

‘Ig~ . A (8% -+ 2 w5 -+ w¢2)
a5, 70 T (12.9,1)
Fe i e

Here the factors in the
1), the roll mode (
frequency (

: denominator represent the spiral mode (time constant
o dd?une.constant Ty), and the lateral oscillation of radian
the solution (‘:f :lllle ei;::ll\)fl:lié%l)‘;)%‘]llenvﬂyes . t(}l1 s onants come from
where approximate solutions for the:n ,ar:aszrsbose iva;lsc')l‘nlllz e pter &
;l(l)z:,ltslto;:lst shoulc? note their ‘ restricted rangegof validitl;rs.er'l‘(;lfethrfuaxﬁgrr;):c;
N Czr:Z glve'n be]ow.\Ylth the aerodynamic transfer functions replaced
ponding stability derivatives, and with Y, =Y, =y,=0
] r T e :

4, = I/
[ Lo (a)

2 = __ 4 & T
Ly, (N, + m) + N L/L (b) (12.9,2)

2 Y N
wlt = (=N Ny Yl o Yoy,
g (m + ﬂ) L (L/f + ; Lr) (¢)

where ’
bt ley
L - I, @
2
I:c . Ia:z
N gL,
N = z
1 2 e
I 1, (e)
IZ

A ial 1i AL
partial list of parameter groups used in handling qualities studies includes
Vilos Low Tio To 1181, 14fo], and p where (v, = o3/p]py).

SPIRAL MODE

n M

The spiral mode time constant, 7’
m.umtum a given course when cruisi
of a divergent spiral mode, pilots w
that |77 > &

4 s| > 20 sec.

s» determines the aircraft’s tendency to
sing. It is generally found that in the case
ill rate the aircraft as satisfactory provided



520 Dynamics of atmospheric flight

ROLL CONTROL

e

If w, = w, and {, = £, so that the two quadratic terms in (12.9,1)

cancel, or if only the initial vehicle roll response is considered, then for cases
where 1/7', is negligible the roll-to-aileron transfer function reduces to

$ . —{IJ’——— (12.9,3)

O s (s + TI—R)

which corresponds to the single-degree-of-freedom approximation (9.7,7).
Tt has been found that this transfer function affects pilot ratings significantly.
When considering this response it is convenient to look at closed-loop and
open-loop control situations separately. Closed-loop control tasks involve the
continuous monitoring of system error by the pilot and his responses to this
stimulus. Examples of this type of control include formation flying, instru-
ment flight, and landing. Open-loop control differs in that a previously-
learned pattern is utilized to respond to a particular flight situation. No
continuous monitoring of system error as such is involved and often the
maneuver is of very short duration. Examples of this form of control are
obstacle avoidance, rapid turn entry, and recovery from sudden upsets.

CLOSED-LOOP ROLL CONTROL

The pilot model of Sec. 12.2 has been used by Ashkenas (vef. 12.21) to
study the handling qualities associated with the closed-loop control of bank
angle. This application demonstrates the use of pilot models in analyzing
the pilot/aircraft system. Iigure 12.16 presents the closed-loop situation.
It is assnmed that the pilot is functioning in a compensatory fashion to

IF ____________ 1 i(t)
] n(t) ll
| |
| i
e(t) | /L | 8a(t) TiAe S X
; Y | N (Tgs+ D) JT e
: » |I Aircraft
o Pilot model _,

Fle. 12.16 Compensatory closed-loop roll control.
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coutrol- external disturbances [represented by 4,(¢)] to the vehicle’s b
z'mgle. [No.be that this control situation is identic;l to that of Fig l;;;b \:i?;
1112(t2) = ——?(t).] In an attempt to achieve the equalization outli;led. in Sec
-2 the pilot adopts a form of describing function that reduces the combi d
transfcli function of the pilot and aircraft as nearly as possible t Igm 'll‘nlf'
results in an attempt by the pilot to generate a lead equalizati(c))n t{s. o
.cancel Fhe 1/(Tgs + 1) lag present in the aircraft. In addition, if the enl]1 t'o
1s restricted to frequencies near the system crossover frequer;c it 'anf&'l ym(i
that to a reasonable approximation all the dynamicsassociated w}i,t’,h t}:s f)lun’
heuromuscular system can be lumped in with the effective time dela; le ‘;t i
o

This is found to be sufficient fi
or the present licati ¢
transfer function is thus of the form b sppieation. The fory srd-loop

Y(s) é _ K™ (Trs 4+ 1) - ATy,

'AS, (12.9,4)
which reduces to s(Tps +1)
K™ - 4,Ty
(12.9,5)

8
Ilf tl}: gllot can gfenerate T, = Ty Ttisfound that human pilots are generall
mited to T, 5_5 sec because of physiological factors. In addition as T 4
fty:duced to zero it is found that pilots do not attempt to keep T , e fztls
Tg- 1t appears that as soon as the phase lag contributed b TL bqu& N
afcepta,bly small the pilot no longer feels the need to comye Rt egom'es
Blgure 1.2.17 shows the 7', adopted by pilots for a range of 7? 'nsa o

In this isolated control situation, it would appear that LhIé S.i] t i

could. depend upon closed-loop system performance, the gain eI;l(z‘ erjimll)]g
the pilot, K, and 7' Since the forward-loop transfer function al%vayes Z;pear);

Fia. 12.1 i 3. 1 i i
7 Approximate Ty, vs. T'p relationship (from ref. 12.21).
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to be approximately Kfs, all systems studied will tend to have similar
response characteristics. If an experiment is performed wherein 'y, is varied
and the pilot is allowed to select the system gain 4, at each step so as to be
optimum in his opinion, then the rating assigned to each configuration
ghould be mainly influenced by the 7' required of the pilot. The results of
such an experiment (ref. 12.21) are given in Fig. 12.18. Here A R is the increase
in pilot rating associated with 7' above the basic rating for the complete
vehicle. The rating becomes less favorable as the pilot is required to generate

Tig. 12.18 Iffect of 7'y on pilot ratin //(from
0 1 2 3 L 1 g
AR ref. 12.21).

lead (the generation of lead can be thought of as an attempt to anticipate
the future input signal).

The optimum gain A4, sclected by the pilot for a particular value of 1'p
is assumed to be uniquely related to the pilot gain generated at the crossover
frequency, w,. At crossover |Y(iw,)| - |§/AS,(iw,)| = 1, and for a particular
value of T, the optimum value of pilot gain, |Y(fw,)|opt, is assumed to be
unique. Based on these assumptions the gain 4, selected by the pilot can be

found from (12.9,4) to be
2 2
Ay = Lic_‘/_wL_gLf}__l (12.9,6)
TR lY(’L(L)c)‘(‘M

OPEN-LOOP ROLL CONTROL

When investigating open-loop roll control it is appropriate to consider the
ratio of the roll time constant 7'y, to some typical maneuver time ¢, andfor
the maximum roll acceleration following a unit step aileron input. The Laplace
transform of the roll acceleration following a unit step aileron input (AS, =
1/s) can be found from (12.9,3)
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§ ]l(B maximunl I a6 on oc a = \Y%
| oll ace rat, o t —

eleration curs t 0, and frOl]l the mltlal alue
theorel]] 15

$(0) = lim s Trdy
s~ quS +1

=4,

Figure 12.19 gives the pilot rating boundaries obtained from roll response
Ftudxe‘s 9f fighter-type aircraft (ref. 12.15). The lower boundary on these
iso-opinion curves is blamed on oversensitivity of the controls and probably

100 —
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emergency

| | L
0.1 05 ”1_0 5 10 Frie. 12.19 Pilot rating of open-loop roll re-
1), sec sponse (from ref. 12.15).

has the salue basis as the poor ratings achieved with overly large values of
the AP discussed in the section on longitudinal handling qualities.

DUTCH-ROLL CHARACTERISTICS

The Dutch-roll oscillation may. from a piloting standpoint be termed a
nuisance factor. Its oscillatory nature is not purposely induced to perform
any waneuver, and its presence may hinder the maintenance of precise
ﬂlghbpabh control. Originally attempts were made to correlate pilot opinion
w;bh the ratio ¢/f3 of the eigenvector and the damping of the oscillation
However, when it was found that pilots desired more damping for a giver;
¢/ at lower flight speeds, the parameter ¢(u,f) or ¢/v was introduced to
re.place $/#. Additional studies indicated that the altitude was also important
with more damping being desired at higher altitude. This lead to the qu;
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Fig. 12.20  Pilot opinion boundaries for Dutch-roll characteristics (from ref. 12.15).

of (ﬁ/u\/ plpo Or $fvy. Further refinement then replaced cycles to half amplitude
by the inverse of the time-to-half-amplitude, 1/7';. Figure 12.20 illustrates
the pilot rating boundaries plotted on a 1T, vs. ¢/vg diagram. This is
typical for fighter-type aircraft.

As is often the case in the field of handling qualities, this is not the final
answer. In fact some results can be shown to correlate better with bank
angle response to rudder input and root-mean-square bank angle response

to random gust inputs.

wglw, AS A HANDLING QUALITIES PARAMETER

The ratio wy/w, is a significant parameter when studying lateral-directional
handling qualities. If [wy,, {,] = [y, £,] then the quadratic factors in the
numerator and denominator of (12.9,1) cancel. Or, to put it another way, the
associated poles and zeros exactly cancel. The major consequence of such an
occurrence is that the ¢ response to aileron becomes non-oscillatory, a very
desirable circumstance. Another consequence would be the disappearance
of the valley-peak sequence in the frequency response for ¢/8,, as illustrated
in Fig. 10.12c. When this special circumstance is not the case, then aileron
inputs produce oscillatory responses. The cancellation of the quadratic
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F16.12.21  Pilot ratings for a range of wyfw, (from ref. 12.21).

factors depends mainly on the values of w, and w, and less on {, and {
Hence the importance of wy/w, as a parameter. ’ .
thl)ztali:(iit :Ill)aliysw shows that for wy/w, > 1 favorable yaw is generated,
PP eing true for w,/w, < 1. The yaw that occurs determines the
amount and direction of rudder deflection needed to execute a coordinated
turn. In addition, closed-loop bank angle control is difficult when w,jw, > 1
The general trend of pilot rating with w,/w, is shown in Fig. 15.214 The:
general and marked preference for w,/w, = 1 is apparent. Figure 12 22' ives
F_ypiua,l pilot iso-opinion curves for a range of (w,/w,)? and Z,. Thes.e cfrves
indicate that, depending upon the value of {,, the optimumdva.lue of w,jw
may differ from unity. o
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Fia. 12.22  Pilot iso-opinion curves for lateral-directional control (from ref. 12.21).
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ROLL CONTROL SYSTEM CHARACTERISTICS (“FEEL™)

The roll control system dynamics are important in establishing the handling
qualities of an aircraft. From the small amount of research performed in
this area the following general remarks apply:

1. Full aileron deflection with a wheel-type control should not require a
rotation exceeding 90°.

2. Control sensitivities as high as 0.5 degfsec rate of roll per degree of
wheel displacement can be satisfactory.

3. The force required to apply full control should be about 40 1b.

12.10 HANDLING QUALITIES REQUIREMENTS

As a result of inability to carry out completely rational design of the
man-machine combination, it is customary for the governinenf agencies
that are responsible for the procurement of military airplanes, or for licensing
civil airplanes, to specify compliance with certain handling qualities require-
ments (e.g. refs. 12.26 to 12.28).

These requirements have been developed from extensive and continuing
flight research. In the final analysis they are based on the opinions of research
test pilots, substantiated by careful instrumentation. They vary from country
to country and from agency to agency, and, of course, are different for
different types of aircraft. They are subject to continuous study and modifi-
cation in order to keep them abreast of the latest research and design infor-
mation.

The purpose of these regulations is to ensure the safety of operation of new
aircraft. If the rules are too lenient or incomplete the result can be degraded
performance, poor flight safety, and perliaps an inability to complete the
intended mission. On the other hand, if the rules are too stringent the penalties
can be degraded performance, added complexity, and reduced economic
efficiency. When a new aircraft is designed with novel features and per-
formance characteristics, the old regulations are not always sufficient to cover

the situation, and subsequent prolonged vehicle flight testing is then required
before it can be certified. In the past, regulations have merely specified minima
for the various aspects of handling qualities. Tt is anticipated that ongoing
research in this field will lead to the specification of optimum values for the
various handling qualities parameters and the definition of acceptable ranges

for these parameters.

Human pilots and handling qualities 527

The following is intended to show the nature, not the detail, of typical

handling qualities requi
: quirements. Most of the specific requi
classified under one of the following headings. virements can be

CONTROL POWER

The .term control power is used to describe the efficacy of a control i
producing a range of steady equilibrium or maneuvering states. For exan? lm
an elevator control which by taking positions between full u .and full d o
can hold t‘he airplane in equilibrium at all speeds in its speef)d range, fi Owﬁ
configurations and C.G. positions, is a powerful control. On the otghe’zr (;1r 3‘d
a rudd.er that is not capable at full deflection of maintaining equilib i
_Of yawing moments in a condition of one engine out and negligibcie sidlt:sl;im
lsl‘ not pf)werful enough. The flying qualities requirements normally speeifp
.t 1e specﬁc speed ranges that must be achievable with full elevator deflect .
in the various important configurations, and the asymmetric power eonz(?;on
that the rudder must balance. They may also contain references to the ele\:alt(())lll'

angles required to achieve positive load fa i
ctors, asin steady t
maneuvers (“clevator angle per g,” Sec. 6.10) yinmsandpullup

CONTROL FORCES

The requirements invariably specify limits on the control forces that must
bcj exerted by the pilot in order to effect speeific changes from v
Frmlm(.ad condition, or to maintain the trim speed following a suddena hglven
lu configuration or throttle setting. They frequently also include requi 'e o
on the eontrol forces in pull-up maneuvers (“stick force per g,” SZO lglilg)nts

STATIC STABILITY

The .requirement for static longitudinal stability (see Chapter 6)
stated in terms of the neutral point (defined in Sec. 6.3). It ispusuall ired
that the relevant neutral point (stick-free or stick-fixed) shalllie somy fie'qtmre
(e.g. 57 of the mean aerodynamic chord) behind the most aft . :;s o of
the C.G. This ensures that the airplane will tend to fly at a con It)OSIt et
a,ud‘ angle of attack as long as the controls are not moved Pt speed

The 1'equ.ire111011t on static lateral stability is usually .mild It is simpl
that the spiral mode (see Chapter 9) if divergent shall have a time to d iy
greater than some stated minimum (e.g. 4 sec) © donble

is usually
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DYNAMIC STABILITY

Generally the requirement on dynamic stability takes the f.orm of 8 specifi-
cation on the time to damp to half amplitude. The damping required for
good flying qualities varies with the period.

STALLING AND SPINNING

Finally, most requirements specify that the airplane’s behavior following
a stall or in a spin shall not include any dangerous characteristics, and that
the controls must retain enough cffectiveness to ensure a safe recovery to

normal flight.

Flight in a turbulent
atmosphere

CHAPTER I3

13.1  INTRODUCTION

Of those obstacles with which nature confronts man in his use of the air
as & medium of transportation, two are transcendent in importance—poor
visibility that prevents himn from seeing where he is going, and turbulent
movement of the surrounding air that disturbs his vehicle and its flight path.
To overcome these obstacles has always been and continues to be a major
challenge to aviation. Poor visibility is associated with both darkness and
weather, turbulence with weather alone. The former of these obstacles has
to a great extent been overcome—modern navigation techniques permit blind
tlying with adequate safety for all but the critical phases of landing and
take-off, and there is hope that the safety margins for these too will ultimately
be acceptable.

The subject of this chapter is the second obstacle, turbulence. The motion
of an aircraft in turbulence is akin to that of a ship on a rough sea, or an
automobile on a rough road. It is subjected to buffeting by random external
forces and as a result the attitude angles and trajectory experience random
variations with time. The time scale and intensity of these responses are
governed by the scale and intensity of the turbulence, as well as the speed
and characteristics of the vehicle. Their effect is to produce fatigue in both
the pilot and the structure, to endanger the structural integrity of the air-
craft, to produce an uncomfortable, possibly even unacceptable, ride for

529
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Control
system )
Atmospheric Velocity Aerodynamic {Forces and Dygzgﬂcs Vehicle | Pilot and
turbulence field system moments structure motion payload
Stresses, fatigue Control problems,

workload, fatigue,
quality of ride

F16. 13.1 Breakdown of the turbulence problem.

the passengers and cargo, and to impair the precise control of flight path
needed for collision avoidance and safe landing. ™

To understand and analyze these responses, which is to provide the basis
for ameliorating them, we dissect the total phenomenon into several parts,
as illustrated in Fig. 13.1. The first is to describe the turbulence itself, the
“output” of this description being the velocity field in which the airplane
is immersed. Next, it is necessary to determine how these velocities result in
aerodynamic forces and moments; these in turn become inputs to the
mechanical/structural system whose mathematical modelling was the subject
of Chapter 5. Finally, the motions and stresses that result serve to define
the problems faced by the structure and the pilot. The diagram indicates
that the pilot feeds back into the dynamic system via the controls—a feature
that cannot be overlooked for realistic analysis. A study of all the problems
embraced by the figure clearly spans the disciplines of meterology, aero-
dynamies, vehicle and structural dynamics, metal fatigue, and human
factors. We make no attempt here to go in depth into all of these! The aim
of the following is to extend the mathematical models previously given to
embrace a description of the turbulence and the inputs provided by it. This
model then provides the tool for calculating the responses of interest for
any design or operational problem.

Since turbulence is a random process that cannot be described by cxplicit
functions of time, only a statistical, probabilistic approach can be taken.
The basic random-process theory neecded was presented in Secs. 2.6 and 3 4,
and the following relies heavily on that material. In particular the role of
input spectra in computing output spectra should be recalled at this point
[see (3.4, 48 to 51)], and the role of output spectra in calculating response
probabilities (Sec. 2.6).
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13.2 DESCRIPTION OF ATMOSPHERIC TURBULENCE

‘ The total velocity field of the atmosphere is variable in both space and
.Lnne, composed of & “mean” value and variations from it. The mean wind
1s a problem primarily for navigation and guidance and is not of interest
here. We eliminate it by choosing as our reference frame the atmosphere-
fixed frame F, (see Sec. 4.2.4) relative to which the mean motion is Zero.

Lst the velocity of the air relative to F 4 at position r = [%,7524]T and time
! be

u(r,t) = [uuyu,]T (13.2,1)

Tpen u,(r, t) are random functions of space and time, i.e. we have to deal
with the statistics of a random vector function of four variables (z,, x,, z,, 1).

As.sociated with any given point r and time ¢ there is a 3 X 3 correlation
matriz (second-order tensor)

B 1) = <ur, thu(r +E,t + 7)> (13.2,2)

As indicute.zd, 1t is the ensemble average of the product of «, at r and ¢ with
u; at the different point r + E and the later time ¢ --- 7. The associated four-

: . L .
dimensional Fouricr integral is the 3 x 3 matrix of four-dimensional spectrum
Sunctions

1 N (e
Pl ) = (2m)" ffff BB 7)e @5t e dg, dg, dEdr - (13.2,3)

The inverse relation for Fourier integrals gives

R,(E, 7) = f f f f 0,(R, w)e E9 40, 40, A0 dw  (13.2,4)

The fuu(ftions B and 0,; serve (together with the assumption of normality)
to d.cscrlbe the needed statistics of the turbulence. From them all the
pertinent results can be derived (see Sec. 2.6); a principle objective of re-

search into atmospheric turbulence is to ascertain their forms, and how their
Parameters depend on meteorological conditions, terrain, etc.

1 Rf"(o’ 7) should not be confused with the time-delayed correlation measured by a
fixed instrument in a flow passing it at a mean speed U. Y
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SIMPLIFYING ASSUMPTIONS

Although there is some evidence that atmospheric turbulence is not
neeessarily normal, or Gaussian (ref. 13.1), many researchers have concluded
that it is for practical purposes in many situations. There are great gains in
simplicity in calculating the probabilities of exceeding given stress or motion
levels if the process is Gaussian (see See. 2.6), for then one needs only the
information given by the spectral distribution of the variables in question.
We therefore assume that the random functions we have to deal with have
normal distributions. (This assumption only enters when probabilities are
being calculated, not correlations and spectra.)

The most general case, covered by (13.2,2 to 4) allows the turbulence
statistics to vary from point to point and time to time—i.e. R;; and 0,; are
functions of the base point r and base time ¢. One assumption made almost
universally is that there is no dependence on ¢, i.e./that the turbulence is a
stationary process. A second widely employed assumpéiou isthat the turbulence
is effectively homogeneous i.e. that R;; and 9., are independent of r at least
along the path flown by the vehicle. At high altitudes, turbulence appears
to oceur in large patches, each of which can reasonably be taken to be
homogeneous—but with differences from patch to patch. At low altitudes,
near the ground, there are fairly rapid changes in the turbulence with altitude.
However, for airplanes in nearly horizontal flight, homogeneity along the
flight path is a reasonable approximation.

In general, the functions R, and 0,; depend on the directions of the axes
of F . This is especially so in the ground boundary layer. When this de-
pendence is absent, and the evidence is that this is the case at high altitudes,
then the turbulence is isotropic, i.e. all the statistical properties at a point are
independent of the orientation of the axes. In this case it follows that the
three mean-square velocity components are equal, i.e. the intensity is

ot = <u > = <ult> = <ut> (13.2,5)

When the turbulence is stationary and homogeneous it is also ergodic, so
that time averages can replace ensemble averages—a matter of no small
importance for experimental work.

Finally, the last simplifying assumption relates not so much to the
turbulence itself but to the nature of the present problem. Airplanes fly for
the most part at speeds large compared to the turbulent velocities and to
their rates of change. Thus the vehicle can traverse a relatively large patch
of turbulence in a time so short that the turbulent velocities have not had
time to change very much. This amounts to neglecting ¢ in the argument
of u(r, t), i.e. to treating the turbulenceas a frozen pattern in space. “This
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assumption is known as “Taylor’s hypothesis.” Its consequence is that
Ry, 1) — Rij(E) and 01‘;’(9» w) — 0:’:‘(9)

a,nd1 lthe F(;urier integrals of (13.2,3) are triple rather than quadruple. The
problem of computing aerodynamic forces and vehicl is c
spondingly simplified. VENEE respones s come
. 1“nm¥ly, then,- the simplest model we can obtain is of homogeneous
1s§troplc, Gaussian, frozen turbulence. This is the model most commonl}:
used for analxsm of flight outside the ground boundary layer. Unfortunately
ltheds.trong znlsotropy of boundary layer turbulence makes it unsuitable fOl,‘
anding and take-off; and for hovering fli i
; ; g flight the assumpt

turbulence is clearly also invalid. wmption of frosen

Ba.tchel(?r (13.2) has shown that in isotropic turbulence R,(E) can be
expressed in terms of two fundamental correlations, f(£) and g(g-') viz.
—_ [ _ 51'57‘
2 J(&) — g(E)] 222 + g(£)d,, (13.2,6)

g £2

where & = [E|, §,; is the Kronecker delta, and ¢? is given by (13.2,5). It
should be observed that R,; is zero whenever ¢ = jand either £, or £ v.ar;isl.les
s0 that R,;(0) = 0 for i # j. Other situations are illustrated’in F’ig 13.2 a,.
wing-fin system; the correlation of u, at 4 with either u, or u, at B \.rani'sh’es
because 5} and &, are both zero, but that of u, at 4 with « ;t C is not zero
because £, and &, are both nonzero. Furthermore, the equatizon of continuit

for an incompressible fluid iinposes the condition Y

g =f+ ¥&f (13.2,7)

f(&) i?, known. as the longutudinal correlation, typified by Ry,(£,,0, 0) and is
associated with the condition illustrated in Tig. 13.3a. g(¢&) is the lateral

F16.13.2 Ilustrating vanishing and nonvenishing correlations.
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1.0

(8)

8(%)

. itudi lation, f(£)
Tra. 13.3 Correlations in isotropic turbulence. () Lox)glbud?ml c;rre ation,
(uu’). (b) Lateral correlution, g(§) = ). (¢) Typical forms of f and g.

rrelation, typified by Ry(0, &, 0) and is associated with’ the condition
fl(l)ustra.ted ’in Fig. 13.3b. The typical forms of these correlations are shown

in Fig. 1¢ iz ity at £ = 0.
n Fig. 13.3¢, when normalized to unity ' o
1 Thge spectrum function in isotropic turbulence is expressible in terms of

the basic energy spectrum function E(€2), i.e.

() = BQ) (Q2,; — Q,Q,) (13.2,8)
- 47Q*
E(Q)) is a scalar function that describes the turbulent energy density as a
function of wave number magnitude, Q = || such that

%(—u—f + ;2—2 + u—;) :f £E(Q)dQ.
0
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As with R, the spectral density 0,, is zero whenever i #J and £, or Q,

vanishes. Thus 0,,(0) == 0 for i # J» and for many special values of the wave
number vector,

The mean product of two velocity components at one point in frozen
turbulence is R ;(0), which is from (13.2,4) (for frozen turbulence, w and
7 do not appear, and it is a triple integral)

T = f f f 0,5(Ch, Qy, Q) dQ, dQ, dQ, (13.2,9)

Integration successively w.r.t. Qy and Q, yields the two-dimensional (1)
and one-dimensional (B) spectrumn functions, i.e.

T :ff‘}fﬁ(Ql, Q,)dQ, dQ, :fw D,(Q)dQ,  (13.2,10)

where ) @
Y(0,0,) = f (2, Qy, Q) 4O
D,,(Q,) :fmlpﬁ((zl, Q,)dQ, (13.2,11)

Note that the mean-square value of any velocity component is {cf, (2.6,11)]

w? :qu)ﬁ aQ, (13.2,12)

There is a more direct physical interpretation of the one-dimensional spec-
trum functions than the formal one given above. In homogeneous frozen
turbulence consider the measurement of u; and u; along the », axis (corre-
sponding to measurement in flight along a straight line, or at a fixed point
on a tower when the frozen field sweeps by it with the speed of the mean
wind). The corresponding correlation is E,;(£),0,0) and its one-dimensional
transform is @ ,;(€Q,) i.e.

. o0
P,,(Q)) = Lf B4, 0, 0)e it g, (13.2,13)
27 J_ o

Furthermore, if the z, axis is traversed at speed U (or the wind past the tower
has specd U), then &, = U+, where 7 is the time interval associated with the
separation §£,.

Corresponding to the two basic correlations Sf(&) and g(&) for isotropic
turbulence, are their two Fourier integrals, the longitudinal and lateral
one-dimensional spectra, i.e. ®,,(€,)and ©y45(€2,), respectively. By virtue of the
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relation between f and g, Batchelor shows that
,,(£2,) .
G(Q) = 30, (Q) — 10, — 1 (13.2,14)
daQ, :
The isotropy, of course, requires the symmetry relations
(Dn‘(Qz‘) = ¢)33(Ql) ifit]
= @,,(Q,) ifi=j (13.2,15)
Most of the experimental information collected about atmospheric t.urbuljcnce,
on towers and by aircraft, is in the form of the above two one-dimensional

spectra.

SPECTRAL COMPONENT OF TURBULENCE

We showed in See. 2.6 that a one-dimensioyl random function could be
represented as a superposition of sinusoids (2.6,4). The analogous relation
for three-dimensional turbulence is

u(r) :er““"’dc(sz) (13.2,14)

which indicates that the individual spectral component is a velocity field of
the form exp i(Qe; + Qur, + Quz,) and awmplitude dC. The triple integral
signifies that integration is over — co to + coin each of the wave number com-
ponents; or to put it another way, individual sinusoidal waves of all p‘ossﬂ.)le
wave numbers are superimposed to make up the turbulent field. The in-
dividual spectral component has been shown by Ribner (ref. 13.3) to be an

Fla. 13.4 Sinusoidal wave of shearing motion. {After H. S. Ribner, ref. 13.3.)

Flight in a turbulent atmosphere 537

inclined shear wave as illustrated in Fig. 13.4. The velocity vector is per-
pendicular to the wave number vector, and is constant in planes normal to
it. It is no more surprising that a superposition of waves like that shown can
represent turbulence than that an infinite Fourier series can represent an
arbitrary random function of time.

The spectral component in two dimensions, say Q, and Q,, has the form
exp i({Qz, + €2,2,); and is the sum (more properly integral) of all the three-
dimensional waves haviug the given values Q,, Q,, but differing Q. It can
be pictured as in Fig. 13.5, which shows the node lines and the distribution

X

ud

Section | through wave

A\

Fia. 13.5  Elomentary spectral component in two dimensions. (After H. S. Ribner, ref.
13.4.)

of u, through a section of the wave. The two-dimensional wave number vector
is " = [Q,, Q,]7, and is seen to lie at an angle § to the z, axis. The wave-
length is = 27/Q" and agsociated with the components of ’ are the wave-
lengths along the coordinate axes, 4, = 27/Q, and 4, = 27/Q,.

Finally, the one-dimensional spectral component is a sinusoid on one axis,
e.g. ¢M™1, and is the sum of all two-dimensional components having the
same (, or 4. This is the familiar spectral component of one-dimensional
Fourier analysis.

INTEGRAL SCALE

There is an intuilive notion of the scale of turbulence. Clearly there are
significant differences of *‘size” between the turbulence in the wing boundary
layer, in the wake of the airplane, and in the atmosphere itself. These differ-
ences are quantified by a definition of integral scale derived from the corre-
lation function. Thus let

L= —lé waﬁ(g) dg, (13.2,15)
u;” Jo
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be a line integral on the &; axis. It might be called ““the j scale of the ¢ velocity
component.” There are in general nine such scales, e.g. for #, measured along
the z; axis, or u, measured along the z, axis, etc.

A second notion of scale derives from the spectral representation of
turbulence. The wavelength at which the energy density peaks (sce Fig. 13.6)
is also a scale parameter, and for any given spectrum shape is uniquely
related to L (defined below).

In isotropic turbulence, only two different scales are found, associated
with the basic correlations f and g, and these are of course simply the areas

T T T T T T T T T T T T T T
Structure
(v 21
04 - Phugoid k - Z =
g n Short-period
RS
+- 03 Lateral, ®33 h
=)
o
(C\i 02 $33*, Q2 = 0.01
<~ Limit of validity,
o1l- }“point" approximation ]
’ I ¢=20ft
0 i ( 1 ¢ Il 1 1 1 | T S— 4 i I
1075 1074 1073 1072 107! 10°
0

F1c. 13.6  One-dimensional spectra. Isotropic turbulence. Scale L = 5000 ft.

under the f and g curves. Because the maximum ordinate is unity, L, is
equal to the width of a rectangle that contains the same area as the corre-
lation curve—i.e. it is a measure of the spatial extent of significant correlation.
The two scales are
L= Lu’»
L' = L, i # j = area under ¢(£) = lateral scale

t = g = area under f(§) = longitudinal scale

The continuity condition (13.2,7) yields L = 2L".
The situation with respect to scale is unfortunately more complicated in
the ground boundary layer where isotropy does not hold.

MODEL OF HIGH-ALTITUDE TURBULENCE

The experimental data on turbulence in clear air and in thunderstorms,
and from altitudes below 5000 to 40,000 ft have been reviewed by Houbolt
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et al. (ref. 13.5). They have examined it from the standpoint of scale, in-
tensity, shape of one-dimensional spectra, homogeneity, isotropy, and
normality. Their general conclusion is that an adequate model for analysis
purposes is the simplest one described above—isotropic, homogeneous,
Gaussian, and frozen. The intensity o varies from very small to as much as
16 fps, and the scale is large, typically of order L = 5000 ft. The one-
dimensional spectrum function that best fits the data for the vertical com-
ponent of turbulence is the von Karman spectrum
o*L 1 + $(aLQ)))?

Oy () = — — T2V
s (L)) o 1 F @I (13.2,16)

a = 1.339

This spectrum function yields @ ~ Q7% as Q, — o0, a condition required
to satisfy the Kolmogorov law in the so called inertial subrange (ref. 13.6).
The energy spectrum function and some useful two- and one-dimensional
spectrat of the von Kdarman model are

55 (aLQ)*

B(Q) =22 grp (@B
= 5 T worr (@)

(Q,, Q,) = fj (aL)? 1 + (aL))? + YaLQ,)? "
6r " [L+ @*LAQ2 4 Q)%
‘ 13.5
Vel @, Q) = & (apyp L1 S OLA) 1 @LOy) (13.2,17)
bm [+ aLAQ 1 Q)
40*(aL)t Q2 + Q2
1F (Q ) Q ) = 1 2 d
33(3dp, 84y 97 [1 + a’LXQF QA% (d)
2L 1
O Q)=+
1(€2y) [+ (aLQl)z]% (e)
D5(€2)) = Dyy(Q,) (f)

The inverse Fourier integrals of ®,, and ®y, provide the associated corre-
lation functions (ref. 13.5).

2

_ 27 ug,
16 = o DKl (@)
(&) = 25 PSR — K e
T 15(8) — 3K ()] (b)

t Note that the spectra uscd herein aro two-sided, such that for example o2 =
o~ .

Zoo ©(€2)) dQy. In ref. 13.5 and in many others, one-sided spectra are used that are
double those herein, and the integration is from zero to infinity.
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where { = £/(aL), and T, K denote gamma and Bessel functions, respectively.

With the typical value L = 5000 ft, the longitudinal and lateral one-
dimensional spectra are as shown in Fig. 13.6. With this form of plot-
ting, Q@ vs. log,,Q, the area under an element of the curve is dd =
const X QO(1/Q) dQ = const x (Q) dQ which is proportional to the contribu-
tion of the bandwidth dQ to ¢% Hence the shape of the curve truly shows
the turbulent energy distribution.

The peak of Q @y, occurs at LQ, = 1.33, which shows directly how scale
affects the spectrum. Tt also yields the “dominant wavelength,” i.e.

_m _2mp uaL

Poew =g 1.33
Thus for turbulence of 5000 ft scale, the dominant wavelength is about 4}
miles, and the energy level is down b factor of 25 at a wave length of
100 ft, the order of the size of an airpfaﬁz.

For comparison, the ranges of ) associated with typical rigid-body and
structural-mode frequencies are indicated on Fig. 13.6. These show what
relative cxeitation levels of these imodes are to be expected from turbulence
of this scale. The spectrum shifts without change of shape to the right for
smaller L and to the left for larger. For example at a scale L = 500 ft, the
spectra move to the right by one decadeinQ, and by two decadesfor L = 50 ft.
This drastically alters the relative intensity of excitation of the various
rigid-body and elastic modes. We shall see later that the difficulty of com-
puting the response in any mode is very much affected by the wavelength 1
associated with it. If very large compared to the dimensions of the airplane,
the simplest analysis results. On the other hand, for structural modes of
relatively short wavelength this condition is not met, and mnore sophisticated
analysis is needed.

lpeak

MODEL OF LOW-ALTITUDE TURBULENCE

Turbulence near the ground is of the boundary-layer variety (see Fig. 9.36),
being variable with height and anisotropic. A model for this case should
ideally give the following:

(i) Variation of mean wind with height as function of ground roughness.
(i) Variation with height of u,2, u,?, u,?2.
(iii) Variation with height of all significant scales.

(iv) The form of the spectrun function 0, or the correlation function R,,.

Since the scales are much smaller than at high altitude, it becomes more

important to have the two-dimensional spectrum functions ¥';(Q,, Q,), which
enable both streamwise and spanwise variations of turbulent velocity to be
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taken into account. The anisotropy also leads to the nonvanishing of the
cor‘relation By = (uyu,) (where 7, is in the wind direction and z verticdl)
which is simply related to the turbulent shear stress (Reynolds:‘l stress) iI;
the boundary layer.

. An interesting fact about low-altitude turbulence is the existence of a gap
in the spectrumn at a rather useful location. There is considerable evidence
to show that the spectrum of wind speed measured by van der Hoven is
representative, Fig. 13.7. This is a spectral density of horizontal wind speed
taken as a function of time at a fixed point. The gap occurs for periods
7 l

T T T T T T T T T T T T
6 + T
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nSu(n), m? sec ~2
w
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2 |-
+
1 :;_’)),)fA{%
X, X 2888
ol ﬁrf*r“*ra‘ﬁ”f oo
Cycles/hr 1072 107} 1 10 100 1000
Hours 100 10 1 0.1 0.01 0.001

Fia. 13.7  Schematic spectrum of wind speed near the ground estimated from g study
of van der Hoven (1957) (from ref. 13.6, p. 43).

greater than 6 min, or frequencies less than 10 cycles per hr. The lobe on
il;e(i;‘ight corresponds to the turbulent energy of interest for flight (cf. Fig.

The extensive information available on the wind-induced turbulence near
the ground—much of it inconclusive and even contradictory—has recently
been reviewed in refs. 13.7, 13.8. From these we adopt the following model
as & reasonable representation of presently-available information: the
turbulence is Gaussian, stationary, and homogeneous w.r.t. horizontal
translations; it is anisotropie, but the one-dimensional spectra display

isotropic behavior at the highest wave numbers; the turbulence is symmetric
w.r.t. vertical planes.

VELOCITY PROFILE, MEAN WIND:

W _(EY .
Wy (ha) (13.2,19)
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where W = mean wind, & = height above ground, W and kg are the speed
and height outside the friction layer, and o and kg depend on surface

roughness (see Iig. 9.36).

COMPONENT [INTENSITIES:
In the layer below about 300 ft:

0,106,105 = 1:0.8:05 (13.2,20)

where o2 = (1,%), z, is in the wind direction, and z, is vertical. Above this
i i/ .
height the o; tend toward equallty/alabout 1000 ft.

SPECTRUM SHAPES:

The one-dimensional spectra are given by the von Karméan .equati;ns
(13.2, 16 and 17e), with o in @, replaced by o, Thus because of (13.2,20)
there are three different one-dimensional spectra.

SHEAR AND CROSS SPECTRA:

. e . ishin
The turbulent shearing stress in the boundary layer results in nonvanishing

i = ata suggests
u,iy, but symmetry requires uyu, = e, = 0. The data sugg
wug = 0.30,0,

The one-dimensional cross spectrum ®,4(€2,) is taken to be real, and given

by (ref. 13.8)

2
o} o,

0103Y0 l: () (Dzz(Ql):| 1/2,

in which a representative value of y, is 0.5.

INTEGRAL SCALES:
For the boundary layer as a whole.
Ly =20k
Ly = Ly, = 0.4k
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Above about 200 ft, slightly better values are given by

Ly, = 42407
L21 = LSI = 214597

13.3 THE INPUT TO THE AIRPLANE

The input to the airplane is the set of incremental aerodynaniic forces
and moments that derive from the turbulence—six associated with the
rigid-body degrees of freedom and others with the elastic degrees of freedom.
All of these Inputs are, of course, random functions of a single variable,
time, and are described statistically by the wnethods previously given.
Once they are known, the problem of calculating system response is relatively
routine. Let us illustrate the structure of the problem with a linear/invariant
aerodynamic model. Let g be a vector (g for “gust”) that somehow defines
the atmospheric velocity field (specific forms for g are given below), let f
be the associated aerodynamic force vector, and let T be a matrix of “gust
transfer functions” that relates them:

f(s) = Tts)g(s) (13.3,1)

The determination of the input then consists of two parts—defining g and
finding the elements of T. When both of these are known, (13.3,1) yields
the force vector, which can then be incorporated into the vehicle system
equations in a more or less straightforward inanner. The details of the process
depend very much on the degree of idealization used and the assumptions
made; examples are given below.

One approximation that is almost always made is to ignore the departure
of the airplane from rectilinear flight, i.c. to assume it samples a frozen
field on a straight line. The input statistics can then be derived quite readily
from those of the turbulence given in frame F,. Thus let F, have axes
parallel to Fp,, and zero time be chosen so that the coordinates of the
airplane mass center relative to F 4 are (V,t,0,0). The connection between
(%, y, 2), the coordinates of a point in Fy,, and (v, z,, ;) the coordinates of a
point in #  is then

=Vite me=y gy=: (13.3,2)

We now change notation for the turbulent velocities, to emphasize that they
are parallel to the axes of F,,, denoting them (u,, v,, w,). Being functions of
(1, Ty, 73) they become functions of (%, ¥, 2,t) via (13.3,2)—or for a Sixed
point of the airplane, functions of ¢ ouly. The spectral component (see after
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13.2,14) is then a velocity field of the form

exp iVt 4 2) + Quy + Q] = MV feilihzitriae (13 3 3)
or for the two-dimensional case, the above with the z terin absent. 1t is
seen to consist of a tine-periodic velocity at any fixed point (x, y, 2) of the
vehicle.

Even when the system is linear, it is not in general true (as was erroneously
stated on p. 821 of Dynamics of Flight—=Stability and Control) that the
response to turbulence can be constructed of a superposition of the three
separate responses to u,, v,, and w;. This is the case only when there are no
cross-correlations between elements of the input vector associated with
different components of the turbulence. Equations (3.4,48 and 49) make it
clear that there are contributions to response power and cross spectra that
derive from cross spectra of the input components. Such cross spectra exist
even in isotropic turbulence if variations over the vehicle are allowed for, as
illustrated in Fig. 13.2 for the points 4 and C of a wing-fin combination.
In spite of the above theoretical condition, practical calculations of gust
response are often made for one input component at a time. There is no
assurance, however, that significant errors of omission will not occur when
that is done.

THE AIRPLANE AS A POINT

The simplest approximation is that in which the variations of (u,, v,, w,)
over the vehicle are neglected. The airplane is in effect treated as a point
traversing the x, axis, with coordinates (¥, 0, 0). The input vector is then
clearly

(13.3,4)

Furthermore, the usual aerodynamic assumptions that lead to decoupling
of the system equations into lateral and longitudinal sets make it possible
to separate the response problem into two parts—the longitudinal response

to
uﬂ
B =
wﬂ

8 = [va]

(13.3,5)

and the lateral response to
(13.3,6)
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The associated force vectors and gust transfer functions are

AC, Gr, Gr, [u]
N L% R | ) (13.3,7)
1= — [

AOLH GLu,, éLw,

Aom, ému é1"“7

=T

AC, Gy,
f, = Aaz, = sz, b, = Tyg, (13.3,8)

AC, Q..

where'[ﬁgﬁ”u*)”] = [upw,] + V,.

The disturbing forces AOT, etc. can be incorporated in (5.13, 18 to 20)
(A5614, 11) to 3) by adding them to the associated control term,. i.e’. by replacir(l);
diﬂg y (ﬁOTa + AOT,)» ete. Now in the point approximation there is no

en(.,e etween aerodynamic forces associated with relative translatio

of (;ht.), au:plane w.r.b. the air whether it is the air that moves or the airplanen
?n tl-n linear a.pproxlmu.@on b, = B, W, = a,. Thus the eleven transfe;
unctions above are recognized as being identical to those previously used to

relate airplane motion to aerod i
‘ ynamic forces, as follows (not i
signs, u, reduces the relative velocity, etc.): note the minus

Crp G, .

T1=~C?DV GD T‘-gw
GLV GLa ’ o Am (133’9)
e G,

The adoption of the point approximation means that the airplane is

zj,.ssu.med to be vanishingly small with respect to the wavelengths of all
significant spectral components (e.g. A >> span in Fig. 13.3). The no
. 13.3). n-

dlﬂlenﬂlolldl fl (I y p
equenc arameter used n tlle IlleOdOIsen alld 38 f nctions
Sea,I u

fOI' dy O 1 = 2 y . .
e h 1
unstewa ﬂ W eﬂects 8 ]C (1)(7/ l Wlllc we can relabe to Q b (13 3,3)

k=0,%— 5%
G (13.3,10)

Thus (¢/4,) — 0 implies €46 —0 and k — 0. Hence it is consistent in this



546 Dynamics of atmospheric flight

1 3 Y i e 3 atl aero-
approximation to use the quasistatic aerodynamic representation by
1 2fer , N I
dynamic derivatives. Finally then the gust transfer functions are

Cp, Or, »
I L P c, (13.3.11)
' ¢y, c,, y
O’"y O‘"la + SOT"&

RANGE OF VALIDITY OF THE POINT APPROXIMATION

1t should be observed at the outset that the only excitzli.tion of thellat?ra.i
modes that can exist in this approximation is ‘.cha.t pro.v1ded.by v,. nd e;c
comparable inputs may arise from the spanwise gradients lnt}zfg‘a}nre bg‘;
which are explicitly excluded in this approximation..It must therefo
considered of limited usefulness for calculating lateral response. ‘ i
In considering the validity for longitudinal response, we. il.luslt;;cern i
for what limiting values of (€, £,) or (4;, 45) t'he a.lrpla.n.e qulg. Q. .ca.d o
considered to be vanishingly sniall. We consider the limits on {2, and 82,
bql):‘]::téll} ;ve use the criterion that the complex amplitu'de of‘ tllle lllftllogoa.t
finite wing flying through a sinusoidal incll.ned wave of up]w\a:s 1 Sll:ed .
depart too far from its value at k = 0. This problem llu.b‘ )L‘(,n'ti;)l “ e};
Filotas (ref. 7.16), and from his results we may tal.ie as a reasonable upp
limit k == .05. 1t follows that the range of validity is
Q%< .05
’ (13.3,12)
4
é
For an airplane with mean chord of 20 ft, this yields 2, < .00b5, la.n(i a.ISl:ilowiI;
on Fig. 13.6 for large-scale turbulence a small part of the tur uhen :;1~ g'rl?fhis
contained in the spectral components of wa.velengt.h shortfar than : 1s.h n
fraction increases rapidly, however, with decrease in L or increase 1;11 c f‘o l.
For the limit on Q, we again use Filotas’ result for finite wings. He finds
that the effect of spanwise variation is given by the factor

4 J, (&{’)
o '\ 2

> =60
05

where J, denotes a Bessel function of the first kind and b isothe wing sparll.
This fac:,or is unity when Q, = 0, and decreases by roughly 10 at Qb2 = 1.
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We therefore take this valuc as the upper limit for Q, in the point approxi-
mation, i.e. :
Qb <
2

1

2 (13.3,13)
o "
For an airplane of span 100 ft, the upper limit on €, is 2 x 10-2. Its effect
is not immediately apparent, however, as was the case with the Q, limit.
To evaluate it, we must calculate the truncated one-dimensional spectra
0
OX() :f Wi(Q,, Q,) dQ, (13.3,14)
-0
in which the integration excludes those wave numbers that exceed the valid
limit. These truncated spectra cannot be evaluated explicitly in terms of
elementary functions for the von Karmén spectra, but can be for the Dryden
spectra. Formulae and graphs of the latter are given in ref. 13.10. To show
the effect of truncation, ®35(Q,) has been evaluated numerically for the von
Kérman spectrum, with L = 5000 ft, b = 200 ft, and Q) = 2/b. The result
is shown on Fig. 13.6. Tt is seen to be quite close to the basic spectrum D,
for these values of scale and span, the difference being confined to the high
wave numbers. The arcas under @, and O differ by only a few percent.
For smaller scale of turbulence the difference increases.

In summary we may conclude that for many cases, especially for large-scale
turbulence and small airplanes, the point approximation can give useful
results of good accuracy for the longitudinal rigid-body responses. It is
probably better, and certainly simpler, to use the basic (not truncated) one-
dimensional spectra, on the grounds that including the small contribution
from the short-wavelength components of the spectrum with an inaceurate
theory is better than leaving them out altogether. On the other hand, no

such general statcment can be made about the responses in the structural
or lateral rigid-body modes.

THE FINITE AIRPLANE

The finite extent of the airplanc is seen to be important when significant
variations of gust velocity can occur between one point and other—e.g.
between right and left wing tips, or between wing and tail. An example of
these effects for a wing is seen in the experimental results of Nettleton (ref.
13.14), a sample of which is shown in Fig. 13.8. This is a rather extreme case
in that the scale of the turbulence L is about equal to the wing chord. The
aspect ratio iy effectively infinite. Here w is the upwash measured a short
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Fia. 13.8 Spanwise cross-correlations of a wing in small-scale turbulence.

distance in front of the wing, L is the lift measured on a small strip of wing,
Ay is the spanwise separation of two lift strips, or of one strip and the upwash
probe, and 7* is the time delay for which R, (Ay, 7) is & maximum. A rel-
atively small correlation length for w is seen to lead to a larger correlation
length for (w, L) and a still larger one for (L, L).

To allow for such effects, i.e. to remove altogether or in part the limitations
we found above on wave number, naturally entails some cost in additional
complexity of analysis or experiment. We outline below the principles of
five methods of doing this that seem adequately to span the spectrum of
possible approaches, although they are not all-inclusive. In all the analysis
methods the approximation is made that the airplane has no significant z
dimension, i.e. that variations of the gust field with z are negligible. The tur-
bulence is then characterized by a two-dimensional spectrum function
Y(Q,, Q,) or its associated correlation function. Each of the methods has
advantages and limitations, and the choice for any particular study will re-
flect the problem itself, the kind and extent of aerodynamic information
and computing machinery available, and the tastes of the analyst.

THE “PANEL” METHOD (ref. 13.5)

In this method the principle aerodynamie surfaces are divided into N
panels, as illustrated in Fig. 13.9. At a reference point of the nth panel the
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y

x1

D &

x2
(b)
F16. 13.9 The panel method.

turbulent velocities are {u, (t), v, (t), w, ()], and the gust vector g is the 3N
column of all these components. The force vector is then

f="Tg (13.3,15)

where fis an (M x 1) vector, M being dependent on the problem, and T =
[¢;] is an (M x 3N) matrix of aerodynamie coefficients. To carry out the
analysis of f and subsequently of the spectra of vehicle response one must
first evaluate all the 3MN transfer functions ¢,(s) and then apply the



550  Dynamvics of atmospheric flight

input/output theorem (3.4,48). The latter includes all the cross-spectral
densities of the components of g, which do not all vanish.

When the method is applied for one velocity component only, say w,,
and for a relatively small number of panels, the matrix T is not excessive
in size. The time functions for the input elements are obtained by using
(13.3,2), and the relevant cross spectra are derived from them (note that in
this formulation each input and output quantity is a function of time only).
Consider for example the w, componeuts at the mth and nth panels, w, (¢)
and w, (t). The cross-correlation is

R (1) =0, () wll +7)
which by using Fig. 13.9b we can identify as
Bla(1) = Byy(&y + V.1, £, 0)
wlere &, and &, are as shown, and R, is obtained from (13.2,6) as
Ry — o%{(& + Vi) + &),

¢(&) for the von Kérméan model is given by (13.2,18). The Fourier integral
f 1;,..(7) is then the required one-dimensional input spectrum

<

1 = ;
’ (ﬁlmn(w) = R;nne_w" dr.
27 )

For further details of the panel method the reader is referred to ref. 13.5
and the literature cited therein.

SKELTON’S METHOD

A method proposed by Skelton (ref. 13.11) for a study of a VTOL airplane
is in some respects similar to both the preceding and following methods,
yet different from each. In it three points on the vehicle, for example two
wing tips and the tail, are used to identify ninc inputs—three gust components
at each of these three control points, thus

g = [ual, Uy ooy Wy, z
a (9 X 1) vector. The method is therefore similar to the panel method in that
the gust vector is defined by the turbulent velocities at a discrete set of
points. To compute the aerodynamic transfer functions Skelton assumes

.
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that the disturbance velocity field is linear in both x and ¥, 80 that a change
in w, for example implies a change in w, over the whole vehicle of an amount
proportional to the perpendicular distance from the line passing through
points 2 and 3. In making an assumption about the whole velocity field
associated with each input it resemnbles the following method. The complete
gust matrix T in this formulation of the analysis, for six degrees of freedom
would be a (6 X 9) matrix. However it would with the usual assumptions

separate into two smaller matrices for lateral and longitudinal subsystems.
For further details the reader is referred to ref. 13.11.

THE POWERS SERIES METHOD

A'mebhod proposed by the author (refs. 13.9, 13.10) is a “natural” ex-
tension of the point approximation to higher order. In it the velocity field

of the airplane is expanded in a Taylor series around the C.G. Thus a typical
component such as w, would be described by

wy(x, ¥, t) = w,(t) + w, (Hx + w, )y + tw, ()= + --- (13.3,16)

in which w,(t), w, (t) - - - denote values of w,, Ow,[0x - - - at the C.G. Since
the velocity field is now completely fixed by the coefficients of series like
(13.3,16), the vector describing the gust ficld is the column of all these
eoefficients. In ref. 13.10 the elements of the vector are separated into those
that produce longitudinal and lateral forces, i.e.

uﬂ — —_
v
g
wﬂ
v
Iz
ug:
w, “ov
J— z .
g = D g = w, (13.3,17)
v v
Gy

where only the cocflicients of the linear terms in the Taylor series expansions
have been listed. The number of terms retained fixes both the domain of
validity in wave number space and the coniplexity of the analysis.

We consider now the limits of validity of the first-order Taylor expansion
corresponding to (13.3,17). The method of ref. 13.9 [Egs. (9.1) et seq.] when
applied to the linear part only of the velocity field yields values of € and
C,, in good agreement with the exact Sears function for k <.5. Thus the
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limit on £, is given by [ef. (13.3,12)]

Qlf < .b

or 2 (13.3,18)
A

¢
A large gain in the valid range of Q, (one decade) is obtained relative to the
point approximation, but only at the cost of using transfer functions for
unsteady oscillatory motion to represent the aerodynamics. If quasi-steady
aerodynamics is used (e.g. G, = Cp_etc.) then (3.3,12) still holds. It may
well be questioned why the power-serics method should be used at all with
unsteady aerodynamics—why not preferably go directly to the exact two-
dimensional transfer functions for gust penetration (see Ribner’s method
below)? The advantage, if any, of this method rests in the availability, or
ease of obtaining, results for oscillatory translation and rotation of the
vehicle.t The theoretical and experimental problems posed by the oscillatory
boundary condition have proved more tractable in the past than that of the
“running wave” characteristic of gust penetration; solutions for oscillatory
motions have been vigorously pursued in connection with flutter analyses,
and measurements of oscillatory transfer functions, although by no means
eagy, arc much simpler than those for gust penetration.

The limit on €, is asscssed from a consideration of the rolling moment
acting on the wing. An argument based on symmetry considerations (only
antisymmetric distributions of velocity produce rolling moments) shows that
an expansion in wave number would be of the form

b b\
O, = g™y — k((22 5) 4o (13.3,19)

Filotas’ approximate solution for rolling moment can in fact be expressed
in this form, with k = 1. Now the linear power series approximation, as we
show below, is equivalent to retaining only the first term in (13.3,19). Hence
the error can be assessed from the Q,? term, leading to the limit for about
109, error, ,b < 2 which is the same as (13.3,13) for the lift in the point
approximation.

In summary then, the first-order power series method, with quasi-steady
aerodynamics, has the effect of extending the point approximation to embrace
lateral responses, with the limitations

Ajé > 60 Afb >
If unsteady oscillatory aerodynamics are used, the 2, limitation is relaxed
to 4,/¢ > 6.

+ The method was presented at a time when no “two-dimensional Sears function”
was available.
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We turn now to the gust transfer function for the power series method.
As an example let us consider the equations for rigid-body response, and
use the first-order series. Then from (13.3,17) we get [cf. (13.3,7)—for sim-
plicity of notation, the subscript g has been omitted here]

Yy
A A A

GTu CA;Tw GTu, CA;Tw, é’l‘
GDu GDw C’\;Duz GADw, GDv,

Ty =], R R R R (13.3,20)
GLu GLw GLu, GLw, GLu,
@mu Cﬁmw ému, C3mw, émv,

with an obviously similar matrix for T,. In the quasi-steady approximation,
some of these matrix elements would be neglected, and the remaining ones
would be expressed as aerodynamic derivatives. We have already discussed
the aerodynamic forces associated with (u,, v,, w,), i.e. the elements of the
first two columns above, which are identical with (13.3,7). The remaining
elements describe the effect of “‘gust-gradients” on the airplane. The gradient
terms w,, w, correspond to linearly varying downwash over the airplane
surface, which provides boundary conditions on relative motion precisely
equivalent to rigid-body pitch and roll rotations of the vehicle—see Fig.
7.13, which illustrates the w, case. The equivalent rates of pitch and roll
are readily found for an upwash wave of unit amplitude given by [see (13.3,3)]

wﬂ(x’ Y, t) — eiﬂlV,tei(ﬂ,erﬂzv) (a)
i.e. py=— 2| = _u, — —iQu,
. %y lo (b) (13.3,21)
B, = —wy t*
ow
and =L . ¢
‘ oz lo = 1w, ©
G, = q,t*
note that QVit=20Q, -;Z = ki

Associated with these velocity-gradient terms are aerodynamic forces and
moments exemplified by
AC, = C, P, = —C trw,,
AC, = O, trw,,
ete.
The x and y gradients of u, and v, that appear in (13.3,17) do not have
correspondingly elegant general interpretations. For example, the influence
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of u, on unswept wings of large aspect ratio is clearly like that of yaw rate,
withvequivalent value “

r, = Ou,y = u, = iQ,u, (13.3,22)
oy lo v
However, for small aspect ratio or swept wings the situation is not so
simple. For a further discussion of the gradient terms, see ref. 13.10.
Finally, the matrix of input spectra is needed to complete the analysis.
For the vector g, of (13.3,17) and for isotropic turbulence this would be
the 5 x 5 Hermitian matrix:

(19 0 0 0 o

®,, -0 Dy, 0,

& —| - Q.. 0 O, (13.3,23)
®,, O
@,,

The zero elements arise from isotropy (ref. 13.10).

Tormulae and graphs of the above spectrum functions associated with
the Dryden model of the turbulence are given in ref. 13.10. (No corresponding
information is available for the von Karman spectrum, although it can
readily be derived.)

RIBNER’S METHOD

The method proposed by Ribner (ref. 13.4) does not fit the pattern of
the foregoing ones in that no function equivalent to g(t) is explicitly defined.
Instead the response is found as a superposition of responses to individual
spectral components like that pictured in Fig. 13.5. Thus let the w, component
of a single wave be described by [cf. (13.3,21a)]

d}Ve'iklei(ﬂlz+ﬂgV)

This time-periodic velocity field induces periodic incremental pressure dis-
tributions that integrate to periodic incremental forces and moments, of
which for example the lift is described by

dLeikf
The relationship between the lift and the velocity is given by an aero-
dynamic transfer function, I'(€,, €,), i.e.

dL = I'(Q,, Q,) dW

(note that k = ,é/2). The mean-square incremental lift produced by the
whole turbulent field is then given by the basic response theorem [(3.4,51)
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extended to two dimensions]

L* =ff |F(Qli Q2)|21F33(Qh Q,)dQ, dQ,

and the one-dimensional spectruin for lift is

o

b)) = f IT(Qy Q) WDy, Q,) dQ,

Any vehicle response variable such as angle of attack or load factor is treated
like the lift above, but the transfer function is of course different.

The heart of this approach is the availability of aerodynamic transfer
functions like I", of which a whole matrix is in general required for all the
generalized forces and moments associated with rigid and elastic degrees
of freedom, and with %,, v,, and w, inputs. There are methods available
for calculating some of these transfer functions for some wing shapes (refs.
7.16, 13.12), and for propellers (ref. 13.13).

In view of the fact pointed out previously, that the spectra of vehicle
responses to u,, v,, w, cannot in general be simply superposed (owing to
the nonvanishing of certain cross-correlations or cross spectra), the three
velocity components should, strictly speaking, be considered simultaneously.
Ribner’s method has not yet been explicitly extended to cover this case.

THE SIMULATION METHOD

Wlen the system equations are nonlinear or the input is nonstationary
the foregoing methods of analysis all fail. In such situations one approach
is to construct an appropriate mathematical model of the system—analog or
digital—and feed in random inputs representing the turbulence. The statisti-
cal properties of the output can then be determined by analogue or digital
analysis techniques.

In this connection mention should be made of a possible experimental
technique that does not appear to have been applied yet. It would consist
of exposing a rigid model of the vehicle to a wind-tunnel flow simulating
the real turbulence. Force transducers could then produce time records of
the actual input forces, thus bypassing the whole problem represented
by the second box of ¥ig. 13.1. The measured forces and moments provide
directly the required inputs to the mathematical model, which could be
connected on line. In transient situations an ensemble of records could supply
the appropriate statistics.
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13.4 AN EXAMPLE

We shall calculate the longitudinal response of the jet transport used in
previous exanples, cruising at 30,000 ft through turbulence of 5000 ft scale.
In this situation the point approximation is valid, and (13.3,7 and 11) give
the needed input function. For the aerodynamic derivatives we use the same
numerical values as in Sec. 9.1. The system equations are used in Laplace
transfrom form, i.e. (5.14,2) with «, and yp, both zero.

We noted in Sec. 11.2 that the phugoid oscillation could be suppressed by
the pilot by a simple feedback of pitch-attitude to the elevator deflection.
We provide for this in the following equations by including the control
equation Ad, = —K0. On combining the equations we get:

Al)F(s) = B(s)[ﬂ (13.51)
wﬂ

where (i, @,) are Laplace transforms of the nondimensional gust velocities
(,,10,), and

T (Cr, — Cp, — 2us) Cy, ~ Co, ; [

{ —(Cr, + Co, - 2) - or,
om0 —Comy+ Cng) | = (O, — L)
[ o i 'R R
e e R R P
Yy=I[AV Aa § A0 AS)T (13.5,3)
[ Cp, — Cp,} —Cp, |
_OLV ~—01al
B = —Cﬂly _Cma (135)4)
0 i 0
0 o |

The required frequency-response functions are found by substituting s =
tk{==1Q, V t*) and solving the resulting complex algebraic equation for the
ratios y,(ik)/i, and y(ik)/w,. _

A response variable of interest not directly included in the above is the
load factor. It is defined by An = AL/W. The lift increment AL is taken
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as the sum of two parts, that due to aircraft motion (Aa, AV) and that due
to atmospheric inotion (u,, w,). The result obtained is

An C, BAa AV

— == 1) 42—

w, Oy \@, 0, (@)

Aw ¢, Ka AV (13.5,5)
= 2(— - 1) (b)

@, Cy i@, i,

Some of the more interesting transfer functions and output spectra are
plotted in Figs. 13.10 and 13.11. In Fig. 13.10 we show the squares of the
moduli of the transfer functions for speed, angle of attack, pitch attitude,
and load factor for vertical gust input. Both stick-fixed and controlled
motion are shown. All the motion responses fall off rapidly at high wave
number (or high frequency), but the load factor response tends to the constant
value associated with flight on a rectilinear path at constant speed (i.e. no
motion response). At wave numbers above 10-2 the load factors are pro-
gressively more approximate because of the neglect of unsteady aerodyna-
wics. Much more accurate values could be obtained by the simple expedient
of nultiplying these by a reduction factor for finite wings in sinusoidal
gusts—obtained from the generalized Sears function as given by Filotas
(ref. 7.16). {The appropriate factor is actually Filotas’ |S(k,, 4)]2.]

The effect of the simple elevator-control law (the simple gain is not, of
course, the optimum control law for reducing gust response) is seen, as
expected, to eliminate the phugoid peaks and substantially to reduce the
pitch response for all frequencies lower than that of the short-period mode.
With respect to o response, the airplane is seen to act like a low-pass filter,
with cut-off frequency at the short-period mode.

On combining these transfer functions with the input spectrum, we get
the output spectra, e.g. for speed response

—A_V 2
Gpp(€d) = | — | Byl2)) (13.5,6)

g

etc. These are shown on Fig. 13.11. (Note that these are two-sided spectra—
twice the area gives the mean square.) It is seen that the point approximation
is quite adequate in this example for giving the responses in the motion
variables (AV, Aa, 0) but is less satisfactory for the load factor, for which
a substantial fraction of the mean-square value is contributed by frequencies
above the limit of validity of this approximation. The use of a corrected
transfer function as noted above would improve the accuracy of this result
appreciably.

If the gust input vector were extended to include the gust-gradient term
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ow,[0x = ¢,, then the right-hand side of (13.5,1) would read

= B'(s)| @, (13.5,7)

where g, is the Laplace transform of ¢, = ¢,t*, and B’(s) would be like B(s)
but with the additional column [0 — Op — Cpp 0 0]7. In this case the
general response theorem (3.4,49) would have to be used to calculate outputs,
since the cross spectra of both u, and w, with g, are not zero (ref. 13.10). This
would entail the calculation not only of the moduli of the transfer functions,
but of their real and imaginary parts. [An alternative but equivalent method
for this case was given in Dynamics of Flight-—Stability and Control (Sec. 10.6),
that does not use the input cross spectra.]

13.5 GUST ALLEVIATION

The term gust alleviation interpreted in its broadest sense can mean the
reduction of any response variable associated with the turbulence. If in
these responses we include structural stresses and vehicle accelerations gs
well as attitude and trajectory variables it may well be that reducing one
response increases another. For example, if pitch attitude is controlled to
try to keep the lift constant, then a reduction in AL? would be associated
with increases in A@% and q_2 The term gust alleviation is sometinies used in a
more restricted sense, applied to the load factor only.

When one tries to control load faetor by a feedback control to the elevator,
the inhierent time lag associated with pitching motion is usually such as to
make this approach not highly effective (ref. 13.15). When a wing flap
control is simultaneously used, however, to control the wing lift almost
instantaneously in response to aircraft normal acceleration, pitch rate, and
pitch attitude, reductions of an order of magnitude in An? can be achieved
(ref. 13.16).

This illustrates the direction in which we must go in striving for ideal
gust alleviation (no doubt unachievable in practice). That is, the per-
turbations in all forces and moments produced by the gust field should
be just cancelled by automatic fast-acting aerodynamic devices, such as
flaps and spoilers, circulation control, etc. The idcal result would be a vehicle
that would have the same motion and structural stresses in rough air as in
smooth—i.e. rectilincar translation and unity load factor, but with its various
automatic gust alleviation devices being very active indeed. To be successful
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such a system would probably need gust field sensors (perhaps angle of
attack and sideslip vanes much like those used in the measurement of
turbulence by aircraft) located at strategic points such as wing tips and tail.
With suitable input-rate terms incorporated, sufticient lead time for actu-
ating the aerodynamic devices might be obtained. There does not appear
to be any fundamental technological impediment to achieving very sub-
stantial reductions in gust response by this approach. Considerations of

weight, cost, and reliability, however, may present serious economic and
operational impediments.
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Nyquist criterion, 487
Nyquist diagram, 81



578 Index

Orientation of airplane, 112—13
Oscillating wings, 280

p2, compensatory task, 496, 498
P2, pursuit task, 503, 506
Painleve, P., 478
Partial fractions, 18
Peaks, distribution of, 35
Pearson, W. E., 168
Performance, 5, 402
Perkins, C. D., 3
Phase margin, 488
Phillips, W. H., 446
Phugoid mode, 323
approximation to, 329
suppression of, by feedback control, 457
Pilot describing function, compensatory, 495,
499
pursuit, 503
Pilot rating, lateral, spiral mode, 519
roll control, 520, 522
dutch roll, 5§23
Pilot ratings, longitudinal, 512-14
Pitch stiffness, 199
Point approximation for flight in turbulence,
544
Polar diagram, “backside off,” 480
Power-series method for turbulent flight, 551
Power controls, 233
Power spectral density, 27

Prandtl-Glauert theroy, 265
Pringle, R., 102
Probability, distribution of peaks, 35
of failure, 37
of level crossing, 35
of survival, 37
Propellers, effects on stability, 252 ff.
Proportional control, 457
Propulsive system, effects on trim and stability,
219, 249 ff., 263
Pull-up maneuver, 238
Pursuit tracking task, 502

Quasistatic deflection, 169

Random process theory, 20 ff.
Rate control, 457

Remnant, 493, 496, 503
Response, to aileron, 433 ff.

to atinospheric turbulence, 558 ff.
to elevator, 401 ff.
to rudder, 430 ff.
to throttle, 401, 417
Return period, 34
Reversal of Kyg, 408
Ribner, H. S., 257,536
Ribner’s method, 554
Rice, J. R., 37
Rodden, W. P, 283
Roll resonance, 443
Rolling mode, approximation for, 372
of jet transport, 362
Root loci, of glide-path controller, 484
of longitudinal modes, 339, 343, 35354,
357-58, 382,384
of stability augmentation system, 474
Routh, E. J., 69
Routh’s discriminant, 70
Rudder control, frequency response, 430 ff.
step response, 44142 .
Rudder response, approximate transfer
function, 436 ff.
transient, 438 ff.

Scheubel, F. N., 346

Sensors, 455

Servomechanism, 453

Servo tab,231-32

Short-period mode, 323

Sideslip angle, 114

Sideslip maneuver, 422

Sidewash at tail, 294

Simulator, flight, 41,510

Skelton, G. B., 550

Slenderness, effect on initial roll axis, 440
on inertia coupling, 443

Solar radiation, 4

Spectral gap, 541

Spectrum function, definition of, 25
one and two dimensional, 535

Spectrum matrix, 531

Spced derivatives, 263 fI.

Speed stability, 336,478,517

Spiral mode, approximation for, 371
of jet transport, 362
of STOL airplane, 377

Spoilers, 301

Spring tab, 231

Stability, 6, 46

irrelevance of, 451
margin, 221
static longitudinal, 199, 334
Stability augmentation system, STOL airplane,
471
Stability boundaries, 69-70, 334, 447
Stability derivatives, changes in, with rotation
of axes, 189 ft.
Stability derivatives, summary of formulae,
lateral, 317
longitudinal, 290
State space, 43
State vector, 42
Static gain, 52
Static margin, 209
control free, 229
Step function, 11
STOL airplane, lateral modes, 375
longitudinal modes, 356
Stringfellow, John, 200
Survival probability, 37
System, 42

Tab, angle to trim, 229
effectiveness, 224
geared, 230
servo, 232
spring, 231
trim, 229

Tab gearing, 231

Index 579

Tail volume ratio, horizontal, 206
vertical, 295
“Tail wags dog,” 470
Taylor’s hypothesis, 533
Theodorsen function, 281
Throttle, response to 401, 417
Time-constant, first-order system, 74
Tobak, M., 168, 268,278
Transfer function, definition of, 50
Transformation of axes, 189
Trim speed, 236
Trim tabs, 229
Truncated spectrum, 547
Turbulence, isotropic, 532
homogeneous, 532
Gaussian, 532
Turning flight, 423

Van der Hoven, 541
Vector algebra, 9
von Kirman spectrum, 539

Walkowicz, T. F., 346
Washout circuit, 474

Wind gradient, effect on longitudinal modes,
378

Wings, spectrum of aerodynamic problems, 5
w¢/ Wy, 524
Wright Bros., 200

Yaw damper, 454




